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Strichartz estimates for Schrodinger equations with variable 

coefficients 



Luc Robbiano* and Claude Zuily 1 " 



Abstract 

We prove the (local in time) Strichartz estimates (for the full range of parameters given by 
the scaling unless the end point) for asymptotically flat and non trapping perturbations of the 
flat Laplacian in R™, n > 2. The main point of the proof, namely the dispersion estimate, is 
obtained in constructing a parametrix. The main tool for this construction is the use of the FBI 
transform. 



I Introduction and statement of the result 

The purpose of this work is to provide a proof of the full (local in time) Strichartz estimates for 
the Schrodinger operator related to a non trapping asymptotically flat perturbation of the usual 
Laplacian in M n . 

To be more precise let us first introduce the following space. Let do be in ]0, 1[. We set 

(1.0.1) B ao = {a G C°°(R n ) : Va G N™ , 3C a > : \d a a(x)\ < (g)1 ^ |+g0 ,Va € R n } 

Here we have set (x) = (1 + jx] 2 ) 1 / 2 . 

Let P be a second order differential operator, 

n n 1 fl 

(1.0.2) P=Y, D i D k ) + J2(D j bj{x) + bj(x) Dj) + V(x) lDj =-—, 

j,k=l j=\ j 

n 

with principal symbol p(x, = ^ g^ k (x)^j £k- (Here gi k = g k ^). 
j,k=i 
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We shall make the following assumptions. 



(1.0.3) 



(i) The coefficients g^ k , bj, V are real valued, 1 < j < k < n . 

(ii) There exists a® > such that gi k — 5jk £ £v , bj G B ao . 
Here 5jk is the Kronecker symbol . 

(iii) V 6 L°°(R n ) . 



(1.0.4) There exists v > such that for every (x, £) in l"xf , p(x, i)>u |^| 2 . 

Then P has a self-adjoint extension with domain ff 2 (M n ). 

Now we associate to the symbol p the bicharacteristic flow given by the following equations for 
j = l,...,n, 



(1.0.5) 



ij<t) = -$*-(x(t),t(t)), 0(0) =ti- 



We shall denote by (x(t,x,£),£(t,x,£)) the solution, whenever it exists, of the system ()1.0.5|) . In 
fact it is an easy consequence of (jl.0.3|) and ()I.0.4I) that this flow exists for all t in R. Indeed by 
(|I.0.4I) we have 

and it follows from (|1.0.4j) that 

n 

\xj(t)\ <2Y,\g 3h (x)Ut)\ <c\m\ <Cu- l ' 2 p(x,i) l l 2 . 
fe=l 

Our last assumption will be the following. 

(1.0.6) For all (x,£) in T*R n \ {0} we have lim \x(t,x,£)\ = +oo . 

This means that the flow is not trapped backward nor forward. Now let us denote by e~ ttp the 
solution of the following initial value problem 



(1.0.7) 



i^-Pu = 



u(0, •) = u 

Then the main result of this work is the following. 



Theorem 1.0.1 Assume that the operator P satisfies the conditions i)I.0.3|) . i)I.0.4|) . i)J.0.6|) . Let 

T > and (q, r) be a couple of real numbers such that q > 2 and | = § — 'f ■ Then there exists a 
positive constant C such that 

(1-0.8) \\e~ ltPu o\\Li([-T,T],L r (m. n )) < C II' u o||l 2 (R' 1 ) i 

for all n in L 2 (R n ). 
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Such estimates are known in the litterature under the name of Strichartz estimates. They have 
been proved for the flat Laplacian by Strichartz Sji] when p = q = 2n + 4 and extended to the full 
range of (p, q) given by the scaling by Ginibre-Velo |GVj and Yajima pp. The limit case q = 2 
(the end point) when n > 3 is due to Keel-Tao |KT| . These estimates have been a key tool in 
the study of non linear equations. Very recently several works appeared showing a new interest 
for such estimates in the case of variable coefficients. Stefnlani-Tataru |ST| proved Theorem II. 0.11 
under conditions (|I.0.4|) and (|I.0.6|) for compactly supported perturbations of the flat Laplacian. In 
B Burq gave an alternative proof of this result using the work of Burq-Gerard-Tzvetkov BGT|. In 
the same work Burq announced without proof that if you accept to replace in the right hand side of 
(jH[B}) the I? norm by an H £ norm, for any small e > 0, then you can weaken the decay hypotheses 
on the coefficients of P in the sense that you may replace in the definition (jl.O.lj) of B ao the power 
\a\ + 1 + o"o by \a\ + oq. We have also to mention a recent work of Hassel-Tao-Wunsch |HTWlj 
who proved in dimension n = 3 a weaker form of our result corresponding to the case where q = 4, 
r = 3, under conditions similar to ours. Still more recently these three authors announced the same 
result as ours under hypotheses on the coefficients similar to ours (see |HTW2j ). 

It is also worthwhile to mention the work of Burq-Gerard-Tzvetkov who investigate the Strichartz 
estimates on compact Riemannian manifolds. In that case they show that such estimates hold 
with the I? norm replaced by the H 1 ^ norm. In the same paper these authors show that the 
same result holds on R n when the coefficients of their Laplacian (and its derivatives) are merely 
bounded. Let us note also that these estimates concern also the wave equation and many works 
have been devoted to this case. However we would like to emphasize that, due to the finite speed 
of propagation, the extension to the variable coefficients case appear to be much less technical (see 

ESI). 

Let us now give some ideas on the proof. It is by now well known that a proof of the Strichartz 
estimates can be done using a dispersion result, duality arguments and the Hardy-Littlewood- 
Sobolev lemma. This has been formulated as an abstract result in the paper |KTj as follows. 
Assume that for every t £ R we have an operator U (t) which maps L 2 (R") to L 2 (R n ) and satisfies, 

f (i) \\U(t)f\\ LHRn) <C\\f\\ L 2^ n) , VtGR, C independent oft. 
\ (ii) \\U(s){U{t))* g\\ Lx(Rn) <C\t-s\-% ||s||li(r«) , t^s, 

then the Strichartz estimates ()L0.5|) hold for U(t). It is not difficult to see that the serious estimate 
to be proved is (ii). In the case when U(t) = e lt ^° (the flat Laplacian) this estimate is obtained 
by the explicit formula giving the solution in term of the data no- In the variable coefficients case 
such a formula is of course out of hope and the better we can have is a parametrix. However due 
to strong technical difficulties (which we try to explain below) which seem to be serious we are 
not able to write a parametrix for e~ ttp so we have to explain what we do instead. First of all let 
ipo £ C^°(R n ) be such that <po(x) = 1 if \x\ < § and supp<^o C [—1, 1]. With a large R > we 
write 

e- up u (x) = fo(^) e-' ttp u (x) + (l - <A)(-|)) eT ltp u {x) = v + w. 

It is not difficult to see that the Strichartz estimates for v will be ensured by the result of Staffilani- 
Tataru |ST| while the same estimate for w leads to consider an operator which is a small pertur- 
bation of the Laplacian (see Section ITT|) . 

Now it is not a surprise that microlocal analysis is strongly needed in our proof. So let £o G R n , 
|fo| = 1 be a fixed direction. Let xo G C°°(R), xo(s) = 1 if s < f , Xo(s) = if s > 1, < 
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Xo < 1 and let us set = Xo{=^), X-W = Xo(^), h > 0. We set 17+ (t) = X+e~ itP , 

U-(t) =x-e~ itp . Now since x+{ x ) +X- ( x ) > 1 f° r an x i n ^ n then Strichartz estimates separately 
for L+(t) and U-(t) will give the result. It is therefore sufficient to prove the estimate (ii) above 
for U + (s) (U + (t))* = x+ e i(s ~*) p x+ ( an d for E/_(s) ([/_(*))*). In our proof we shall construct a 
parametrix for these operators. 

Our construction relies heavily on the theory of FBI transform (see Sjostrand [Sj] and Melin- 
Sjostrand |MSj ^ viewed as a Fourier integral operator with complex phase. One of the reason of 
our choice is that in our former works on the analytic smoothing effect |RZ2j we have already done 
similar constructions (but only near the outgoing points: see below). Let us explain very roughly 
the main ideas. The standard FBI transform is given by 

(1.0.9) Tv(a, A) = c n A 3n/4 f e iA (w-«-)-«e-|lw-«-l a +tl«el a v (y) dy 

JW 1 

where a = (a x , a^) £ M n x W 1 and c n is a positive constant. 

Let us note that the phase can be written i\<po where (po(y, a) = | (y — (a x + ia^)) 2 . Then T maps 
L 2 (R n ) into the space L 2 (M 2r \e- A KI 2 da). The adjoint T* of T is given by a similar formula (see 
(|VI.1.2|0 and we have, 

(1.0.10) T*T is the identity operator on L 2 (R n ) . 

We embed the transform T into a continuous family of FBI transform 



(1.0.11) 



T e v(a, A) = A 3 ™/ 4 J Rn e iX ^ e 'y^a(9, y, a) v(y) dy with 
<p(0, y, a) = \{y - (a x + ia^)) 2 , a(0, y, a) = c n . 



Let us set U(9,t,a, A) = T$[K±(t) Uo](a, A), where K±(t) = x± e ttP X±- Then it is shown that if 
(p satisfies the eikonal equation, 

dip ( dy\ 

\- n T" 



(i.o.i2) [w +p \ x 'm)\^ ,x ' a) = 0, 

and if the symbol a satisfies appropriate transport equations then U is a solution of the following 
equation 

It follows that essentially we have, U(6,t,a, A) = V(0 — At, a, A). In particular this shows that 
U(0, t, a, A) = U (—At, 0, a, A). Written in terms of the transformations Tg this reads 

T[K±(t)u ](a, A) = T_ A i[x 2 b n ](a,A) . 

Applying T* to both members and using ()I.0.10|) we obtain 

K±(t) u (x) = T*{T_ xt [xl u }(; A)}(t, x) . 

Thus we have expressed the solution in terms of the data through a Fourier integral operator with 
complex phase. 

This short discussion shows that as usual the main point of the proof is to solve the eikonal and 
transport equations. Let us point out the main difficulties which occur in solving these equations. 
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They are of three types: the bad behavior of the flow from incoming points and for large time, the 
global (in 9,x) character of all our constructions and the mixing of C°° coefficients and complex 
variables (coming from the non real character of our phase). Let us discuss each of them. First of 
all whatever the method you use to solve an eikonal equation (symplectic geometry or another one) 
a precise description of the flow of the symbol p is needed. Let us recall (see dHoTU) that our flow 
(x(t,x,£),£(t,x,£)), issued from the point (x,£) £ T*R n \ 0, is defined for all t £ R. In the case 
of the flat Laplacian we have = £ and x(t,x,£) = x + 2t£. Let now G T*R n \ {0} 

and assume that x • £ > 0. Then it is easy to see that \x(t, x, £)| 2 > \x\ 2 + 4t 2 |£| 2 for t > 
so that \x(t, x,£)\ becomes larger and larger while x(t, x,£) may vanish for a large t < 0. Such 
a point is called "outgoing for t > 0" and "incoming for t < 0". In the case of a perturbed 
Laplacian this distinction between the directions is very important. Indeed although the flow from 
outgoing points for t > is very well described for t > and has very similar properties to the 
flat case, it has a bad behavior for t < in what concerns its derivatives with respect to 
For instance j^(t,x,£) does not behave at all as 2t5jk- This is of great importance and causes 
some trouble in the proof. However still when t < 0, the flow behaves correctly as long as the 
point (x(t, x,£),£(t, x,£)) is outgoing for t > 0. Roughly speaking that is the reason why we are 
not able to construct a parametrix for e~ ttp while it is possible for the operator x± e ~ ltP X±- The 
Section IIIII is entirely devoted to a careful study of the flow. Let us now describe our method of 
resolution of the eikonal equation. The classical method uses the ideas of symplectic geometry. 
Roughly speaking the manifold constructed from the flow is a Lagrangian manifold on which the 
symbol r + p(x,£) is constant. If it projects (globally) and clearly on the basis then it is a graph 
of some function cp which is the desired phase. However this general method leads immediately to 
a difficulty in our case. Indeed since we want that for 9 = the phase <p coincides with the phase 
(fo of the FBI transform (see (|I.0.9|) ) which is non real, we should take, in solving the flow, data 
which are non real, so the flow itself would be non real; but our symbol has merely C°° coefficients. 
To circumvent this difficulty a method has been proposed by Melin-Sjostrand |MSj which uses the 
almost analytic machinery. Another method, different in spirit, that the one described above and 
known under the name of "Lagrangian ideals", has been introduced by Hormander [Hj . Here the 
initial data in the flow are kept real. Let us set Uj(x,£) = £j — §^r(^)0 = £j — oP £ — i(xj — oP x ). 
Then obviously we have {uj, u^} = if j ^ k (where {, } denotes the Poisson bracket). Now let us 
set Vj(9, x, £) = Uj(x(—9, x, 9, x, £)), j = 1, . . . , n. Then for every 9 in R the Poisson bracket 

of Vj and vp, still vanishes if j ^ k. Thus the ideal generated by the Vj's is closed under the Poisson 
bracket. The main step in Hormander's method is to show that this ideal is generated by functions 
of the form £j — &j(9, x, a). This will imply that one can find a function ip = (p(9, x, a) such that 
T^-(9,x,a) = <S>j(6,x,a) and it turns out that ip is the desired phase. To achieve its main step, 
Hormander uses a precise version of the Malgrange preparation theorem which is discussed in [Hj . 
tome 1. This is the way we chosed to use in our case. It occupies all Section ITVl of the paper. The 
proof is made separately for outgoing and incoming points. Since the Vj's are defined by mean of 
the backward flow, in both cases we encounter the difficulty caused by the bad behavior of the flow 
from incoming points. As it can be seen many technical difficulties arise in the procedure. 

The next step in the proof is the resolution of the transport equations. Here also the cases of 
outgoing and incoming points have to be separated. We have also to be careful since these are first 
order equations with non real C°° coefficients. The first case is easier. Indeed due to the good 
behavior of the flow and the decay of the perturbation one can cut the Taylor expansion of the 
coefficients of the vector field to some order and thus reduce ourselves to the case of polynomial 
coefficients. Then by classical holomorphic methods one can solve the equations modulo flat terms 
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which will be enough for our purpose. In the second case there is no more such an asymptotic and 
the situation is much more intricate. So we use the classical idea which consists in straightening the 
vector field. This forces us to enter in the almost analytic machinery of Melin-Sjostrand MS (see 
Section^). Of course all the constructions made above are done microlocally and in a neighborhood 
of the bicharacteristic. Therefore to define the general FBI transform Tg (see (|I.0.11j) ) as well as to 
pass from the standard T to T_\t we have to insert many microfocal cut-off. Of course we have to 
check at each microlocalization that the remainder leads to an acceptable error. This is the goal of 
Section IVII At this stage of the proof the operator K± (t) = x± e~ ltp %± is writen as 



K±(t)u (x) = J k±(t,x,y)u (y)dy 



where 



Thus the dispersion estimate would follow from the bound 

C 

\k±(t,x,y)\ < -— 

for < \t\ < T. 



Here we have two regimes according to the fact that \Xt\ > 1 or |Ai| < 1. In the first case on the 
support of a(Ai, x, y, a) we could be very far from the critical point of F. Fortunately the phase F 
has enough convexity to produce the desired bound of k±. In the second regime we are close to the 
critical point of F so we expect a stationnary phase method to work. However since the phase F is 
non real and since the determinant of its Hessien in a degenerates in some direction when |At| — > 
we cannot apply the standard results as they appear in |H]. Instead, after a careful study of the 
phase F we use merely an integration by part method with an appropriate vector field to conclude. 
This is done in Section [VIII The rest of this part is devoted, using the Littlewood-Paley theory, to 
the end of the proof of our main Theorem. 

Finally an Appendix gathers the proofs of some technical results used in the paper. 

Aknowledgments. We would like to thank Nicolas Burq for useful discussions at an earlier stage of 
the work. 

II Preliminaries and reduction to the case of a small perturbation 
of the Laplacian 

II. 1 Preliminaries 

We begin by recalling several earlier results which will be used in the sequel. 

The first result concerns the case of compactly supported perturbations of the Laplacian. 



S 



Theorem II.l.l (StafBlani-Tataru ]&T$ ) Let P be defined by ifTiD)) . Assume that P satisfies 
JUS!), dini and 

(11.1.1) for j, k = 1, . . . , n , g jfc — Sjk , bj,V are compactly supported. 
Then the Strichartz estimates ifI.0.<Sj) hoid. 

The second result which we recall is the extension to the variable coefficients case by Doi [Dj of the 
Kato smoothing effect. Let us introduce the following space. We set for s,/i in 1R 

H°(R n ) = {ueS' : (xY (I - A)f u € L 2 (M n )} 

with its standard norm. 

Theorem II. 1.2 (Doi jD^) Let P be defined by ijf.0.2)) and assume it satisfies the conditions iff. 0.3)) . 
ifi.0.4j) . i)i,0.6j) . Then for all T > and all a > | one can find a constant C > such that, 

(11. 1.2) ||e _lfP uo|| i < C]|«olli,2rran^ , 
for all u in L 2 (R n ). 

We shall also use the following result. 

Lemma II.1.3 (Keel-Tao \KT$) Let (X,dx) be a measure space, H a Hilbert space and T > 0. 
Suppose that for each time t E [— T, T] we have an operator U(t) : H — > L 2 {X) which satishes the 
following estimates. 

(i) There exists C\ > such that for all t E [— T, T] and all f E H, 

\mt)f\\v»(x)<ci\\f\\ H . 

(ii) There exists C*2 > such that for all t, s E [— T, T], t ^ s and all g E L l (X), 

\\U{t)(U{s)Y gU^x) <C 2 \t- s\~ n/2 \\g\\mx) ■ 

Let (q,r) be a couple of real numbers such that q > 2, r < +oo and | = f — 7- Then there exists 
C > such that for all f in H 

\\U(t)f\\ Lq{hT , nL r (X)) <C\\f\\ H . 

This result will be used in the sequel with H = L 2 (R n ), X = R n . 
Finally let's recall the following technical lemma. 
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Lemma II. 1.4 (Christ-Kiselev \CKJj ) Let X, Y be two Banach spaces and Kit, s) be a continuous 
function taking its values in B(X,Y), the space of bounded linear mappings from X to Y. Let 
-co < a < b < +00 and set 

Sf(t)= f K(t,s)f(s)ds 

J a 

Wf(t)= f K(t,s)f(s)ds. 

J a 

Let 1 < p < q < +00. Then if we can find a constant C > such that 

\\ S f\\Li((a,b),Y) - C \\f\\LP((a,b),X) 



it follows that 

\\Wf\\ LH{a , b)x) < 



\\J\\LP((a,b),X) ■ 

1-2 { p ~i> 

Using these results we shall see that Theorem II . . 1 1 will be a consequence of the following Theorem. 



Theorem II. 1.5 Let us set A g = g^~{9^ dx~) an -d assume that the conditions J77P1) . J77T4)) . 

j,k=l 3 k 

i|i.0.6j) are satished by A g . Let T > and (q,r) be a couple of real numbers such that q > 2 and 
I = 77 — j . Then there exists a positive constant C such that 

|K* " u o\\L«([-T,T\,Lr(M")) - C 'll n ollL2(Mn) 

for all n in L 2 (R n ). 

Let us show how Theorem III. 1 .51 implies Theorem II. 0.11 

Let us set I = [0, T\. (The case / = [— T, 0] is symmetric). Using (|I.0.2JI we can write 



(11.1.3) i d t u + A g u = -( J2( D J b i) + V ) u ~ 2 h i D i u =■ F = F i + F 2 

3=1 i=i 

It follows from Duhamel formula that 

(11.1.4) e~ itp u = e itA ° u + i f e i{t ~ s) ^ [F(s, •)] ds . 

Jo 

Using Theorem III. 1 .51 we obtain 

(11.1.5) \\e ltA ° u \\ Lq{I ^ r{Rn)) < C |K|| L 2 (H ,n) . 
Let us set now 

(H.1.6) Sf(t)= F e^ A *[f(s,-)]ds. 

J 
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Since Sf(t) = e ttAg J Q e ,sA f [f(s, •)] ds we can use Theorem 111. 1.51 to write 



\\Sf(t)\\Li(I,L r (R")) < C 



-isA 



fl [/(*,•)] ds 



' lsAs [f(s,-)]\\ T0 ^ds 



L 2 (R") 
L 2 (M") 



< C I lie 
'o 

< C / \\f(s, -)\\ L 2 {Rn) ds = C \\f\\ L iri,L»Qtn)) ■ 

Jo 



Using Lemma ITTX41 with p = 1, q > 2, Y = L r (R n ), X = L 2 (R n ) we deduce that 



= i(t-s)A 4 



[^i («,•)] da 



Li(I,L r (R")) 



< C l|-^l||Li(/,L2(K")) 



where i*i = — ( ^ (£).,• 6j) + U) u. Since ^ |Dj bj-| + \V\ is bounded (by condition 1)1.0.3)) ) we have 

3=1 3=1 



\ f i\\l 1 (i,l 2 (R")) ^ C / \\u(s,-)\\ L 2t Rn \ds <C'T\\uo\\l2 ■ 
Jo 



Therefore we have 
(II.1.7) 



J(t-s)A a 



[Fi{s,.)]ds < C{T) \\uq\ 



L 2 (R n ) 



Let us look to the term corresponding to F2 in (jll.l.3|) . ()II.1.4|) . Let us fix a = ^ + ^ <j$. Then 

1 

by Theorem III. 1.21 the operator e ttAg is continuous from L 2 (M. n ) to L 2 {I,H^ f7 iW 1 )). Its adjoint is 

defined by 

((e** A * u ,f)) = (u ,U*f) L , m 

1 1 

where (( , )) denotes the duality between L 2 (I, H^_ a ) and L 2 (I,H a 2 ). It satisfies the estimate 



A straightforward computation shows that 

U*f(x) = 



-is A 



°[f(s,-)]ds. 



Using Theorem 111. 1 . 51 for A g we see that the operator S introduced in 1)11.1. 6JI satisfies the estimate 

|S/WI»(,^» < Oll/ll 4 . 



Using Lemma IITX1 with p = 2, q > 2, Y = L r (R n ), X = H a 2 (W 1 ) we see that 



{11.11 



J(t-S) Ag 







<C||F 2 || 

Li(I,L r (R n )) L 2 (I,H a ^(R n )) 



where F2 = —2 ^ bj Dj u. If we set, with A = ^ 

j=i j=i i 



(II.1.9) 
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then we can write 



(II.1.10) 



W2W _i =4 

L 2 {I,H a 2 (K«)) 



\A 



(x)-°(I-A)~4u(s,-)\\ 2 L2{Rn) 



ds . 



Let us consider the metric on the cotangent space 



^ dx 2 de 

G = — — + 



It is a Hormander's metric and we have (xY G Op,S((2;) CT ,G), (J — A)~3 G OpS((g) ~2, G) , 
bj G OpS , ((a;)~ 2<T ,G), Dj G OpS((£),G)- It follows that the operator A introduced in (III. 1.91) 
belongs to OpS'(l,G) and therefore is L 2 continuous. It follows then from 1)11. 1.8)1 . 1)11.1.10(1 that 



e i(t-s)A g i F / s )i ds < C 
L«(/,X'-(K™)) 

Using Theorem III. 1 .21 for P we deduce that 



(111-11) 



At-s)A 3 [ F2 ( Sf .)] ds 



L<?(/,L I '(R")) 



Oil 1 ^ s 



< c I|woIIl2(r") • 



1/2 



Gathering the informations given by (|II.1.4j) , 1)11.1.5(1 , ()II. 1.7(1 and ()II. 1.11(1 we obtain the conclusion 
of Theorem II.0.1I So we are left with the proof of Theorem III. 1.51 



II. 2 Reduction to a small perturbation 

The purpose of this Section is to show that, using the result of 110 one can reduce the proof of 
Theorem III. 1 .51 to the case of a small perturbation of the flat Laplacian. 

Let (f be in Cg°(R n ). We write e itA »« = u and 

(11. 2.1) u = ipu + (1 — <p)u = v + w . 

(i) Estimate of v 

Since v = <p>u it follows from 1)10.7)) that (id t + A fl ) v = [A g , ip] u. Let ip\ G C^°(M n ) be such <p\ = \ 

n 2 

on the support of ip then setting A = Yl ~§^z one can write 

j=i j 

(11.2.2) (i d t + A g ) v = (i d t + A + ip^Ag - A)pi) v = [A g , ip] u 

and ipi(A g — A) is a compactly supported perturbation of the flat Laplacian. Let us set P = 
-A - (pi(A g - A) ipi. We have, from 1)11.2.2)1 

(11.2.3) v = e- itp tpu + f e-^-'^[/(s,0]dfl 

Jo 

where / = [A 9 , cp] u. 



12 



It follows from Theorem III. 1 . II that 

(H.2.4) \\ e ~ ltP ^ U °\\Li([-T,T],L^(R n )) - C ll n o||.L2(M«) . 

To estimate the second term in the right-hand side of 1)11.2.3)1 we shall use Lemma III. 1.41 with 
a = -T,b = T,Y = L r (W n ), p = 2, X = iJ _1 / 2 (R n ). For this one first remark that if U = e~ itp 
then Theorem UTTl shows that U is continuous from L 2 (R n ) to L 2 ([-T,T], (W 1 )). Then it 
is easy to see that U* : L 2 ([-T,T], H~ 1/2 (R n )) -> L 2 (R n ) is continuous and is given by U*f(x) = 
lo e- isp [f(s, •)] ds. It follows that 



"^-^[/( S ,-)]d S 



Li([-T,T],L r (R n )) 



\uu* 



\Li([-T,T],L r {R n )) ■ 

Then, using again Theorem III. 1 . II and the above continuity of U* we get 

II £- r */IU<7([-T,r],L r (R")) - C ll^*/ll-L 2 (K n ) - C ll/IL 2 ([-r,T] ) if- 1 /2(Rn)) 

since / = [A g , ip] u has compact support in x. 
Now we use Lemma III. 1.41 to deduce that 



- l{t - s)P [f(s,.)]ds 



Li([—T,T],L r (R n )) 



< c" 



L 2 ([-T,T] ) i7- 1 /2(Rn)) 



since f(s, •) has compact support in x and q > 2. 

Moreover since [A g ,</?] is first order we have, using again Theorem 111.1.21 

\\f\\L*{[-T,T\,H- 1 / 2 (W*)) - C||V , w||i2([-T,T],f/' 1 /2(Rn)) < C ||mo||l 2 (M«) 

where ^ £ C^°(M n ), ^ = 1 on the support of p. This gives the estimate of the second term in 
the right hand side of (|II.2.3|) which, together with 1)11.2.4}) shows that v satisfies the Strichartz 
estimate. 



(ii) Estimate of w 

We shall take the function p, introduced above, of the following form. Let R > (which will be 
chosen large enough) and po G C^°(M n ) such that ipo(x) = 1 if \x\ < |, supp^o C [—2, 2]. We shall 
take <p(x) = pr{x) = Po(%). 

Let tpo € Cq°(W 1 ) be such that <po(x) = 1 if |x| < |, supp po C [—1,1] and let us set Pr{x) = <Po[§i)- 



Let w = (1 — (pa) u be the second term in the right hand side of (jll.2. 1 j) . Since 1 — (pn = 1 on the 
support of 1 — pr we have according to 1)1.0. 2|) 



(II.2.5) 

where b jk = gi k - 5 jk . 



(id t + A g )w=(id t + A+ d^i^-^^Qx^ 

j : k=X 



W 



[Ag,p R ]u 
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Now if we denote by / one of the coefficients bjk we claim that we have 



(II.2.6) 



-¥*)/](*)!< 



Using (|1.0.1|) and denoting by A the left hand side of (|11.2.6|) we see that 

A<(i-t(j:))\B£f{x)\+ y: (fiw\\ {d ^iii)\ ld ^ f{x)l 



0</3<a 



A<[l-(p{- 



x 



* + V 

-1+ao Z— / 



GL 



RJJ ( x )M+i+*o 2j|/9| 



.ail 



( X )l«|-|/3|+l+^o 



Now, on the support of 1 — <^(^) we have (ac) > |x| > | R so 

(1) < C « 1 



On the support of d^<p(^), with ^ 0, we have | i? < |a;| < -R so (x) < \/2-ft if R > 1- Therefore 



( 2 ) < 4r E c& 

-ft 2 n^fl*'^, 



< 



0<,3<a 



It follows from ()II.2.6j) that we can work in the rest of the paper with a non negative self adjoint 
operator P such that 



{ P = -A + eQ, where Q= £ aftD? 



(II.2.7) 



■ <2 



e is a small constant and \D" a^{x)\ < , [^firzga ' ^ a e ^™ > 



uniformly for x G R n with C a independent of e . 



Since the estimates on the coefficients are uniform in e we shall write ap instead of a%. The principal 
symbol p of P will be written as 

n 

j,k=i 

and we shall take e so small that 

10 11 ~ y J ~ 10 11 
Finally without loss of generality we shall take do instead of ^ in ([II.2.7|) . 

We assume that P satisfies the condition (|I.0.3|) and (|I.0.6|) . Let T > 0. 



Theorem II.2.1 Let (q,r) be such q > 2 and - = § - 2 . If 

e is small enough then there exists 

C > such that 

\\„-itP 



Vo\\Li({-T,T],L r (R n )) < C ||uo||z,2( R n) 
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for all v G L 2 (R n ). 



Let us assume that we have proved this result. Then we can applied it to the operator occuring in 
(|II,2.5|) with R large enough. We have, 

w = e- itp (l - <p R ) n + f e-^-^lMs, •)] ds . 

Jo 

It follows from Theorem III. 2. II that 

(H.2.8) l|e~ l * P (1 - <Pr) Uo\\L<i([-T,T],L r (M. n )) < C II m o||l 2 (R") 

and the same argument as used in the estimate of v, namely the use of Theorem III . 2 . II and Lemma 
III.1.4I shows that 

(H.2.9) || f e -«t-) p [f R (s, •)] ds\\ Lq{[ _ TinL r m) < C(R)\\u \\ L 2 {Rn) . 

Jo 

Then using (|II.2,8|) we see that the second term w in the right hand side of (|II.2.1|) satisfies the 
Strichartz estimate which completes the proof of Theorem III. 1.51 

Our goal now is to prove Theorem III. 2. II The first step is to make a carefull study of the flow. 



Ill Study of the flow 
III.l Preliminaries 

n 

ICI 2 + eq(?,g), q(x,g) = Yl b jk(%) Cj 6c where, 

j,k=i 

{there exists uq > such that for every I £ N one can find Ag > such that 
£ t \d% b jk (x)\ < j^St^ for all x in R" . 
H=£ j,k=i {x) 



Let p(x,£) = 
(III.l.l) 



We introduce the equations of the bicharacteristic flow issued from a point in T*R n \ {0}. 

They are given for j = 1, . . . , n, by 



(III.l. 2) 



x j (t) = ^(x(t),^{t)), Xj (0) = Xj, 



and we denote by (x(t, x, £), x, £)) the solution of (|III.1.2|) whenever it exists (or (x(t),£(t)) for 
short if no confusion is possible) . 

Assuming e so small that e Aq < jq we see that |£| 2 < p(x,£) < ^ |£| 2 . It follows that 

^ m, x, o\ 2 < p(x(tu(t)) = p(*. o < ^ ici 2 , 
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so that 



(III.1.3) K(t,z,0l<2|£|. 

Using the first equation of (jlll. 1.2|) we see then, that the solution of (|III.1.2|) exists for all t in 
and is a C°° function with respect to (x, £). Moreover we have the following lemma. 



Lemma III. 1.1 For all t in ]R we have 

x(t, x, • f (t, x, = x • £ + 2tp{x, + /(i, x, o 

where 



fi.S 



<*(.)) 



l+o-o 



<4eAi|t| |£f 



Proof We have by (1111.1.21) 



Using Euler's identity we obtain 



ffl ■ S (*(*),£(<)) = 2p(x(t),e(t)) = 2p(x,0 



We set f(t, x, = s £ x(s) ■ § (x(s), ds. Now 



since 



it follows from pil.l.3|> that 

i/(t,x,0l < iei 2 



* ds 



(x(s)) 



<4eAi|t| 



□ 



We shall use later on the result given by the following lemma. 

For i £ 1 and (x, £) e T*R n \ {0} let us set, 

(III.1.4) p(t, x, = (x(t, x, t),£(t, x, 0) • 



Lemma III. 1.2 We have the following identities for j,k = 1, ... re,. 

g(t,z,{) = || (-*,,>((, 

| (1 ,»,a=-|(-<,*,fl) 
= -ff 

1 (*.»•«) = ^H,KM,6). 
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Proof For j = 1, . . . , n we have 



Xj(-t;p(t;x,£)) =Xj 
Zj(-t;p(t,x,£)) =Cj 

Differentiating both sides with respect to x^ and we obtain 

E S H; ^ ^ 0) *> « + E ^ *> 0) § ( * ; x ' 



n 



£=1 



0& 
dxj 



E § (-*; /°(*; x > 0) §g (*; + E §| (-*; p& x ^ 0) f§ (*; 



e=i 

n 



E £ H; pfc 0) (*; ^)+El p<?> *> 0) Sf ^ *' « 
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^=1 



ox i ox k f— ' d& dxfc 



g s <- 4; *. 9> if & *. + 1 f <-m* *, o) g <* », 

where <5jfc is the Kronecker symbol. 
If we set 

M(t;p) 



then the above relations can be written 

(III.1.5) M(-t;p(t;x,0)-M(t;x,0 

where I n denotes the n x n identity matrix. 



In 
I n 



Let us introduce for s£l the following matrix. 



(III.1.6) 



We claim that for s G K and p G T*M n we have 

(III.1.7) A(s;p)M(s;p) = I 2n 

where lm is the 2n x 2n identity matrix. 

Indeed let us set A(s; p) • M(s; p) = (C a p)i< a $<2 n . We have for j, k = 1 . . . n, 



(III.1.8) 



Cj,k 

Cj+n,k 
Cj+n,k+n 



E( 

e=i 

n 

£( 

?i 

E( 

n 

E( 





9x e _ 
dx k 


§El 9ie_)(o- n) 
d(j dx k )\ S iP) 


d& 
dHj 


dxi 


a&A s >^ 


dx e 

dXj 


9k. _ 

dx k 


&c fe dxj)y b 'P> 


dx e d& _ 
~Ux~ 


d£i dx t \/. \ 
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Let us remark that Cj +n ^+ n = Ck,j- 

Now we recall that for every s£R the map (x,£) *— > p(s;x,^) is symplectic which means that 

n n 

(III.1.9) £}d(&(a;x,0) Ad(a*(a;s,0) = E 6 ^' Adx i' 

l=\ j=i 

Writting u(s) = u(s;x,^) for short we have 

(i) = E A = E IE ( (s) ^ + aF (s) 

£=i t=\ ^ j=i i ^ 

w -g(S(l w l (,) -K w ))^ A ^ 



It follows that 



Using (|III.1.8|) and pil.l.9|) we see easily that 
This proves (jIII.1.7)) , 

It follows from l|III.1.5|) and ()III.1.7j) that 

(III.1.10) M(t; x, e) = A(-t; p(t; x, £)) 

which by (jlll.l.fil) proves the Lemma Till. 1,21 □ 



III. 2 The flow for short time 

Here is a description of the flow for short time. 

Proposition III. 2.1 Let us set 

f r(t,x,0 =x(t,x,0-(x + 2t0 

Let T > 0. Then for all A, B in N n one can End C a ,b > such that 

f (i) |#af z(t,x,oi <c AB£ |t| 

\ (ii) \d t d^dfZ(t,x,0\ <C a ,b£ 
ifZ = r or (, for all \t\ < T and all (x,£) G T*M. n with |f| < 3. 
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Proof See Appendix, Paragraph IVIII.21 

We introduce now the following definition which distinguish microlocally the points in the cotangent 
bundle. 

Definition III.2.2 Let 

S + = {(x, € T*R n \ {0} : x ■ £ > -\ (x) |£| } 
<S_ = {(x,0 £TT\{0} :x-i< \{x)\i\) . 

Then S + (resp. <S_) is called the set of outgoing points for t > (resp. t < 0). 

Of course the constant -? in the above definition is unimportant and could be replaced by any fixed 
small constant. The reason for this definition is the following. If (x, £) £ 5+ then, for t > 

i + | x+2 ^i 2 >^((x) 2 +t 2 iei 2 ). 

Since x + 2i£ will be an approximation of x(t;x,£), then <S+, will be the set of points (x,£) for 
which the projection of the bicharacteristic goes to +oo when t — ► +oo in staying away from the 
origin. 



III. 3 The forward flow from points in S + and backward from <S_ 

Our goal is to obtain for these points a nice global representation of the flow together with precise 
estimates of its derivatives with respect to x and £. 

Proposition III. 3.1 There exists £o > depending on the constants Aq, A\ in iflll.Ll)) such that 
for e in ]0, £q[ the solution of ifffl.L.2)) with (x,£) in 5+ (resp. <S_) and \ < |£| < 2 can be written 
for all* > (resp. t < 0) 



(III.3.1) 

with 



x(t;x,£) = x + 2t£(t;x,£) +z(t\x,Q 



2 ■ 10 2 2 • 10 2 

(111. 3. 2) \zj(t]x,€)\< emax(A ,ii), \Q(t;x,g)\ < emax(4 ,^i) 

where AqAi are the constants arising in iJjjj.Ll)) and j = 1, . . . , n. 
Moreover for all t > (resp. t < 0) we have 

(111.3.3) I<i±M|^4!<40. 
v ; 3~ l+x 2 + t 2 - 
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Proof Let / = {T > : \ Zj (t)\ < ^£max(i Q ,4i), 1 (*) ] < ^ e max(A , Ai) for j 
1, . . . , n and all t G [0, T]}. Then I is an interval which is non empty by the local Cauchy-Lipschitz 
Theorem. Let T* = sup/. If T* = +oo we are done. Otherwise let T < T*. Since | < |£| < 2 we 
have for t G [0, T], | < |£(i)| < 3 if e max(Ao, Al) is small enough. Indeed we have 

(l-eA )\C\ 2 <p(x,O=p(x(t),m) < (l + eA )|^)| 2 
(l-eAoM(t)\ 2 <p(x(t),m) =p(x,0 < (1 + eAoM 2 . 

Now, for t in [0, T] we have 

1 + \x(t)\ 2 = {xf + At 2 \i\ 2 + At 2 \C{t)\ 2 + \z(t)\ 2 + Atx-^ + Atx- C(t) 

(i) (2) 
+ 2x • z(t) + 8t 2 £ • C(t) + At £ ■ z(t) + At C(t) ■ z(t) . 



("1) 



(5) 



(6) 



Since G S+ we have for t > 0, (1) > -§ ((x) 2 + 1 2 |£| 2 ). Now, by the definition of I we have 

on [0, T] if e max(Ao, Ai) is small enough. 



1(2) 
1(3) 
1(4) 
1(5) 
1(6) 



< d(n)t\x\e max(A ,Ai) < 10~ 2 (|x| 2 + t 2 ) 

< C 2 (n) \x\e max(A ,Ai) < 10~ 2 (x) 2 

< C 3 (n)t 2 e max(A ,Ai) < 10~ 2 1 2 

< C A (n)te max(A ,Ai) < 10~ 2 (1 + t 2 ) 

< C 5 (n) t(e max(A , Ai)) 2 < 10~ 2 (1 + t 2 ) . 



It follows that 



(x(t)) 2 > \{{x) 2 + t 2 )-A- 10- 2 «z> 2 + t 2 ) > \ ((x) 2 + t 2 ) . 



The same computation shows that (x(t)) 2 < A0((x) 2 + 1 2 ). It follows that on [0, T] we have 
(III.3.4) 

Now it follows from (|111.1.2|) that (z(t),£(t)) satisfy the equations 

f z J (t) = -e^-(x(t),at)) + 2te^-(x(t),C(t)) 



± (1 + t) < -L ((x) 2 + t 2 ) V 2 < <*(*)> < 7«*> 2 + t 2 fl 2 



(III.3.5) 



I 0(t) = -^(x(t),^)) 
with Zj(0) = Ci(0) = 0. 

We deduce from JIII.3.4JI and the bounds § < < 3 that 



dq_ 

dq_ 

ijx ; 



(*(*), f (9) 
(x(t),c(t)) 



,^ 3 Ai < 3(v^+^A3 

- WJpo' - (l+t)l+<r 

< 9 A 9Qy/6)^o >/3 Al 

- {x{t)) 2 +"o - (l+i)l+^0(i) 



< 12 A) 



< 



60 A 



(l+i) 1+CT o(t) ' 



(since we may assume that 1 + cr < | and (V6) l+a ° < A). It follows from (1111.3.51) that 

\zj(t)\ < 



132 e , . , , , ■ . . . 60 e . . . . 

max(A , A x ) , |£j(i)| < Fi , ^ 1+ffn max(A , Ai) 



(l + i) 1+ 



TO 



(l-M) 1+<7 ° 
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Therefore we have on [0, T] 

132 60 

\zj(t)\ < £max(A ,Ai), \(j(t)\ < — e max{A , A x ) . 

CO cro 

Since z(t) and exist for all t > and are smooth we still have the above estimates on 
[0,T*]. By continuity it will exist rj > such that \Zj(t)\ < max(i ,ii) and |£j(*)| < 

J M)2 e max(Ao, A\) on [0, T* +rf\. This contradicts the maximality of T* and proves that T* = +oo. 



□ 

Now we estimate the derivatives of the flow with respect to (x, £). 

Proposition III. 3. 2 With the notations of Proposition \III.3J\ for every integer k one can find a 
positive constant M k such that for all (A,B) E N" x N" such that \A\ + \B\ < k, all t > (resp. 
t < 0) and in S + (resp. S-) we have, 

( z(t, x,£)| < ^\f\Xa > 

|^^C(t^,0l<— ^ 



Proof See Appendix VIII. 3. 

Corollary III. 3. 3 Keeping the notations of Prooositon Mil. 3 ~l\ we have, for all t > (resp. t < 0) 
and all G S + (resp. S-) 

(IT ' (IT ' 

— ^ (i, x, = 2t 6 jk + 0(e{t)) , —L (t, x, £) = <5 ife + 0(e(t» 

uq k Ox k 



di k dx k 



(t,x,i) = 5 jk + 0(e), ^(t,x,0 = O(e), j,k = l,...,n, 



where 5j k is the Kronecker symbol and O (e) means "bounded by C e where C is independent of 
In particular we have 

(HI.3.6) ^( t ,x,0-i^(t,x,0 = (l-2it)S jk + O(e(t)), j, k = 1, . . . , n . 



III. 4 Precisions on the flow in the general case 

The results obtained above allow us to give a rough form of the flow through any point in T*R n \{0} 
for t G M. 

Proposition III.4.1 Let (x,£) G T*R n \ {0} with |f| < 2. Then, 
(i) the function s i-> (x(s, x, ^))^( 1 + cr o) belongs to L 1 (IR), 



21 



(ii) for t £ R we have, 

x(t,x,£) =x + 2t£ + r(t,x,Q , 



Z(t,x,0 =Z + C(t,x,t), 

where \r(t,x,^)\ <Ce(t), \C(t,x,£)\ < C e with C independent of (x , . 

Before going into the proof let us note that in general we do not have good estimates on the 
derivatives of r with respect to (x, £) (in the spirit of those given in Proposition IIII. 3~T1 for instance). 
In particular we do not have a good control of (t, x, £). This occurs for instance for points (x, £) 
such that \x\ is very large and the bicharacteristic crosses back a neighborhood of the origin. That's 
why we used the term rough for this description. 

Proof of Proposition 1111.4.11 If \x ■ f| < -\{x) |£| then Proposition 1111.3.11 gives the claimed 
description of the flow for t > and t < 0. If x ■ £ < —\{x) |£| the same Proposition applies for 
t < so we are left with the case t > 0. (The case x • £ > — |(x) |£| is symmetric). It follows from 
Lemma llll. 1 . II that, if eA\ is small enough, we have lim x(t) ■ £(t) = +oo. Since x ■ £ < one 

can find t* > such that x(t*,x,g) ■ £(t*,x,g) = 0. If we set x* = x(t*,x,£) C = £(i*,x,£) then, 
according to Definition IIII.2.21 we have (x*,£*) £ S + D 5- so we can use Proposition IIII.37T1 for 
t £ R. Now we have by the flow property for t > 0, 

z(t,a;,0 =x(t-t*,x*, £*). 

Using Proposition IIII..3~T1 we deduce the following lower bound 

(III.4.1) 0) = - t*, x*, f )) > ^= <t - i*> . 

This proves the part (i) in Proposition IIII.4~T1 To prove part (ii) we use the formulas (|III.1.2|) for 
the flow. Then we see that for t > 0, 

Zt(t,x,S) = St + ti(t,x,S), Q(t,x,0 = -e if** (*(*)) 

Jg jk=i Xf ~ 

Then using (llll. 1.11) . (1111.4.11) . flTTOj) and the fact that |£| < 2 we see that \Q(t,x,£)\ < Ce, 
where C depends only on A±. 

On the other hand we have 

n 

Xj{t, x, = 2& + 2<j(t, + 2 £ ^ 6 ifc (x(t, x, 0) £k(t, x, • 

fc=i 

Integrating between and t and using the above estimates we obtain the claimed description of 
x(t,x,£). □ 



III. 5 The flow from points in (<S+ Pl«S_) 



We study now, more carefully the flow from points (x,£) G T*R n \ {0}, such that, 
(HI.5.1) |x-£|>c (x)|£|andi<|C|<2. 
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Even if, as we said before, we do not have a nice representation of the flow for all t in K we shall 
see that such a representation is available for limited values of t. 

Since the description is symmetric, we shall assume that 
(III.5.2) x • £ < -co (x) |e| • 

Then (x,£) G 5_ and Proposition IIII.3~T1 give a good description of the flow for t < 0. 

Definition III. 5.1 Let (x,£) satis fvin g IJJJ. 5, 21 We set 

1+ = {t > : x(t,x,0.S(t,x,£) < ^(x(t,x,0) mx,0\} ■ 
In other word I + is the set oft > such that (x(i, x, £), £(t, x, £)) belongs to S-. 

The main result of this Section is the following description of the flow on I + . 

Proposition III. 5. 2 Let (x,£) sat is fvin g IJJJ. 5. 2l Then for t in I + we have 

x(t, x, £) = x + 2t£ - z(-t, x(t, x, 0,C(t, x, £)) , 
£(t, x, = £ - ((-t, x(t, x, 0, £(t, x, 0) , 

where 2 and £ have been defined in Prop osi tion Ull. 3Jl Moreover for j,fc = l,...,nwe have, 

^(t,x,0 = *ifc + O(e) J ^(t,x,0 = 2td jk + O(s(t)) 
|| (t, x, = S jk + 0(e<t» , g (t, = 0(e) 



where <5jfc is the Kronecker symbol and 0(A) means "bounded by CA" with C independent of 
(x, £). In particular we have 

(t, x,0~i^ {t, x, = (1 - 2it) <5,- fe + 0(e(i) ) . 

Proof As said before, for t £ I + the point x, £) = (x(i, x, £), x, £)) belongs to 5_. Therefore 
we can apply Proposition IIII,3~T1 for 9 < 0. We get 

x(0, x, 0) = x(t, x, £) + 29 £{9, p{t, x, £)) + z{9, p(t, x, £)) 

H(e,p(t,x,0) = t(t,x,o + C(o, P (t,x,0) ■ 

Taking 9 = —t with i > we obtain 

x = x(t, x, £) - 2t£ + z(-t, p(t, x, £)) , 

£ = £(t,z,0 + C(-*,P(*>z,0) • 

This proves the first part of Proposition HII.5,21 To prove the claim on the derivatives we use 
Lemma IlII. 1 .21 and Corollary IIII.3.31 □ 

Remark III. 5. 3 Since the points (x,£) sat is fvin g IJJJ. 5. 2l belong to S-, Propositions \III.3.1\ and 
IJJJ. 5. 21 provide a description of the flow on (— oo, 0) U I + . 
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IV The phase equation 



IV. 1 Statement of the result 

n 

Let p(x, £) = |£| 2 +£ q{x,£), q{x,£) = bjk{x) £j ^ where the coefficients bjk satisfy the condition 
j,k=l 

(ImTTl) . 

In this Section a = (a x , ag) will be a fixed point in T*M. n such that \ < \a%\ < 2. Let us recall that 
(x(t, a),£(t, a)) denotes the flow of p starting for t = at the point a. 

We introduce now several sets. 

Definition IV. 1.1 Let 5 > 0, cq > 0, c% > be small constants (chosen later on). 

(i) If\a x ■ a%\ < Co (a x ) \a^\ we set, 

(IV.1.1) n 5 = {(9,x) elxf: \x-x(e,a)\ <5(9)} . 

(ii) If a x • > Co (a x ) \a%\ we set, 

(IV.1.2) Q s = {(9,x) G M x R n : \x-x(9,a)\ < 5(9) , x • a s > -c x (x) \a^\} . 

(iii) If a x ■ < —cq (a x ) \a^\ we set, 

(IV.1.3) Q 5 = {{9,x) G R x R n : |x-x(#,a)| < 5(9), x ■ a e < a (x) |a 5 |} . 

Let us give some explanations on this Definition. 

Taking Co and c\ small with respect to I we see from Definition IIII. 2 . 2"! that the case (i) corresponds 
to points (a x , a^) which are outgoing for 9 > and 9 < 0. Then Clg is simply a conic neighborhood 
of the projection of the bicharacteristic. In the case (ii) the point (a x ag) is outgoing for 9 > and 
can be written as follows. 

i 5 = {(0,z) G (0,+oo) x M n : |x -x{9,a)\ < 5 (9)} U {(0,x) G (-oo,0) X M n : 

|x — x(9, a)\ < 5 (9) and x • > —c\ (x) . 

Indeed if |x — x{9, a)\ < 5 (9) and 9 > we have by Proposition IIII.47TI x • ct£ = (x — x(9,a)) ■ 
+ a x ■ + 29 \ a^\ 2 + 0(e (9)). Since \a^\ > i and we are in case (ii) we deduce that x ■ a^> 
Co (ct^) \a%\ + \ 9 — C(e + 5)(9) > if s + 5 is small enough. Therefore when # > the condition 
x ■ > — ci (x) |a^| is automatically satisfied. 

In the case (iii) we have the same discussion changing 9 > to 9 < 0. 
The purpose of this Section is to prove the following result. 
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Theorem IV.1.2 There exist 5 > 0, c > 0, ci > such that for any a £ T*M n with | < |a 5 | < 2 
one can iind a function <p = <p(6, x, a) on Q$ which is C°° and satisfies the following. 



(i) ip(0,x,a) = (x - a x ) ■ + | \x - a x \ 2 + ^ |o^| 2 + g(x,a) 



where \g(x, a)\ < Cn \x — a x \ for all A'gN. 
(ii) For any JVgN there exists Cn > such that 



— {9, x, a) + p[x, — (9, x, a 



for all (9, x) in Ug. 

Moreover for (6,x) in £lg we have 

(Hi) 1 1| (9, s, a) - a € < C(e + V?) . 

(ivj Im p(0, x, a) = + 7^2 — 

(v) p(0, x,a)\<C A , for every A in TC \ {0} 
where o(l) and Ca are independent of (0,x,ot). 



<C N 



\x-x(9,a)\\* 



\a^\ 



The proof of this result is based on the theory of Lagrangian ideals of L. Hormander ([H], vol 4, 
chap. XXV). It will require several steps. The first one is a slight extension of Theorem 7.5.4 in 
[Hj . vol. 1 to the case of higher dimensions. 



IV. 2 The preparation theorem 

The aim of this Section is to prove the following result. 

Lemma IV. 2.1 Let g £ <S(R^) and z £ C ra . Then there exist functions qj(£,z,g), j = 1, . . . ,n, 
r(z,g) which are C°° with respect to £ and z, which depend linearly on g such that 

n 

(IV.2.1) 9{0=Y,<lj{Z,z,9)(Zj + Zj)+r{z,g) 

3=1 

' \d%dl qj (i;,z,g)\<C a p £ J\d^g( V )\d V 

(IV.2.2) I o l7l<l«l+l/3|+4n 

K l7l<l/3|+3n 
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Proof We proceed by induction on the dimension n. If n = 1 this follows from Theorem 7.5.4 of 
[Hj. Let n > 2 and let us set £' = (fi, . . . ,£ n _i). For fixed £' G R"" 1 we apply Theorem 7.5.4 of 
[H] to the function £ n i— > g(£',£ n )- We get 

(IV.2.3) £„) = <Z(£n, ^n, <?(£', •))(& + *n) + K*n, <?(£', 0) ■ 

Let us set Q n {£,z n ,g) = q(£ n , z n , g(£' , •)) and r{z n ,£',g ) = r(z n ,g(£', •)). Since r is linear in 5 we 
have <9|*, r(z n , 5) = r(z n , dp <7(£', •)) and the estimates (|IV.2.2|) for n = 1 show that £' 1— ► r(z n , 3) 
is in 5(IR n_1 ). Therefore we can apply, by the induction, the Lemma to the function £' 1— > r(z n ,£', g) 
and to z' = (zi, . . . , z n -\). We obtain the existence of qj, j = 1, . . . , n — 1 and R satisfying the 
estimates (|IV.2.2|) such that 



r(z n ,£',g) = ^qj^',z',r(z n ,-,g)(^ + Zj) + R{z' ,r(z n , •, g)) . 
i=i 

Using (|IV.2..S|) we obtain therefore 

n 

g{€) = Qn{£,,z n ,g){£ n + z n ) + ^2qj(£' , z' ,r(z n , ■, g))(£j + zj) 



If we set 
(IV.2.4) 



i=i 

+ R(z',r(z n ,-,g)) 



Qj{£,z,g) = <lM',z',r(z n ,-,g)) , j = 1, ...,n- 1 
rO,#) = i?(/,f(^ n ,-,sr)) 



we obtain (jIV.2.1|) at the level n. Moreover Qj and r are linear in g since , i? are linear in r{z n , - ,g) 
and f is linear in g. Let us look to the estimate (|IV.2.2|1 for r. We have 

d$ d£ r(z, g) = d P J R(z', d£ r(z n , -,g)) 

so, 

\dir{z, g )\<c I \dj:d^f(z n ,e,g)\de. 

\Y\<\P'\+3(n-l) J 

Now \dj, r(z n ,£',g) = <9f™ r(z n ,dj, g(£', •)) and from the case n = 1 we have 

\d^r(z n ,dj' f g^,-))\<C I \9idl' r g(z n ^'^n)\dCn. 

|-y»l</3»+3 

It follows that 

(IV.2.5) \dSr{z,g)\< £ £ / \dj', fl£ gtf, &)\ d? d£ n . 

| 7 '|<|/3'|+3(n-l) \y n \<f3 n +3 J 

The proof of the estimates for the q'jS is the same. □ 
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Remark IV. 2. 2 Let us set z = a + ib and let us write r(z,g) = r(a,b,g) and qj(£,z,g) = 
qj(£, a, b,g). If we take in ifIV2. Jj) 6 = 0,^ = —a we obtain 

(IV.2.6) r(a,0,g)=g(-a). 

If we differentiate ifIV2. Jj) with respect to b k and then take z = a G M n , £ = —a, we get 

Or 

(IV.2.7) — (a, 0,5) = -iq k (-a,a,0,g) , k = l,...,n. 

Finally if we differentiate i|J V.2. Jj) with respect to & and then take z = a E M n , £ = — a we obtain 
(IV.2.8) |f(-a) = % (-a,«,0,), £ = l,...,n. 

We introduce now the following notations which will be used in the next sections. 

Notation IV.2.3 Let a = (a x , a f ) E T* R n \ 0. We introduce 

f ^oO, a) = (x - a x ) + § (x - a x ) 2 + ^ a| , 

1 «i(a?, C, a) = £j - |fj (» 5 a) = £j - a| - - aj) • 

Let = |£| 2 + ; we denote by H p its hamiltonian and we introduce 

(IV.2.10) 

where is close to (x(9;a),£(0,a)). 



Vj(6;x,£,a) = Uj(exp(-6 H p )(x, £)) 

= £j(-0;x,O - a| - i{xj(-0;x,£) - o? x ) , 



We spJit the proof of Theorem II V.J. 21 according to the different values of a described in Definition 

eehj 



IV. 3 The case of outgoing points 

Let us set 

(IV.3.1) S = {«£l 2 " : ~ < |a 5 | <2, |a x • a c | < c (a,) |a e | } . 

We shall use the following notations 

f O 5 = {(0, 2/ )GKxR":|y|<«5(^}} 
1 ' ' J \ sgn0 = 1 (resp. - 1) if 6 > (resp. < 0) . 

Let now xo G C^°(]R n ), xi G C§°(R) be such that, 

X0 (t) = 1 if |t| < 1 , X o(t) = if |t| > 2 and < xo < 1 , 

Xi(6») = 1 if \9\ < 1 , xi W = if |0| > 2 and < xi < 1 • 
Then we can state the following result. 
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Theorem IV. 3.1 There exist small positive constants no, 5 such that if we set for a G S, 9 G R, 
y G R n , ?? G R n , j = l,...,n, 

f 1 \ / r 77 1 sgn $ ] \ 

0jW = Xo[— rj) Vj\9,y + x(6,a), 77x1(0) + (1 - XH^bm + 2 Tm - ^ + £(#,a),«J 



(9) 2 (0) 

there exist smooth functions a,- = aj(9,y,a), bj = bj(9,y,a) defined on £1$ sucii that, with a 
{dj)j=l,...,n) b = (&j)j=i,...,n we have for rj in W 1 and (9,y) G tig, 



0) 9j(v) = ^2Qk(v,a,b,gj)(r] k + a k (9,y,a) +ib k (9,y,a)) 
k=l 

where the q' k s have been introduced in Lemma \lV.2.1l 

Moreover in the set £1$ we have 

(ii) |a(0,y,a)|<l()M \b(9,y,a) + ^^y\ < VS jfj , 

On the other hand we have, uniformly with respect to (9,y) G tig and a G 5, 

(Hi) \d£a{9,y,a)\ + \d«b{9,y,a)\<-^, A G N n . 
Moreover for j = 1, . . . , n, k = 1, . . . , n, 

(iv) \q k ( v , a, b, 9j ) - (1 + 2i0) ^ S jk \ <C(e + 5), if \ v \ < 5 

where k(9) = (9) X i(9) + 1 - 
M \ d fa,b) 9 v f 1k(v,a,b, 9j )\ <C(jm),if\A\ + \B\ > 1, \ V \ < m>, l<3,k<n. 

Proof According to Definition IIII.2.2I we have S C S + (~l <S_. Moreover 
(IV.3.3) B(a, c ) := {a G T* M n : \a - a\ < c } C 5+ n S_ . 

We start with the following Lemma. 

Lemma IV. 3. 2 There exists a small positive constant fio such that for all (9,y) with 9 £ M, 
\y\ < Mo (9) and ah 77 in W 1 such that \rj\ < 2/io there exists a unique j3 = j3(9,y,a,rj) in B(a,co) 
such that 



(IV.3.4) 



x(9, p) = y + x(9, a) 

m/3) = xi(9) V + (1 - Xi (9)) + J 3g« „] + £(0, «) . 



Moreover we have 

& = a* + [1 - jf| (1 - xi(0))] y - $ r/(xi(0)(0> + 1 - Xi W) + <9, a) - z(9, (3) 



(IV.3.5) 



k = <H + W [XlWW + (1 - XlW)] + \ sgn9y + ((9,a) - C(0,/3) 
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where z and £ have been introduced in Proposition \III.3.1\ and 
[ (i) |/3-a|<10(H + ||l) 



(IV.3.6) 



(ii) \^(9,y,a, V )\<C 

(Hi) |(Jg -il&)(9,y,a,ri) - I±f ((9) Xl (9) + (1 - X i(9)))S jk \ < Ce 
{ (iv) \d% d* (5(9, y, a, V )\< C AB e , if \A\ + \B\ > 2 . 



Proof The system (|IV.3.4)1 with (3 G £>(a,Co) C 5+ n S- is equivalent by Proposition IIIL3.ll to 
the following 

f Px + 20£(9, p) + z(9, P)=y + a x + 29^(9, a) + z(9, a) 
( j \ Pi + ((9, P) = XI W r) + [r, + \ sgn 9y] + + ((9, a) . 

Using again (|IV.3.4|) the left hand side of the first line of (|IV.3.7|) can be written 

19 1(91 
P x + 29 Xl {9) r, + — (1 - xi W) V + U(l- XI id)) V + m{0, ") + z(6, P) . 

Finally (|IV.3.7|) is equivalent to 
(IV.3.8) 



p x = a x +[l-B(l- xi(0))) V-Z V(xi(0)(8) + 1 - Xl (9)) + z(9, a) - z(9, P) 



h = <*S + W MOW) + (1 - xi (0))] + \ sgn 0y + ((9, a) - ((9,P) . 

Writing this system P x = $ X (P) P^ = and setting $(/?) = ($> x (p), ®t(P)) we are going to 

solve it using the fixed point theorem in B(a, cq). 

(i) maps B(a,co) in itself. 

We have < 1 - |f} < ^, |fl|xi(fl ) < 2, Xl(9)(9) + 1 - X i(9) < y/E, \y\ < Mo (9), \v\ < 2»o, 
\z\ + |C| < Ce by Proposition IIII.3.2I It follows that |<3?(/3) - a\ < 20 fi + Ce < c if /U and e are 
small enough. 

(ii) Let p, P' be in B(a, c ). Then t p + (1 - 1) p' € B(a, c ) C S+ n S_ for all t in (0, 1). It follows 
that 

W)-^')! < \z(9,p)-z(9,p')\ + \((9,P)-a9,P')\<Ce\p-p'\ 

by Proposition IIII.3~2l Here C depends only on the constants Aq, Ai in ()III.1.1|) . Taking e so small 
that C e < 1 we see that we can apply the fixed point theorem in B(a, cq). This proves the existence 
of p satisfying (IIV.3.41) and (IIV.3.51) by (IIV.3.8|1 . Now (i) in (IIV.3.61) follows from (IIV.3.5|1 taking 
e small enough since \Z(9, a) — Z(9, 0)\ < C e \ a — P\ if Z = z or £. The claim (ii) is obtained by 
differentiating the equations (|IV.3.5|) with respect to r]k and using Proposition IIII.3~2l Then (hi) 
follows easily from ()IV.3.5|) and (ii). Finally (iv) is obtained by an induction on \A\ + \B\. □ 

From now on we fix the constant /io occuring in Lemma rrvX2l 

Now for j = 1, . . . , n let gj be the function introduced in the statement of Theorem IIV.3.11 Then, 
according to Lemma ll V. 3 . 21 and (|IV.2.10|) we have for \y\ < ^iq (9) and n € M, 

(IV.3.9) gj(ri) = Xo( — ) [P J A9,y,a,r]) - at- i(P 3 x (9,y,a,i]) - o? x )] , 
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since /(— 9, x(0, /3), £(0, (3)) = (3f for f = x and £. It follows from Lemma llV.2. II that the existence 
of cij, bj in Theorem II V. 3. II will be proved if we can solve the equations 

(IV.3.10) r(a,6, <?,(•)) = 0, j = l,...,n. 

Let us now take (9, y) S £1$, that is 9 E R, \y\ < 5 (9) where < 5 < ^ /j,q is to be chosen. We look 
for a solution (a, b) of the system (|1V.3.10|) in the set 



(IV.3.11) 



E={(a,b)£R n xR":\a\< 1 -^, \b + ^% y \ < jf|} 

where K W = wmw^m • A <*> ^ *W * W • 

We shall first give equivalent equations to ()lV.3.10j) in the set E. We write, 

11 Q n 

r(a,b,gj) = r(a,0,gj) + ^ — (a,0,gj)b k + ^ H^ q (9,y,a,a,b)b p b q 

k=l k p,q=l 

where 

(IV.3.12) Hj,j0, y, a, a, b) = jf (1 - t) (a, f 6, # (•)) di . 

It follows from (llV.2.6j) . (llV.2.7j) and (I1V.2.8I) that 

n o n 

(IV.3.13) r(a,&, 5i (-))=^(-a)-^ 7 p L (-a)6 fc + W p \ q (9,y,a,a,b)b p b q . 

fc=i % p,9=l 

Now if (a, 6) £ E we have |a| < ^ < 12 J < /x - Therefore Xo (- JL) = 1, X ' Q ( - j£L) = 0. Then 
by (I1V.3.9I) and (II V .3.511 we obtain, 

= J ^-777^ Sgn ^' " ^ ^iWW + 1 " XI (*)] + C#,«) " C#,/?) 

( IV - 3 - 14 ) ii x a* 

1 " U (1 " Xl{d)) ) Vj ~ J9) a l [xi{ - 9m + 1 " Xl{6)] ~ ^> a ) ~ ti&P) 



JT = \Xi(0)(6) + (1 - xi(0))] ~ 8G-(M(0,y,a, -«))|^ 

or]k (9) drj k 



(IV.3.15) (j , 

+idzj(9,/3{9,y,a, -a)) • — (0,2/, a, -a) 

where 3 = (d x ,d^) and /3 = (Ac,/%). 

On the other hand we deduce from (jIV,3.12|) and (|IV.2.2|) that 

(IV.3.16) \df ab) d^W pq (9,y,a,a,b)\ < C AB £ f \d] d* gj ( V )\d V . 

\~t\<\A\+3n+2 J 

Using (II V .3.61) and (llV.3.9j) we obtain 

(IV.3.17) \df atb) d^H^ pq (9,y,a,a,b)\ < C' AB (fx ) . 
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It follows from (I1V.3.13I) . (I1V.3.14I) . (jlV.3.151) that (I1V.3.10I) is equivalent to 



11 j \xi(o){0) + 1 - xi (*)] - ™ ajbciVW) + 1 - xx (0)) + \ 1 * l(<?) ^e Vj 



(0) 



(0) 



(0) 



i 1 



l + 2i6> 



(1 - Xi(0))J I/i + C#, «) - C#, /3) - i(zj(9, a) - Zj (9, /?)) 
ba(0){0) + l-Xi(0)}b j + F((e,y,a,a)-b + iFi(0,y,a,a)-b 



where 



(IV.3.18) 



+ H{(0, y,a,a,b) b ■ b + i H 2 (6, y,a,a,b)b -b = . 



P = P{0,y,a,-a) , 

F((0, y, a,a)=d Zj (0, /?) • ^ (9, y, a, -a) 
Fi(6, y, a,a)=d Q(9, (3) ■ §§ (9, y, a, -a) . 
{ W = {H 3 m ) = H{+iHi. 



Taking the real and the imaginary parts we are led to the system 

l i-xi{0) 



aj - 29 bj = K(9) 



12 



(0) 



sgn 9 Vj + Q(0, a) - (j (9, 0) + F{b + H{b-b 



\0\ 



29 aj + bj = K{9) y-[\-L±(\- Xl (9))j y 3 - ( Zj (9, a) - gj (O,0)) + Fib + H J 2 b-b 

where K(9) = Xl(e)(0) ( + > 1 _ Xl(0) - 
Inverting this system we are led to solve 



(IV.3.19) 



where 



(IV.3.20) 



K{6) 
1+40 2 



+ Fib + H J 3 b-b=: <S>{(a,b) 
Vj + Z 3 2 (6, a) - Z((9, 0) +Flb + H{b-b =: & 2 {a, b) 



Z{(9, 



J^(C 3 (9,-)-29z,(9 r )) 



Zi(9,-) = -£§,(29Cj(9,-)+z j (0,-)) 



' 1+40 2 

H = T§& (*! + ™H) , Fi = £§ 7 (-29 F( + Fi) 



Hi = ^{H{ + 29Hi), H { = ^{-29H{ + Ei). 

Let us set & = {<S>{,& 2 ) (see (HVSHJ)) and $ = ($ j )j=i,...,„. We have shown that our initial 
system (jIV.3.10|) is equivalent in E to the equation <I>(a, b) = (a, b). We are going to show that this 
equation has a unique solution in E by using the fixed point theorem. 



l+Aff 2 
T 3 _ KM 



(i) &(E) C E. 

We have 2|0|(l - E) < i, 2^xi(#) < m and by (|lV.3.2ni) . (|IV.3.18I) . (jlV.3.61) we see that 
I + l^i | <Ce. Moreover we deduce from (I1V.3.17I) and (II V. 3.201) that |#|| + \H{\ < C(// ). 
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Finally in E we have \b\ < ^ < 25. It follows then from (llV.3.19j) that 

l$l(a ' 6)l -fi^ + Ce|a -^ l + c,£ ll + c(/loH |y' 

Now using (|1V.3.6() (i) we see that when (a, b) belongs to E we have 

10(0, Vj a , - a ) - a \< lo(|a| + |||) < 110 M . 

Therefore 

|*i(a, 6)| < (y + HO C £ + C e + C(Mo) 5) ||| < ^ , 
if e and 5 are small enough. 

By the same estimates we obtain, 



so if e and 5 are small enough we can bound the right hand side by y/S jjjj-. This shows that 
maps E to E. 

(ii) $ is a contraction. 

Let now (ai,&i), (02,62) be two points in 22. Then 

n 2 

|*(oi, 61) - $(a 2 , 5 2 )|<VV| Zf(9, (3(9, y, a, -o a )) - Zj(9, (3(9, y, a, -a 2 )) | 

i=i <=i X 

(i) 

n 4 



+ I^Ms/.Q.Qi) -Fi{9,y,a,a 2 ) ■ b 2 [ 

+| Hj(9,y,a,ai,bi) bi ■ bi - H{(9 \y,a,a 2 ,b 2 ) b 2 ■ b 2 \ \ . 



(3) 

Using (I1V.3.20I) and Proposition 1111.3.21 we can write 

(1) < Ce 1/9(0, y, a, -01) - 0(0, y, a, -a 2 )| . 
Then (II V. 3.61) gives (1) < C'e |ai - a 2 |. 

To handle the therm (2) we use (II V. 3. 181) . 11V. 3.201) . (llV.3.6j) and Proposition llH.3.21 We obtain 

(2) < Ce(|ai -a 2 | + -62I). 

Finally using (II V. 3.171) . (IIV.3.181) . (IIV.3.201) and the fact that in E we have |6| < 2 j§[ < 25 we see 

easily that 

(3)<C7( £ + <y)(|ai-02| + |6i-62|). 
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It follows then that 

|*(oi, 61) - *(«2. h)\ < C (e + <5)(|ai - 6i| + |o2 - 62I) 

where C is an absolute constant depending only on the dimension and a finite number of Ag 
appearing in ()IIL1.1|) . Thus we can take e and 5 so small that C (e + 6) < 1. 

Therefore we can apply the fixed point theorem to solve (jIV.3.19|) which is equivalent to (|IV.3.10|) . 
This proves the claims (i) and (ii) in Theorem IIV.3.11 

Let us now prove the point (iii). We state a Lemma. 



Lemma IV. 3. 3 There exists Co > such that for every A G N n there exist Ca > 0, C' A > such 
that with (3 defined in Lemma \TV.3.^ 



1) \df\j3(9,y,a,-a(6,y,a))]\ < C \d£ a(6,y,a)\ + 



C A 

(0)W 



h) \d}a(e,y,a)\ + \d}b(e,y,a)\<-^,&xcaJl(e,y)mft s . 



Proof We shall use an induction on \A\, starting with the formulas ()IV.3,19|) , But before we need 
some intermediate results. We introduce the following space of functions. 

Let / = f(9, y, a) be a function from Q$ x M. 2n to C. We shall say that / E Q± if we can write 

(IV.3.21) f{9, y, a) = G(9, 0(9, y, a, -a(9, y, a))) 

where G : x — > C is smooth in X and satisfies 

(IV.3.22) sup \d] c G{9,X)\<C 1 e, V7 G N n . 

For example Proposition lIII.3~2l shows that the functions (9, y, a) 1— > Zj (9, (3(9, y, a, —a(9, y, a)) (and 
(j ) belong to Q± if a € «S±. (Here we have the sign + if a G S + and — if a G 5_ ) . 

Then we have the following claim. 

Claim 1 For all v G N n , |z/| > 1, j = 1, . . . , n we have 

(IV.3.23) d»Pi(9,y,a, V )=Gi(9,P(9,y,a, V )) 

where Gi has all derivatives uniformly bounded on M 1 * 1 x M 2n . The same is true for <9^/?|. 

Proof of the claim We proceed by induction on \u\ beginning with = 1. Let us set k(9) = 
(0) Xi (0) + 1 - Xi{0)- Then 1 < < since |(9| < 2 on suppxi- It follows from (jlV.3.5j) that 
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for fixed k in {1, 2, . . . , n} we have 



d[3l 
dr/ k 



e=i 



' y ' a ' ^ = ~W) h ^ 6jk ~ E ^' y ' a ' v ^ lit ^' y ' a ' ^ 

oVk 



dzj 
We 

(0) 



E 



dpi 



{f , L (e, (3(9, y, a, /?)) (5, y, a, r,) 



+ 



3-(n,p(p,y,a,rj))-±{p,y,a,rj) . 
5% 



T ( ,, u . set v =S = M r; 

i^ex us bet ^ — g% , ^ — drik , u 



F(9) = *f 



f-295 lk \ 
$ik 

-29 5 n k 



Si 



9a; i 9£i 
v 9zi 9£i 



<9x n 9£„ I 
90 I' 

9x„ 9§„ / 



M 



(Mi\ 
\M n J 



and 



Then the above equation imply that 

U(9, y, a, rj) = F(9) - M(9, (3(9, y, a, rj)) U(9, y, a, rj) . 

Now by Proposition IIII.3~2l the entries of the matrix M are 0(e). It follows that the matrix I + M 
is invertible. Therefore we obtain 

U(9, y, a, rj) = (I + M(9, (3(9, y, a, r,)))' 1 F(9) . 

This proves the case \v\ = 1. 

Assume now that our claim is proved for \v\ < N — 1. Then 

d» (31(9, y,a,r,) = Gl(9, (3(9, y,a, V )) . 

Then for k = 1, . . . , n 

— 8" 4(9, y, a , V )=Y j7 ^ L {0, (3(9, y, a, r,)) (9, y, a, V ) 



^ dGl 

£=n+l 



d(3* 

(9,(3(9,y,a,rj)) —5- (9,y,a,rj) 



Using H1V.3.23() with |z^| = 1 we obtain the claim up to the order \v\ = N. 



□ 
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Consequence IV.3.4 With the notations of fiV.fl.lfl)) . UV. 3.2(H) and MV.3.21X) The functions 
(9, y, a) ' * Zj(9, (3(6, y, a, -a(9, y, a)), £ = 1, 2, p = 3, 4 belong to Q+. 



Let us now go back to the proof of Lemma llV.3.31 We begin by the case \A\ = 1. For convenience 
we shall set 



(IV.3.24) 

It follows from (|IV.3.5|) that 



f(y) = P(0,y,a,-a(9,y,a)) . 



x~ (y) 

dyk 



(i - $ (i - x. W)) * + 1 *W t - g (H (». / W) If fa) 



5Zj 

56 



(*>/(*))#(»)) 



or (y) = o C 1 - xi w) -tzv - °jk 



(0) 



E 



It follows from Proposition IIIL3~2l that. 



df_ 

dyk 



(y) 



da 
dyk 



(9,y,a) 



+ e 



df_ 

dyk 



(y) 



where C depends only on the constants Aq, A\ appearing in (1111.1. II) . Therefore taking e so small 
that C e < g we obtain the point a) in Lemma llV.3.3l for \A\ = 1. Let us prove the point b). First 
of all we deduce from a) and the Consequence IIV.3.41 that 



(IV.3.25) 



^-[Zj(9,f(y))], £ = 1,2, p = 3,4 



I are bounded by C e(^j + \-§^ (9,y,a)\) . 
Now we claim that for p = 3,4, 



(IV.3.26) 



d 

q— [H^(9,y,a,a,b)\ 



< C 



da (a 
dy k 



+ 



db 
dyk 



+ 



(0) 



Indeed the left hand side of (|1 V .3.26f> can be written 



da dy k db dy k dy k 



Now using (I1V.3.20I) . Ill V. 3.1811 and 111 V .3.1711 we see that (1) and (2) can be bounded by the right 
hand side of (jIV.3.26|) . To handle the term (3) we use (|IV.3.16|) with A = 0, \B\ = 1. We obtain 



\w^ c E S\Wk d " gM 



| 7 |<3n+2 
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Now we use (I1V.3.9I) and (II V .3.231) . We obtain 
1 



\o[ — rf) (f3l-if3i)(6,y,a,-f)-(al+iai)^+ ^ 
M ° IVKM 



Xo — ?? 

/"0 



where G{, satisfy (|lV.3.22j) . Since by (|1V.3.5|) we have 



W k { ° Mri) -¥) 



We obtain 



1(3)1 < ^ 



which proves ()IV.3.26|) . 



Now we use (jTV.3.191) . (ITV.3.251) . (ITV.3.2fijl and the fact that \b\ < ^ < 25. We obtain with 

a,j = aj(9,y,a), bj = bj(6,y,a), 



do 



+ 



dbi 



<^- + C(e + 5)( 1 i - + 



do 



db 



dyk dy k (9) \(9) dy k dy k 

Taking e and 5 small enough we obtain the point b) in Lemma llV.3.31 when \A\ = 1. 



Assume now that a) and b) in Lemma ll V . 3 . 31 are true when \A\ < N and let \A\ = N + l. It follows 
from the induction that 



(IV.3.27) 



\d*[P(9,y,a,-a(9,y,a))}\ < 



C B 

(9)\ B \ ' 



if \B\ < N. 



Claim 1 If \A\ = N + l > 2, 



(IV.3.28) 



\d£[(3(9, y, a, -a(9, y, a))] I < C \d£ a(9, y,a)\ + 



C A 

(9)\ A \ ' 



Indeed, according to (|1V.3,5|) we have, setting for short f(y) = (3(9, y, a, —a(9,y,a)) and k(9) 
(9) X1 (9) + 1- X i(9), 

{ Uv) = a x + (1 - ||[ (1 - xi(0))) V + fy k(9) a(9, y, a) + z(9, a) - z(9, f(y)) 
\ fay) = ai + l(l- Xl (9))^y-^ a{9, y, a) + ((9, a) - ((9, f(y)) . 

Differentiating both size A times with respect to y we obtain since |^4| > 2, 

\d^f(y)\<5\d^a(9,y,a)\ + \d^[z(9,f(y))]\ + \d^a9J(y))]\- 
We use now the Faa di Bruno formula (see Appendix VIII. 1). Let Z be z or £ then 

tf[Z(9, f(y))] =E{|^(0, f(v)) d v P*M + V> /(»)) d v 4(2/) } + ( 2 ) 



(i) 



36 



where (2) is a finite sum of terms of the form 

s 

{d v x Z){e,f{y))Y[{<% f{y)) k > 

3=1 

where X = 2 < \v\ < \A\, \£j\ > 1, \kj\ > 1 and 

s s 

kj = y , | fcj \£j = A. 

3=1 3=1 

The term (1) can be bounded by CqE (where Co depends on Ao,^4i in (jlll.l.ljO , Since 

> 2 it is easy to see that \£j\ < \A\ — 1. We can therefore use (jl V.3.27j) and Proposition llll.3."2l 
to write 

S 1 Gj 

K2)i <^ e g__<^. 

Thus (|IV.3.28|) is proved which implies the part a) of Lemma llV.3.31 when \A\ = N + 1. 
Claim 2 If F e C7± (see (|IV.3.21ll l and \A\ = N + 1 we have 
(IV.3.29) |# y,a)\< e(c \d* a{d, y, a )\ + -^ 

Let us set for convenience as in (|1V.3.24(I . 

f(y) = fl(8,y,ai,-a(0,y,a)) . 

We know by assumption that F(9,y,a) = G(9,f(y)) where G satisfies ()IV.3.22|) . By the Faa di 
Bruno formula we have 

(IV-3.30) 8} F(9, y, a) = £ || (6, f(y)) f(y) +(2) 

1=1 v 1 v / 

(1) 

where (2) is a finite sum of terms of the form 

s 

(S£G)(O t f(v))l[ (dt j f(y)) kj 

3=1 

where 2 < \v\ < \A\, \£j\ > 1, \kj\ > 1, 1 < s < \A\ and 

s s 

(IV.3.31) k J = v ' Yl l^'l £ i = A • 

Now by the Claim 1 we have 

(IV-3.32) |(1)| < e(c \d£a(9,y,a)\ + ^) . 

On the other hand in the term (2) it is easy to see that \£j\ < \A\ — 1. Indeed if we had a jo 
such that \£j \ = \A\ it would follow from (|IV.3.31|) that jo = 1, s = 1 and \k\\ = 1 ; but then 
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I A;i| = 1 = \u\ which is in contradiction with |z^| > 2. Therefore we can use (|IV.3.27|) . (|IV.3.31|) to 
write, 

Then (|1V.3.29I) follows from (|1V .3.301) and (II V. 3.321) . 

Claim 3 If \A\ = N + 1, j = 1, . . . , n, £ = 3, 4 we have, 



(IV.3.33) 



\d}(H}{e, y, a, a, b))| < C {\d} a{9, y,a)\ + \d} b(9, y, a)\) + — ^ , 



where i?| is defined in (|1V.3.20|1 . (I1V.3.18I) . (I1V.3.13I) . 

The proof is exactly the same as in the Claim 2. We use the Faa di Bruno formula, the estimates 
on a, b given by the induction, the estimate (|lV.3.16j) to obtain (|1V.3.33|) . We are ready now to 
prove the part b) of Lemma llV.3.31 when \A\ = N + 1. 

We use the equations (|1V.3.19|) . (|1 V .3.20f) which we differentiate \A\ times with respect to y. Since 
Zl (9, j3) and F° k belong to Q± we use the Claim 2 to estimate them ; the term Hj b ■ b is handled by 
(|IV.3.33|) . the Leibniz formula and the induction hypothesis. Finally we obtain since \b\ < < 26, 

a-A _ i ^ /_ i x\ rt (\ qA _ i , i qA t i \ ■ C A 



<(e + <y)C (|^a| + |^6|) + 



(9)\ A \ ' 

Taking e and 5 small enough we obtain the part b) of Lemma IIV.3.31 □ 
So far we have proved the points (i), (ii), (hi) in Theorem II V .3.11 
Let us prove (iv). It follows from (IIV.2.1D . (II V. 3.61) and (II V. 3.91) that 

t - (r],a,b,g j + ^ (r),a,b,gj) <C 
where C is an absolute constant. 

Since \rj\ < 5, \a\ < ijM < 10 6, \b\ < 2 J|i < 25 we can write 
(IV.3.34) \q k (r),a,b,gj) - q k (-a,a,0,gj)\ < C 5 . 

dm 

< Ce 

■ {V) - 

which combined with ()IV.3.34|) gives the point (iv). 



Now (I1V.2.8I) gives q k (-a, a, 0, gj) = §| (-a). It follows then from (11V .3.151) . (II V. 3.61) and Propo- 
sition UrnO that 


q k (-a,a,0,gj) - (1 + 2i9)-^-5 jk 



Finally (v) follows easily from pV.2.2|) . pV.3.9|) and (|IV.3.6|) . This ends the proof of Theorem 
I1V.3.1I □ 
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Corollary IV.3.5 Let us set k{9) = (6}xi{9) + (1 - Xi{9)) and for j = 1, ...,n, 

77-f(l- X i(0))(sgn0)y V fn , ^ r) 



9j(jl) = Xo[ ]j^k(0) )Vj(0,y + x(6,a), +£(0,a),a) . 



Then we can write 



n .. 

(IV.3.35) gj(n) = Q£(v,a,b,gj)(r)£ - - (1 - xi{9)) (sgn % + (5< + % bg) (9, y, a)) 



where 



1 _ /??-H 1 -XiW)(sgn% a 6 



and q~g, ag, bg satisfy 



(i) \a(9,y,a)\ <10a/5^ 



Hi) \d£a(e, y ,a)\ + \dfb(6,y,a)\ < A t IT". 



(iii) \q e {v, a, b,gj) - (1 + ^ 5 jk \ < C {s + 5) if \ V \ < 5. 

( iv ) \ d ta,b) d v^ a ^9j)\<C(fi ) if \A\ + \B\>1, \v\ < Mo, 1 < j,l < n 
uniformly with respect to (6,y) £ Cls and a £ S. 

Proof We have Xl (Q) rj + (1 - X i W) [jjy + \ ^f 1 (sgn 9) y] = r) + \ X -=^ (sgnfl) y. So let 
us set in the statement of Theorem II V . 3 . 1 1 fi = k(9) rj + | (1 — Xi{9)) (sgn#) y ; then we obtain the 
decomposition of gj in Corollary IIV.3.51 with ag = k{9) ag, bg = k(9) bg and the estimates on qg, ag, 
bg follow easily from the correspondent one for qg, ag, bg stated in Theorem II V . 3 . 1 1 □ 

Lagrangian ideals and the phase equation 

We pursue here the proof of Theorem IIV.1.21 Let us set 

(IV.3.36) = {(M€RxB»xB": \y\ < 6 (9) , lv - * (1 " ^ vl < 5} . 

We introduce now a space of families (/(•, a)) ae s of functions on O. 



Definition IV. 3. 6 We say that (f(-,(x)) aE s belongs to H if 



(i) For all a in S, (9, y, 77) h-> f(9, y, rj, a) belongs to C°°(0). 
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(ii) For every A, B in N n there exists Cab > independent of a such that 



sup \d y gL f(9, y, rj,a)\ < Cab, for all a£S. 
(8,y, v )eO 



Remark IV. 3. 7 1) H is closed under multiplication and derivation with respect to (y,ij). 
2) If we set, with notation $IV.2.10\) 

f(0, V, V, «) = vj{9, y + x(6, a) , -^r + £(6>, a), a) 
then (/(•, a)) agl 5 belongs to TL. This follows from i)JV.3,6|) . 

Definition IV. 3. 8 Let F = (F(-, a)) a( zs- We say that F G J if we can write 

n 

F(6, y, rj,a) = V> V, «) v j (o, V + x{6, a) , ^ + £(0, a), a) 

i=i 

for ail (8,y,n,a) in O x S with (/(•, a)) agl s G 



Example IV. 3. 9 Let us set F = a)) a& s where 

F(0,y,r),a) = n k - - (1 - X i(0) (sgn0)y fc + (a fc + 1 6 fc )(0, y, a) , k E {1, 2, . . . , n} 
Tien F £ J. 



This follows from Corollary II V .3.51 Indeed the matrix (qg(rj, a, b, g is invertible if e + 5 is small 
enough and according to the estimate (v) if we set (dgj) = then (djk(-,a)) a& s belongs 

to H so our claim follows from Remark II V .3.71 

Now if F = (F(-,a))aeS, G = (G(-,a)) ae s we set 

,-rxrnnrr\ r 7-, f ^ f 8F 8G OF 3G \ . ,\ 

(IV ' 3 37) {F ' ° } - ( g % " % % ) <•■ a) U ' 

Then we have the following result. 

Lemma IV. 3. 10 J is closed under the Poisson bracket ijlV, 3.3 7)) . 

Proof Recall (see pV.2.10[l ) that ^(0, a;, £, a) = UjO^_ e (x,^) where Uj (x, £, a) = (,j—a^—i(xj—a :> x ) 
andx-e(x,C) = ( x (—9'-> x ,0, £( — x , 0) ls t ne symplectic map defined by the flow. Since {uj, Uf.} = 
we have, denoting by { , } the Poisson bracket in {vj,Vk} = {uj o x~e,Uk X-s} = 

{uj, life} o = 0. It follows that, in the coordinates (y, rj), 

{vj(9; y + a), ^ + £(0; a)), ^.(0; y + x(0; a), ^ + £(0; a))} = . 
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Let F = (Yl fj v j{'i °0) a& s' ^ = ( S fifc Vk{--> a )) agl 5 two elements of J7. Then if { , } is the Poisson 

j k 

bracket in (y,rj), we have, 

{ Yl ft v i ' S 5fc Vfc } = Y ( E M v i > Wfc + ^ ( ^{/j , Sfc} «i) v k + ( , M 0*) «i • 

j k k j k j j k 

Since fj,gk, Vj belong to TL it follows from Remark llV.3.71 (i) and Definition IIV.3.8l that {F, G} £ J . 



□ 



Here is an important lemma which is a generalization to our context of Lemma 7.5.10 of [Hj . 
According to Corollary IIV.3.51 we shall set 

(IV.3.38) il> k (0, y, a) = - (1 - X i(0)) (sgn 9) y k - {a k {9; y,a) + ib k (6;y,a)) , k = l,...,n. 



Lemma IV. 3. 11 Let R = (R(-,a)) a ^s £ J where R(9,y,a) is independent ofrj. Then for every 
N £ N one can find Cn > such that for every (9, y) in (see i|i V.3.2)) ) and a in S we have 



\R(9,y,a)\ < C N \ Imip(9,y,a 



Proof We are going to show by induction on iV 6 N* that we can write for (9, y, a) in Clg x S, 
(IV.3.39) R(9,y,a)= Y h ^ f> a )(v " ^ + E V. ^ " VO 7 > 

0<|7|<Af | 7 |=iV 

where (/i 7 (-, cn))aeS an d (w 7 (-,a)) Q g5 belong to 

For TV = 1 the first sum in (jlV.3.39f> is empty and by assumption we have 

n 

R(9,y,a) = ^ fj(0,y,r},a) Vj (^9;y + x(9;a), + £(0;a)) , 
j=i 

where (/;(-, a)W Now we use Corollary HEHl Since xo f' 1 ^(ffo^"^ ) = 1X(0,V,V) G 
we can write 

n 

#(0, y, a) = ^ r fe (0, y, r/, a)(r/ fc - ip k (0, y, a)) 

k=l 

where 

n 

r k (9,y,r),a) = Yfj( d iyi r t,at)q k (v,a,b,g j ). 

3=1 

Now it follows from Corollary IIV.3.5l and B,emark llV.3.7l that (r k (-, a)) a& s belongs to TL. Therefore 
()IV.3.39|) holds when N = 1. Assume now that ()IV.3.39|) is true at the level N. Then apply Lemma 
IIV.2.11 to the function 

in x f r]~ ^ {I- Xi(9)) (sgn 9) y ^ 
g^{9, y, r), a) = xo { ^k{9) ) ' V ' ^ a ' ' ' 7 ' = ' 
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with z = —ip(0,y,a). It follows then that 

n 

(IV.3.40) g y (9,y,rj,a) = ^ q k (rj, a, b, # 7 ) (r] k - rp k (9,y,a)) + r(a,b,g 1 ) . 

k=l 

For the q' k s and r we have the estimates (|IV. 2.2(1 . If we set 

dV3 4i) I th^iVi**) = r(a(9,ya), K e iVi a ), g-y{8,y,-,a>)) 

\ w yj (9,y,7],a) = qj(rj,a(9,y,a), b(9,y,a), g y (9,y,-,a)) . 

We deduce from (|IV.2.2|) and Corollary IIV.3.51 that (/i 7 (-, a))aes and {w 1 j{-, a)) at =s belong to H. 
Then using (II V. 3.391) at the level N and (I1V.3.40I) . (II V. 3.4111 we obtain (llV.3.39jl at the level N + l. 
Let us take now in (|IV.3.39j) r/ = Reip(9,y,a) + s Imtp(9,y,a) where s £ [0, 1]. We obtain 

(IV.3.42) \R(6,y,a)- £ K r (6,y,a)Qm1>(0,y,a))~' (s - < C N \ImiJj(9,y,a)\ N 

0<\-y\<N 

where CV is independent of (9, y, a) £ x S. 

Using an interpolation formula we deduce that the coefficients of the polynomial in (s — i) in the 
left hand side of (jIV.3.42|) satisfy the same estimate which proves that R has the claimed bound. □ 

Corollary IV. 3. 12 For every N £ N there exists a constant Cn > such that 









\dy k 


d yj J 


9,y,a) 



for every (9, y) in Q$ and a in S. 

Proof According to (II V .3.381) and Example HEE! we have r\ k — ?p k (9,y,a) £ J ■ It follows from 
Lemma IIV.3.101 that 

Rjk(9,y,a) := - -^^j(9,y,a) = {rjj - ipj,7] k - ip k }(9,y,a) 

defines an element of J . Since Rj k does not depend on r] we can apply Lemma llV.3.111 and the 
conclusion follows. □ 

So far we have worked in the coordinates (y,n). Let us go back to the original coordinates (x,£) 
and let us summarize the results already obtained. 

We set x = y + x(9,a), £ = +£(9, a). Then (9,x) £ tt s (see 1)1V.3.1|) ). Let us recall that, 
Vj(0,x,£,a) = £j(-9,x,£,) -a\- i{xj{-9,x,£) - oP x ) , 

(see (llV.2.1()m . 



Now let us introduce 
(IV.3.43) $ k (0,x,a) = £ k (9,a) + 



\ (sgn6»)(l - xi(8))(x ~ x(9,a)) - (a k + ib k )(9,x - x(9,a),a) 



(0) 

where a k , b k have been introduced in Corollary IIV.3.51 Then we have, 
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Theorem IV. 3. 13 We can write 



(i) £k ~ ®k(0,x,a) = ^2d{(6,x,£,a)vj(9,x,£,a) 

i=i 

where di are smooth functions defined for (0, x) £ Q$ and 

£ - - \ (1 - xi (*)) (sgntf) X "^' a) 

Moreover we have in this set, 

(ii) \dU{(0,x^,a)\<j^, AGN", 

\$ k (6,x,a)-ae\<C(e + 6), 
Xk - x k (9,a) 



< 



(0) 



(iv) 



Im<fr k (9, x, a) 



1 + 



< V55 



\x — x(0, a 



, . , (C A (9)-\ A \ if \A\ < 1 

1 7 1 x V ' ' 71 " \C A {9)-^- 1 if \A\ > 2 



(vi) <f> k (e,x(e,a),a)=£(9,a) 



(vii) 



dx k dxj 



, x, a 



where the constants Ca, Co, Cat are independent of (0,x,£,a). 



Proof It follows from Corollary IIV.3.51 that when |£ — a) — i (sgn#) (1 — Xi($)) 



then 



with 



x— x(9,a) I 

(0> I 



< 



^■(0,x,£,a) = ^Cjj.^z,?^)^ - $ fc (0,x,a)) 



fe=l 



c jfc (0, x, e, a) = (9) q k (<0>(£ - £(0, a)) - l - (sgn 0) (1 - Xl (0))(x - x(9, a)), a, b, g>j 

where q k is defined in Corollary IIV.3.51 (i). By (v) of the same result we have, 
(IV.3.44) \c jk (9,x,0 ~ (I + 2i9) 5 jk \ < C (e + 5) {9) . 

It follows then that the matrix (cj k ) is uniformly invertible. Let us set {dj,(9, x, £)) = (cj k (9, x, 
Then we obtain (i) in Theorem II V .3.131 The estimate (ii) follows then from Corollary II V .3.51 (v) 
and (II V. 3.441) . 



Let us now prove the claimed properties of <f> k . First of all since £(6, a) = + 0{e), ^ ^'"^ 



<5, 



\a k \ + \b k \ < CS. We deduce easily from (|IV.3.43j) that |$ fc (0,x,£) - < C(e + 6). On the other 
hand it follows from (|IV.3.43|) and Corollary IIV.3.51 (i) 

Im $ fe (0, x,0 = ~^ hid, x - x(6, a),a) = ^~^ a ) + R 
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where \R\ < |x ~g' a)l . 

The point (v) in Theorem IIV.3,131 follows easily from (jIV.3.43|) and Corollary IIV.3.51 (ii) ; the 
point (vi) is obvious since dk(0,O,a) = 0, a) = 0. Finally for the point (vii) we remark that 
according to (|1V .3.381) and (II V .3.431) we have 

Using Corollary II V. 3. 12l and the point (iv) we obtain 

|(1)| < j^\lm^(9,x-x(9,a),a)\ N = ^ «0) \Im$(9,x,a)\) N 



□ 



We need now to introduce the definition of Lagrangian ideals in the coordinates 



Let (F(-,a))aeS a family of functions F(9, x, £, a) defined for (9,x) in O5 and |£ — £,(9, a) 

1 ( co"n fl\ {x-x{e,a)) I 5 

2 l s S nt/ J — (0) — I < ^y- 



Definition IV. 3. 14 We shail say that the family (F(-,a)) a es belongs to J{ x ,£ } ) h° 
(IV.3.45) ((6)F(e,y + x(9,a), ^L + ^9,a),a)) ej 

V {9} I aSS 

where J has been introduced in Definition MV.3.8X 
For example, (£,• - $j(9,x,a)) aeS G i7( x ,£). 

As a consequence of Lemma llV.3. Ill we have the following result. 

Lemma IV. 3. 15 Let (R(-, a)ae.s be in S( x ,£) an d assume that R is independent of £ then for every 
N £ N there exists Cn > such that, 

(IV.3.46) \R(9,x,a)\<^L^ X - x{e > a) ^ N 



(9) V (9) 

We can now pursue the proof of the existence of a phase as described in Theorem IIV. 1.21 

Lemma IV.3.16 With $ defined in $IV.3.43\) we have 

dp , , d$ k A d$ k dp \ 

^ (x, - -gf (6, x, a) - ^ — (0, x, a) — (x, £) j ^ e ^ . 
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Proof We know from (jlV .3.431) . (II V. 3. 381) and Example ITvXol with f = ^ + £(0,a) that, 

1 



£fc - $k (0,x,a) 



(0) 



{Vk - ^k(0,x- x(9,a),a)) 



1 

T^y ^2fjk(9,x- x(6,a), (0)(£ - £(0, a)), a) Vj(d,x,£, a) 



where (fjk(;a>)) ae s = ((qk{v ~ \ (sgn 0)(1 - Xi(0)) y, a, 6, #)) l ) ae5 G W (see Definition |lVX6j). 

Recall now that Vj(6, x, £, a) = Uj o x-e(%, £) where Uj(X, S) = Hj — a| — i(X,- — ai) (see (IV. 2. 9)). 
Let us set 

It follows that 



X -e(x, = {X, E) <=> x(6, X,E) = x , £(0, X, E) = £ . 



(IV.3.47) 



Let us set 



1 

&(0,X,H) - $ fe (0,ar(0,X,S),a) = — ^/ jjfc (0,z(0,X, 

i=i 



- aj, 

(0) (C(0,X,H)-^0,a)),a)^(X,H). 



M(0, X, E, a) = (0, x(6, X, S) - x(0, a), (0) (£(0, X, 5) - £(0, a))) , 
p{0,X,E) = {x{e,X,E),t(p,X,E)), 
p(6,a) = (x(9,a),((6,a)). 

Now we differentiate (|IV.3.47|) with respect to using the equation of the flow given in (|lll.l,2j) . 
We obtain 



dp 
dx k 



(p(9,x,e)) 
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d<5> 



op 



(0, x(9, X,E) : a)-J2-Q^ (0, x(9, X, S), a) ■ (p(9, X, E)) 



3=1 



9£j 



E 



3=1 
II 



f jk (M(6, X, E, a)) + ± % (M(0, X, E, a)) 



(0) 3 JJ ^ v ' ' ' " (0) 86 



+ { ± MO, X, E) - m a)) - (0) ( J| (P(0, X, E) - * a)) } 



drj, 



^(M(0 5 X,S,a)) 



Uj (X,E) 
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We can now go back to the coordinates (x, £) = p(9, X, H) and then to (y, rj) where y = x — x(9, a) 
£ - £(0, a) = -j%r. We obtain 

dp d$ k ,A d$ k dp 



y + x(9,a), j— + £(0, a 



j=i J 
—3 f jk (9, y, 77, a) + — -^-(0, V, V, «) 



E 



^ t (t (» + «) • $ + «»• »)) - t W«. <•» ff to, » «) 



+ E((^3*-{^to + «», a) ^ + «», a)) - g W«, ■))})§£ (»,„*, «) 

n 

vj (e, y + x{6, a) , + £(0, a) J =: ^ Gj-(0, y, 77, a) u,- (fl, y + x(0, a) + £(0, a] 

According to Definition IIV.3.141 the Lemma will be proved if we show that ((9) Gj(9,y,r],a)) ae s 
belongs to Ti that is all the derivatives with respect to (y, rj) are uniformly bounded when \y\ < 5 (9) 
and 1 17 - \ sgn0(l - xi(0))y| < S. Recall that (f jk ) = ({q k (rj - \ sgn0(l - xi(0)) y, a, b, gj))' 1 ). 
Using <|1 V .3.5|> we see that ^§ G TL. Then differentiating (|lV.3.19j) with respect to 9 we see that 
^, § € W. It follows from JIV.3.9|I that |e«. Then we deduce from the estimates (|IV.2.2j) 
that -§g[q k (ri — \ sgn0(l — xi(0)) y, a, b, gj)] belongs to TL and we deduce from Corollary IIV.3.51 
(iii) that ij[(q k (v ~ \ sgn0(l - X i(0)) y, a, b, g^y 1 } G TL. Thus (%) G TL. Since ^f, 
-g^- belong to TL and since 7i is closed under multiplication it remains to prove that the functions 
h(e,y,r},a) = || (y + x(9 , a) , ^-+£(0,a)) or (9) (y + x(9,a), ^y + £(0,a)) belong to TL. Since 
m + &(0>°O has all its derivatives in 77 uniformly bounded, we are led to prove that if g 3 (a?) are 

the coefficients of p(i,0 then 9^ + x(0, a)) for ieN" and (9) <9f ^' fc (y + x(0, a)) for 5 G N n , 
> 1 are uniformly bounded when \y\ < 5 (9). This is obvious if A = and if \B\ > 1 condition 
QUI . 1.1 j) shows that 

\d*gi k (y + x(9,a))\ < ( ' u Cu 



< 



(y + x{9,a))\ B \+ 1 +^ (x(0,/?))|£|+i+^ 
C B 



(Q}\B\+l+a 

since (3 G S C 5+ n <S_ (see (|l 1 1 .3.3(1 V □ 

Corollary IV.3.17 With $ defined in ^IV.3.43)) we have for k = 1, . . . , n, 

1 " P (x,<f>(9,x,a)) - (9,x,a) - ^ (9,x,a) (x,$(6,x,a))\ G J{ X £) ■ 



dx k ' 89 ' ' t— ' ' ' 9?o ' /«e5 



Proof First of all we show that 



(i) = (*(*,*(«,*.„))- g-M)^eJw 
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Denoting by g 13 the coefficients of p we can write 



<9x fc 3x fc <9x fc <9x fc 



(a) (6) 

To see that this belongs to Ji x £) we use (|IV.3.45|1 . In the coordinates (y,rj) we have 

(0) (a) = (V + x(6, a)) + ^(9, a)) fa - y, a)) . 

Since ^ — ipi(9, y,a) e J (see Example El and JTV.3.38|I ) and §£(s/ + x(0, a)) 

belongs to H we have (a) G <J{x,i)- 

A similar argument shows that (b) belongs to J( x ,i)- 

We show now that 



The coefficients of p can be written g lJ (x) = Sy + Cjj(x). It follows that 

(2) = (2 — * (9, x, a) ($,(6, x, a) - & + £ c*(x)(*/(0, x, a) - & 
x i 1=1 

Now = m fj^ e W and c i^y + z(0,a:)) G H. It follows that (2) G and the Corollary 

follows from Lemma llV.3.161 □ 



Corollary IV. 3. 18 For every JVsN there exists Cn > such that 

/ In ln dp 



(»,•(»,..«)) - ^ (»,x,a) - 5 ±(»,.,a) ■ ^ (.,*(», x.a))| < ^ ( ' ^ " ) 



Cat (\ x — x(6, a) 



W V (9) 



Proof This follows from Lemma llV.3.151 and Corollary IIV.3.171 since the left hand side does not 
depend of £. □ 

Proposition IV.3.19 Let a G 5 (see ijIV.3.1)) ). Let us set for (0,x) G 5; 

/•1 1 
(IV.3.48) x, a) = / (a - x(0, a)) • $(0, s x + (1 - s) x(9, a), a) ds + 9p(a) + — |a 5 | 2 . 







Then we have 



i 1 

(1) 99(0, x, a) = (x - aj.) • a£ + - (x - a x ) 2 + — |a ? | 2 + 0(\x - a x \ N ). 
For every N G N there exists Cn > such that 
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(ii) \-£(e,x,a)-$(0,x,a)\<C N ( 
(Hi) 



\x — x{9, a) 



N 



x, a) +p[ x, — It), x, a j 



86 \ dx 



<C N 



(0) 

x - x(0,a)\\N 



(0) 



uniformly with respect to (9,x) G 0^ and a £ S. 

Moreover, uniformly with respect to (6,x,a) G £1$ x S, we have 

(iv) ^{e,x,o)-ac <C(e + V6). 
ox 



(v) \d% ip(9, x,a)\ < Ca, Vj4 G N n . 
/•nt m \ l\x-x(9,a)\ 2 1 o /- |x - x(6>, a)| 2 



2 1 + 40 2 2 
Proof If we can prove that for j = 1 



(0) 



2 



&j(0, s x + (1 — s) a x ,a) = oP^ + i s(xj — oP x ) + 0{s N \x — a x h ' 

then (i) will follow according to (ITV.3.48|1 . By (ITV.3.43|1 . Corollary HSU and Theorem ITvXTI we 
have 

$j(0, x, a) = a| — (aj + i bj)(0, x — a x , a) = a| — (a^ + i frfc)(0, x — a x ,a) . 

Now Example II V .3.91 (for 9 = 0) shows that rjj + 0,(0, y, a) + ibj(0,y,a) belongs to the ideal 
J introduced in Definition IIV.3.81 On the other hand, since by (jIV.2. lOf) for 9 = gj(i]) = 
Xo(t^ v){Vj ~ iyj) it follows that rjj — iyj belongs also to J. Thus the difference ctj(0, y, a) + 
i bj(0, y,a) +i yj belongs also to J and does not depend on r\. It follows from Lemma H V . 3 . 1 1 1 that 
for all N G N, 

a j (0,y,a) = O(\ImiP(0,y,a)\ N ) 
b 3 (0,y,a)+y 3 = O(\lm^(0,y,a)\ N ) . 

Now (II V. 3.381) and Theorem ITPTl (ii) show that | lm^(0, y, at)\ = \bj(0,y,a)\ < C\y\. Thus for 
alliVGN, 

aj (0, y, a) = 0(\y\ N ) , 6,(0, y, a) = -y 3 + 0{\y\ N ) . 



It follows that for all N G 



$j(0, y, a) = ai + i(x - oP x ) + C(|x - a x |A 1 



which proves our claim. 

Let us prove (ii). We have, by (|IV.3.48|) . 

— — (9,x,a) = / 3>j(#, s x + (1 — s) x{9, a), a) ds + \. / s ( x k — x k(9, a))- 
JO ^ Jo 

(s x + (1 — s) x(9, a), a) ds 



k=i ■ 



dxj 
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Now we use Theorem IIV.3.131 (vii) and the fact that \x — x(0,a)\ < 5(6). We deduce that 



dip 
dxj 



, x, a) 



l n 



8$ 4 



k=l 



dx k 



, s x + (1 — s) x(9, a), a) ds 



<C N 



\x — x(V, a) 



(0) 



N 



where Cn is independent of (9, x, a). 
It follows that 



j^-(9,x,a) — ( $j(0, s x + (1 — s) x(9,a),a) ds 
OX j J 



s — [$j(6, s x + (1 — s) x(6, a), a)] ds 



<C N 



\x - x(6,a)\\N 



Integrating by parts in the second integral above, we obtain (ii). As a consequence of (ii) we have 
the estimate 



(IV.3.49) 



p(x, $(0, x, a)) -p[x, (9, x, a) 



<C N 



x — x(V, a 



(0) 



N 



Let us prove (iii). We deduce from (II V. 3.481) that 



(IV.3.50) 
where 



|g(0,*,a) = (l) + (2) + (3) + (4) 



n „! 

(1) = - y~] / ±k(6, a) sx + (1 — s) x(0, a), a) ds 



k=l 
n „i 



(2) = V / (x k -x k (e,a)) 



k=l 
n r i 
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?, s x + (1 — s) x(9, a), a) ds 



8$, 



(3) = ^2 / ( x k - x k(9, a)) ^ j^- (9, sx + (1 — s) x(9, a), a)(l - s) ij(9, a) ds 

k=i Jo j=i dx i 

(4) =p(«). 

Let us consider the term (2) . We use Corollary IIV.3. 181 to get 

dp 



k=l 
n 

-£ 



(2) = J2 (xk-x k (9,a)) 



8x k 



3£a 

8Xi 



(sx + (1 - s) x(9,a), ®(9,sx + (1 — s) x(9,a), a)) 



dp 



,sx + (l — s)x(9,a),a) — - (s x + (1 — s) x(9, a), s x + (1 — s) x(9, a), a)) 



+ o 



x — x(V, a 



(0) 



N 



Now, by Theorem IIV.3 .131 (vii), 
8<S> k 8$j 



(IV.3.51) 



dxj dxj. 



, s x + (1 — s) x(9, a), a) 
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„ s N \x-x(8,a)\ N 



(0) (0) 



N 



and s < 1. Therefore, 



(2) = - / — fp(as + (l-s)s(0,a),$(0,sx + (l-s)s(&,a),a))l ds + O 
Jo ds L 



(0) 



N 



Therefore we obtain 

\x-x(0,a)\\N 



< C 



(0) 



(IV.3.52) (2) + p(x, $(0, x, a)) - p(x(9, a),<S>(9, x(6, a), a)) 

Let us consider the term (3). Using again (|IV.3.51|) we get 

■•A f 1 d /It - r(9 a^ lN 

(3) = V/ (l-s)±j(p,a)f- {$j(9,sx + (l-s)x(9,a),a)) + O n 
Jo " s 



i=i 

Integrating by part we obtain 



(0) 



n „x 

(3) = -x(9,a) ■ $(6,x(9,a),a) + / a: 3 -(0, a) s x + (1 - s) x{9, a), a) . 



*- pi. 

+ Xj(9,a)<Z>j(9,sx+ (1 - s) 



1(1) + (3) +x(0,a)$(0,x(0,a),a)| < C^v 



Comparing with the term (1) we obtain, 

\x - x{9,a)\\N 
W) ) ' 

Now by Theorem IIV.3. 13l (vi) and the Euler relation we have, 

x(9, a) • $(0, x(0, a), a) = ((9, a) % (x(9, a), £(6, a) 

= 2p(x(9,a),£(p,a))=2p(a). 

It follows that 

(IV.3.53) |(1) + (3) + 2p(a) | < C N ( |g ~^' a)l ) N . 

Since in (|IV.3.52|) we have p(x(9, a), $(0, x(9, a), a)) = p(x(9,a),S t (9,a)) = p(a), we deduce from 
(IIV.3.501). (II V .3.521) and 1IIV.3.53I) that 

(IV.3.54) | ^ (0, x, a) + p(x, $(0, x, a)) 



<C;v( ^— 



Therefore (hi) follows from (|IV.3.54|) and (|IV.3.49j) . 

Finally (iv), (v), (vi) follow easily from Theorem IIV.3 .131 □ 
Remark IV. 3. 20 Assume that a is such that 

(IV.3.55) - < \a^\ < 2 and a x • a f < c (a x ) \a%\ 

(so a £ S- instead of a £ S). Then Theorem IIV.3. 11 CoroJJarv lIV.3.5l and ProDosition \IV.3.19\ are 
true for 9 < 0. 

By the same way if\ < |a € | < 2 and «x • ci£ > —Co (a x ) |a^| (which imply that a £ S + ) the above 
results hold for 9 > 0. 
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IV. 4 The case of incoming points 



We are going to prove Theorem IIV. 1 .21 when 

1 

\a x ■ c^l > c (a x ) \at\ and - < \a^\ < 2 . 
Since the problem is entirely symetric we can without loss of generality assume that 
(IV.4.1) ^<|a ? |<2, a x ■ < -c (a x )\a^\ . 

It follows from Definition IIV. 1 . ll and the discussion after, that 

&s = {(0, y ) £RxR n :9 <0, \y\ < 5(9}} U {(9,y) G R x R n : 9 > 0, \y\ < 5 (9) 

and (y + x(0, a)) • < ci (y + x(9, a)) |ag| } . 

Let now xo G Cg°(R n ), X i G be such that, 

Xo(*) = l if |t|<l, Xo(*)=0 if |t|>2 and < xo < 1 , 
Xi(9) = l if 9>-l, X i(0) = if 0<-2 and < xi < 1 . 

For j = 1, . . . , n we introduce 

(IV.4.2) ^(n) = xo (— r?) y + x(9, a), rj X i(9) + (1 - xiW) + 5 ^ y] + «), «)) , 



where /xo is a small constant to be chosen, (9, y) G ri^, a satisfies (|lV.4.1j) and Vj has been introduced 
in (IIV .2.911 . 

Remark IV.4.1 (1) According' to Remark U V.3.2(A since i)J V.4. J|) implies i)J V.3.55j) the phase has 
been already constructed when (9, x) belongs to the first part of Q$ where 9 < 0. Therefore we are 
left with the case 9 > 0. 

(ii) If a satisfies ifIV.4. Jj) and (0, y) G f2<5, 9 > 0, then the point (y + a), 77 + a)) belongs to 
S-. Indeed recall that \ < \a^\ < 2 implies \ <\ |a^| < |r/ + a)| < 2|ag| if |r/| < 2/io and no,e 
are small enough. Therefore setting x = x(9, a) we can write 

x ■ (rj + £(9, a)) = x ■ (a^ + r/ + ((#, a)) < ci (x) |a^| + |x| (/x + e) 

< 2 ci (x> |n + £(0, a) I + 4(/i + e) (x) \rj + £(0, a)| 

< ^{x)\r } + t{9 1 ct)\ 

if ci, /xo, e are smaJI enough. 

Our first step will be the proof of the following result. 

Theorem IV.4.2 There exist small positive constants /j,q,5 and C°° functions a = a(9,y,a), 
bk = bk(9, y, a), k = 1, . . . , n, defined on £l$ with 9 > such that, with a = (a/-), 6 = we have 
for rj G R n , 
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0) 9j{v) = ^2qk{v,a,b,gj)(r] k + a k (9,y,a) + ib k (9,y,a)) 



k=l 



where the q' k s have been introduced in Lemma UV.2.11 
Moreover we have for (9, y) € tig, 9 > and k = 1,2, ... ,n, 
29 y k 



(ii) a k (9,y,a) + 



1 + 

Uk 



< VS inf (1, \y\), 



h{9, + 



\y\ 

(0) 



2 ' 



(Hi) If we set a(9,y,a) = a(9,y,a) + jq^r and b(9,y,a) = (9}(b(9,y,a) + 1+ y 4g i ) then for 
every A £ N™, \A\ > 1 one can find Ca > such that with x = y + x(0,a), 9 > 0, 



|^a(0,y,a)| + |^ A &(0,y,a)| <C A 



e / 1 1 (5 

+ T77T + 



(iv) \q k { V , a, b, gj ) - (1 + 2i9) S jk \ < C{e + y/S) {9) if \t]\<V6. 
M \ d (a,b) 9 V Qk(v, a, b, 9j )\< C Ba (9), if B e N n , 7 e N™, 1 < fc < n. 



Proof We use the same method as in Theorem II V .3.11 According to Lemma llV.2.11 the claim (i) 
is equivalent to solve the system of equations 

(IV.4.3) r(a,,gj(9,y,a;-) = 0, j = l,...,n. 

We shall solve this system in the set 



(IV.4.4) E = {(a,b)e 
where < 5 <C 1. 



a + 



29y 



1 + 40 2 



< v%5 inf(l, 



b + 



y 



1 + 402 



< 



{9f 



First of all we give equivalent equations to ()1V.4.3|) in the set E. We write as in (|1 V .3. 13|) 
(IV.4.5) 
where 



r(a,b,gj) = gj(-a) —^-(-a)b k + ^ H^ q (9,y,a,a,b)b p b q 

k=l ^ h p,q=l 



(IV.4.6) 



HL(9,V,oi,a,b) 



1 g2 r 
a db p dbq 



(a,tb,gj(9,y,a;-))(l -t)dt. 



By (|1V.2.2I) we have 

(IV.4.7) \d? a>b) d*r(a,tb, gj (- ■■))]< C AB £ f \dj 9j (9, y, a, 0\ d( . 

Since for 9 > we have, 

9j(v) = X (^) - ixj)(~9;y + x(9;a),rj + £(0;a)) + i(a x +ia^)] 
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we deduce from Propositions IIII.3~T1 and iriL3.2l that \d% dy gj(9, y, a, r/)| is bounded on the support 
of X, by 

' C(9) if 5 = 0, 



e(e) 



if 151 = 1. 



It follows that 



(IV.4. 



\d£ atb) d*Hi m (9,y,a,a,b)\ 



< < 



C(9) 



if \B\ = 



C(l+(4&) ^ 1*1 = 1 

+ m if i^i > 2 



^ ( X }|S|+<T \± ' ( X ), 

Since x( — a ) = 1 an d a ) = we see that ([IV.4.3|) is equivalent in E to the vectorial equation, 



(IV.4.9) 



, ■ ST ( °£ ■ dx 



(-9;y + x(9;a),£(9;a)-a) 



+ i(a x + i at) + ^ 5pg(0, y, a, a, b)b p b q = 0. 

p,q=l 



To shorten the notations we shall set 



(IV.4.10) 



' P {6-a) = {x{9;a)^{9-a)) 

p y (9; a) = (y + x(9; a), £(0; a)) 
, Py,a{0\ a) = (y + x(9; a), £(6; a) - a) . 



Since, by assumption, the point p y>a (9;a) belongs to 5_ (the outgoing set for 9 < 0) we can use 
the Proposition IIII.3~T1 to write 

x{-9; p y ,a{Q; «)) = y + x(6»;a) - 29£(-9;p y , a (9;a)) + z(-9; p y , a (9; a)) 
£(-0; p y , a (0; a)) = -a + £(0; a) + C(-0; /Oy,«(0; a)) . 

It follows that (|IV.4.9|) is equivalent to 

(1 + 2i 9) £( - 0; p y ,a(9; a)) -iy -i x(9; a) - i z(-9; p y , a [9; a)) 

(1 + 2i 9) V -f (-9; p y>a (9; a)) b k - i V -f (-0; %a (0; a)) 6 fc 

n 

+ i(a x + i at) + ^ iJ p<z (- ■■)b p b q = 0. 

p,q=l 

Taking the real and the imaginary parts, we are led to the 2n real equations 

- 0; p,, a (0; a)) + 20 6 j + 20 ^ (-0; ^(0; a)) - b - ^ (-0; p,, a (0; a)) • 6 - a\ + H{ b ■ b = 

- 2eCj(-9;p y ,a(9;a)) + bj + yj + Xj{9;a) -oP x + Zj(-9; p y>a (9;a)) 

+ ^(-9;py, a {9;a))-b + H J 2 b-b = 
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where 



k=l 



Setting X = (M-°iPv*ft°)) h A 



p,q=l 
1 20 



A 



-l _ i 



1 -20 

T+W I 261 1 



29 1 

, it is equivalent to the following system 



our system can be written AX = F. Since 



£(-0; Pvta (e;a)) = j 



29y 



+ 



1 



+ 40 2 1 + 40 2 



29(x(9; a) - a x ) + 29 z(-9; p y , a (9; a)) 



3z 

+ «5 + (~^; PvA ; <*))'b- (#i -29H 2 )b-b 



-y 



l 



1 + 40 2 1 + 40 2 



[x{9; a)-a x - 29 a e + z(-9; p y , a (9; a)) + (29 H x + H 2 )b- b] 



29 dz 



(-0; py, a (0; a))-b + - 2 — (-9; p y ^(9; a))-b. 



Finally, since ^(—9; Pyta (9;a)) = — a + £(0;a) + ((—9; p y>a (9;a)) the system (|IV.4.3|) is equivalent 



to 



-29y 

a = TTW + ma) 



1 



1 + 40 2 



a € + 20(a?(0; a) - a x ) + 26* z(-0; p y , a (9; a)) 



dz 



+ — (-9- p y , a (0- a)) ■ b\ + ((-9; p yA (9; a)) + H 3 b-b 



-y 



l 



1 + 46*2 1 + 402 



a ) — a, 



20a e + z(-0; / 9 2/!a (0;a))] 



20 9z 



- ^ (-#; a)) • 6 + — ^ ^7 (-^; a)) • 6 + ^ 4 & • & 



where according to (|IV.4.8|) If, 

estimates 



3, 4, are two matrices which entries satisfy the following 



(IV.4.11) 



Let us set 



K, b )tfH{ pq (9,y,a,a,b)\<< 



C, 

c_(-] _i gjgl 

(e> I 1 + 



if \B\ = 
if 151 = 1 



V (0) (x) 



+ if 1*1 > 2 



(IV.4.12) < 



' *i(o, b) = + £(0; a) - [a { + 20(x(0; a) - a,) + 20 z(-9; p y>a (9; a)) 

+ ff (-0; Py ,a(0; a)) ■ b] + C(-0; ^ a (0; a)) + # 3 b • b 
*2(o, b) = j+j^ - j^i [x(9; a) - a x - 29 a ? + z(-0; p y>a (0; a))] 

- g(-0; p yA (9- a)) • b + jflp ff (-0; p y>a (9; a))-b + H A b-b. 

Then the system (|IV.4.3|) to be solved is equivalent in E to the equation (3>i(a, 6), $2(0, 6)) = (a, 6). 
Let us set <&(a, 6) = (3>i(a, b), $2(0, b)). We shall use the fixed point theorem in E (see ([IV.4.4|l ). 



(i) C E. 
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Let us recall that (y + x(9; a)) ■ < Co (y + x(9; a)) \a^\. 
Case 1 Assume that 

(IV.4.13) x(9; q) • q 5 > 2 c (x{6; a)} \a$\ 
It follows that 

(iv.4.14) \ y \> c A {x{ e ]a)) > c A. 



2 v x ' " ~ 2 



Indeed one can write 



2 Co (x(9; a)} \a$\ < (x(9; a) + y) ■ — y ■ 

< c (y + x(0;a))|a § | + |y| • |a 5 | 

< c (x(0; a)) |a 5 | + c |y| • |a ? | + |y| • |a £ | . 

Therefore Co {x(9; a)) < 2 \y\. Here we have used the inequality (a + b) < (a) + |6|. 

Let 9* > be such that x(0*;a) • a% = (this is possible since a x • a% < and x(0;a) • > 
«x • + ^ |«^| 2 — > +oo if — > +oo). Then the point (x(0*; a), a^) is outgoing for 9 > and < 0. 

We can write by Proposition IIII.37TI 

x(9; a) = x(9 - 9*; x(9*;a), £(9*; a)) 

= x(9*; a) + 2(9 - 9*) £(0 - 9*; x(9*; a) , £{9* ; a)) + z{9 - 9*,- ■ • ) 
= x(9*; a) + 2(9 - 9*) £(0; a) + z(9 - 9*; x(9*; a), £(0*; a)) . 

It follows that 

x(9; a) • a £ = 2(0 - 0*) |a c | 2 + 0(e) |0 - 0*| + z(9 - 9*; x(9*,a), £(9*; a)) ■ a c . 
Since \z(9 — 9*, ■ ■ ■ )| < C e\9 — 9*\ we deduce the estimate, 

2|0-0*| |a c | 2 < \x(9,a)\ ■ \a^\ + C e\9 - 9*\ . 
Therefore if e is small enough we obtain 
(IV.4.15) \9 -9*\ <5\x(9,a)\. 

Now let us introduce 

(IV.4.16) u(9) =x(9;a) - a x - 29 a c . 

We claim that 

(IV.4.17) \u(9)\ < C e (9 - 9*) . 

Indeed we have u(0) = and for all in M, 

u(9) = x(9; a) - 2 a e = 2(f (0; a) - a 5 ) + 2e b(x(9; a)) ■ £(0; a) . 
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It follows from Proposition IIII.47T1 that 

\u(9)\ < Ce. 

Now since x(0*; a) ■ ct£ = it follows from Proposition IIII,5~2l that 

x(9*;a) = a x + 29* a 5 - z(-9*; x(9*;a), £(0*;a)) 
This implies that |«(0*)| < C\ e. Now we write 

\u{9) - u{9*)\ < [ \u(s)\ds <C 2 e\9-9*\ 



and 

\u{9)\ <de + C 2 e\9 -9*\ < C 3 e(9-9*). 
It follows then from (|IV.4.14j) to (|IV.4.17|) that, 

\x{9; a)-a x - 29 a 5 | < C 3 e (9 - 9* ) < 5 C 3 e (x(9; a)) 

10 C 3 



< 



co 



e\y\. 



Using (|IV.4.12|) we see that 



<f> 2 {a,b) + 



< |x(6>;a) - Qg - 20«g| |z(-0; p y ,a) 



(1) 



+ 



1 + 40 2 



1 + 402 



<9z 



(2) 

(-0;/vO -\b\ + \\H4.\bf 



(•3) 



We have (1) < C 4 e M,, (2) < < since by (|1V.4.14I) |y| > f . Moreover 



(i) 



(5) 



(3)<Ce|6|<^M 



1 ; " (20) 1 1 " (0)2 



and, by (|lV.4.1ll) . (5) < A. Since \y\ < 5 (0) it follows that (5) < Cdfj?. 

Summing up we obtain 



(IV.4.18) 



<$> 2 (a,b) + 



1 + 402 

so we take e, 5 so small that C (e + 5) < VS. 
Let us look to the term 

(//) = $iM) + 



< C (e + 5) 



\y\ 



1 + 402 



20 y 
1 + 402 
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We have 



$1(0,6) + 



26 y 



20 



1 + 402 £( d > «)-«{- 1 + 4g2 b(0; «)-ox- 20 «d 

26 1 <9z 

1 + 4g2 f>v,») - 1 + 4g2 ^ ^.0) • 6 + CM; pm) +£a&_& 

"""""" (6) 



("1) 



O r 



We have |(1)| < C e, |(2)| < C f + ( ^f ) < C'e (see (IIV.4.17DV |(3)| < ^ (by Proposition [HLH21), 
|(4)| < -£||o| < C"e, |(5)| < Ce, |(6)| < C5 2 . It follows that if e and <5 are small enough we have, 



(IV.4.19) (II) < C (e + 5 2 ) < C (s + 5 2 ) — inf(l, |y|) < y/5 inf(l, lyl) 

co 

since \y\ > § . It follows from (I1V.4.18I) and (I1V.4.19)) that $ maps £ into E. 

We show now that one can find a constant k G]0, 1[ such that 

|*(o,6)-$(o / ,b')|<Jfe|(a,6)-(o / ,6')|, V(a,6), (a',b')eE. 



(IV.4.20) 
We have 



|$i(a,6)-$i(a',6 , )l < 



1 



1 + 40 2 



K-fljPy.a^a)) - z(-0;/^ a /(0,a))| 



(i) 



+ 



1 



1 + 40 2 



— (-0; Py ,a(0; a)) ■ b - — (-6; p y>a , (6; a)) ■ b' 



(2) 



+ |C(-0; p y ,a(^ «)) - C(~0; p y ,a>(0; a)) I + I H 3 b ■ b - H' 3 b' ■ b' 



(3) 



("1) 



Since the point (y + x(0; a), ag) is outgoing we can use Proposition I11Q.2I (II V. 4. 1111 and the fact 
that \b\ < < 25, to write 



W) 

It follows that 
(IV.4.21) 

Now we have 



(1) < ^ e \a - a'\ , (2) < £gr (|6 - b'\ + \a - a'\) 
(3) < Cs\a-a'\, (4) < C8{\a - a!\ + \b - b'\) . 



|*i(o, b) - $i(a', &')| < C (e + <$)(|a - a'| + |6 - b'\) . 



l$ 2 (o, 6) - <& 2 (o', < P yM «)) ■ 6 - ^ «)) • 6 ' 



+ 



20 



1 + 402 



— (-0; p y , a (0; a))-b- — (-0; %a ,(0; a)) • b' 



+ \H 4 b-b-H' 4 b' -b'\ + 



1 



1 + 402 



|2((-0;/>i/,a(0;a)) - z (-^;py,a'(^;«))l • 
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The same estimates as those used in the first case show that 

(IV.4.22) |$ 2 (a, b) - $ 2 (a', b')\ < C (e + 6){\a - a'\ + \b-b'\). 

Thus ()IV,4.2fl|) is proved if (e + 5) is small enough. Then the fixed point theorem shows that the 
system (|IV.4.3|) has a unique solution in E. 

Case 2 Assume that 

x(9; a) ■ < 2 Co {x(9; a)) \a^\ . 
It follows that we can apply Proposition IIII . 5~2l with (y,rj) = a which allows us to write 

x(9; a) = a x + 28 a^ — z(—8; p(8; a)) 
Z(0;a) = at-C(-6; P (6;a)) 

where p(9;a) = (x(9;a), £(9;a)). 

Using (|IV.4.12|) we obtain the following expressions of $i,$2- 

Ma ' b) = T+~W " iT4P W- e ^y^ a )) ~ z(-0; P (0;a))] 



(i) 

1 dz 

— (-8; p Vja (8; a))-b + ((-8; p y , a (9; a)) - ((-8; p(8; a)) + H 3 b-b 



1 + 40 2 d£ 



(2) 



(3) (4) 



b) = ~y^W2 ~ \-^ffi H~ 6 > PvAO', «)) - <-0\ p( e > «)) ] 

V „ ' 

(5) 

dC 26 dz 

- ^ (-0; p y ,a(8; a)) ■ b+-^p q* ("^ Pv,°fr «)) ■ b + IUb_b . 

* . ' v v ' (8) 

(6) (7) 

Let us show that 

nv,,,, / |*i(»,6) + iSS»|<^w(i.l»l) 
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If \y\ •> Co then inf(l, \y\) > cq. It follows that 

1(1) 



(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 



9ft C f 

ST+^^S-taf (1,|»|), 

<Ce< — mf(l,H), 
co 

< CeW <?££M< 2C£ ;<^ inf(1 ,l 



(«> 2 

< — mf(l,|y|), 

co 

< C£ < Ce |y| 



co 



<0> 2 - co (6)1 

'A: 

\y\ 



< Ce\b\ < C'e |y| 



W 2 ' 



< Ce 

< C8 



(0) 2 

<0> 2 



These estimates imply (|IV.4.23|) . 



Assume now that \y\ < cq. It follows that for every t in [0, 1] the point (ty + a), £(0; a) — ta) 
is outgoing for ft < (i.e. belongs to <S_). Indeed we have 



£(Q;a) -ta = ae + <D(e + 5) 
\x(0; a)\ < \y\ + \y + x(9; a)\ < 1 + \y + x(9; a) 



so 



(ty + x(9;a)) ■ a$ < \y\ ■ \a f \ + 2 c (x(9; a)) \at\ 

< 3c {x(6;a)) \a$\ 

< 6c (y + x(6;a)} \a?\ . 

Then we have the following estimates. 



I(i)l < / \y\ 







dz 



dy 



+ a 



dz 



{-6,ty + x(9;a),£{0;a) - ta) dt 



1(1)1 <Ce\y\ since \a\ < C \ y\ . 



By the same way we have |(3)| < C e \ y\. 

Moreover |(2)| < Ce\y\, |(4)| < C 5\y\ since \b\ < jM < 25. 

On the other hand we have 



1(5)1 

|(7|)<Ce|6|<C" £ 



W 2 



|(6)| <Ce\b\<%0- 
\{*)\<C6$. 
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These estimates imply (|IV,4.23|) since in this case \y\ = inf(l, \y\). Summing up we have proved 
that <I> maps E into itself. 

We show now the estimate (|IV.4.22j) . But it is easy to see that the proof given in Case 1 works 
also in Case 2. Using again the fixed point theorem we see that the system (jIV.4.3|) has a unique 
solution in E. This proves the points (i) and (ii) of Theorem IIV.4.21 

To prove (iii) we use an induction on |A| starting with \A\ = 1. Let us set for fixed (6, a) 

(IV.4.24) 7 y,a = (y + x(9, a),£(e, a) - 5(0, y, a) + ■ 

Using (|IV.4.12|) we see that (a, b) satisfy the system 

~ t(a \ ^ + 2e(x(0,a)-a x ) 20 1 dz 1 ~ 



+ 



(1) (2) 

dz y 



7y,a) 1 + 4g2 + CM, 7y,a) 



(IV.4.25) 1 + 40 2 d£ 

' " ' (4) 

(3) 



(0) 2 ° (0) °' 1 + 40 2 3 1 + 402 l + 40 2 ^ 

-V ' ^ V ' " * ' 

(5) (6) (7) 



(fl)(:r(fl,a)-a g -2flag) _ (0) 



(8) 

(rv.4.26) " ! M ' 7 »' a) 5 + 1 ^ TT^ + W * 5 • 8 + 2 * S IT* 



(9) (10) (11) (12) 

, /m fV _J/ j/ , 20 ^ ~ 20 «9z , # 

+ w jH4 T + -4p- rT^ + mP ' 7y '" j T+402 9e ( y ' 7 ^IT402 

V v ' > „ ' „ ' 

(13) (14) (15) 

where for j = 3, 4 -ffj = Hj(0,y,a,a — -^ga , (&} b — 1+ ^ g2 ) and Hj satisfies (|1V.4.11() . We claim 
that, for j = 3, 4, 

(IV.4.27) \dy[Hj]\ < C(\8 y a\ + (0) \d y b\ + + 



Indeed, skipping the index j for convenience, we have 

0y~ k [ J "^ + 9^^"l + 402 ^ + () ^^"l + 402 ^- 

Now we use (I1V.4.11(I . The first term in the right hand side is bounded by ^ + , £ Q £ +i , the second 
by C |Va|, the third by the fourth by C (9}\X7 y b\ and the last one by (0)~ 2 . 
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For i £ N let us introduce the following space 



(IV.4.28) J-£ = £ C c 



:\d^d^F(x,0\ < 



Cab£ 



(x)\ A \ 



For example || G T\, z, || G .Fo according to Proposition IIII.3.21 



Let us set now, 
(IV.4.29) 



5(2/) = y + x(6;a) 
h(y)=£(e;a)-a(6,y,a) + ^ 



Then for F £ Tg and k = 1, . . . , n we have, 
9 



(IV.4.30) 

dy k 

where x = y + x(#; a). 



[F(g(y),h(y))] 



< Ce 



+ 



+ \V y a\ 



Let us prove (iii) for \A\ = 1. We differentiate the equations (|IV.4.25|) . ()IV.4.26|) with respect to y k 
and we use (I1V.4.27I) . (jlV.4.301) and the fact that \b\ < < 35 < 1. We have, with the notations 
in (I1V.4.25I) . (I1V.4.26I) . 



.'//. 



<//, 



l)| + |9„ fc (8)| ^CelV.al + Ce 



3)| < CelV^ a| + {x) a \ e ys ( + 



Ce 
+ 



1 1 I 1 _j 1 
1 



2)| < C e (|V, S| + |V, 6|) + ( (i) + W 



4) |<C7 £ |V, 51 + ^(4 + ^ 

5) 1 + (6)| + |d yfc (7)| < CS(\V a\ + |V6|) + 



Ce 



<Ce(\Va\ + \Vb\) + ^§ TT (^ + ^ 



+ 



cs 
W 



10) |<C e |Vo| + ^ r (^ + ^ 

11) | + \d yk (12)| + \d yk (13)| < C5(\Va\ + |V6|) + z-y c - 



(a:> 2 + CT o (6»> + "(ep 

14)1 + 1^(15)1 <C(e + 5)(|V J/ a| + |V6|) + 7 ^fA+ 1 



C5 



(x)'o \<x> ^ (6) 



It follows from (IIV.4.251) . (IIV.4.261) . that 



|V, 3| + |V tf 6| < C( B + *)(|Va| + |V6|) + ^(-L + ±)* + ^ 
which is (iii) for |.A| = 1. 

Let us assume that (iii) is true for 1 < \A\ < k and let \A\ = k + 1 > 2. 
We claim that for F £ and \B\ < k we have 
(IV.4.31) 
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Indeed the term we want to estimate is a finite sum of terms of the following form (see Section 
lyTTOi. 



(IV.4.32) 



R Ms = dj F)(g(y), h{y)) J] gp h)> 



where 1 < s < \B\, 1 < |/3| + | 7 | < \B\, E = AE % = 7, E(N + = B, i 3 + 0, 

j=i j=i j=i 

Let us write {1, . . . , s} = I\ U I2 where 

/i = {j: |^| = 1}, |/ 2 | ={j: 1^1 >2}. 
For j G /1 we have dy gu = 0(1), dy hk = —dy a+0[-^) . For j £ I2 we have dy gy. = 0. Therefore 



the only terms which are present are those for which kj = 0. It follows that E kj = E kj = 0- 

i=i jeh 

£■ £■ 

Moreover dy h = —dy a. It follows from these facts and the definition of J-p that 



\Rp~/s\ < 



E fel » E N 

(Ce)^ 1 /l 1_\ EJ^KI^I+i) (C^- 1 



Now |/?| = E |&| = E N since N = 1 in Ii and & = in J 2 . It follows that 
i=i j=i 



l-R/3-ysl < 



Cz / 1 1 \ E |fc;-ll^l+</ 1 1 \ E Nl^l 



+ 



3=1 



(x) + (0) 



3=1 



The result follows then, since E(N + I^DKjl = I- 6 !- 



On the other hand, for F £ Tp and \A\ = k + 1 > 2, we have 
(IV.4.33) 
Indeed 



%))| < Cos \a} ~ a \ + ^L(± + ±) lAl+e . 



tf(F(g( y ), %)) -E(g (9(2/), My)) # 5fe + ^ (5(2/), My)) # fc fc ) 



fc=l 



is a finite sum of terms R Pls given by (jlV.4..32l) where 1 < s < \A\, 2 < + I7I < \A\, E = A 



E fc i = 7, E (N + I^IKi = A \£j\ > 1, \kj\ + \k'A > 1, j = 1, . . . , s. Since |/9| + | 7 | > 2 we have 



j 1 

i=i i=i 

< \A\ — 1 so the term R^ s is bounded, using the induction, by 

C A e [ 1 1 
+ 



(x)' 7 " V (2) (0) 



(32 



On the other hand, since \A\ > 2 we have d£ g k = and d£ h k = -df a k . By (llV.4.28j) we have 
\§gj; {.g{y)i h(y))\ < C e so (jIV.4.33|) is proved. Note that C is independent of A. 

Let us now prove the last step of the induction. We apply dy to both members of Q1V.4.25JI . 
(|IV.4.26|) . Then we estimate each term of the right hand side using (|IV.4.31|) , (|IV.4.33|) . We obtain 

C A e if 1 , 1 ^ |A| 



K (1)1 + l«? ( 8 )l < \ 9 v 51 + W (M + W 
|#(4)| <Co6|^a| + ^ r ( I i y + ^ M+l 



(2)| + |# (3)| < Cos (|# a| + |# 6|) + |^ ^ + ^) 



K ( 9 )l + l# (l°)l < C o<(K a| + 6|) + gfc + ^y)' A|+1 • 

Finally 

l# (5)| + (6)| + |^ (7)| + (11)| + \d* (12)| + (13)| < C 5{\d^ ~a\ + |# 5|) 

C A £ ( 1 1 C A <5 



If e + 5 is small enough (compared with a finite number of fixed constants) we can absorb the term 
#5| + |#" 



Co(e + 5)(|5 A a| + \dy b\) by the left hand side and we obtain the estimate given in (iii). 



Let us now prove (iv). First of all since the point (y + x(9,a), r\ + £(#, a)) belongs to 5_ and 
-9 < we deduce from Proposition llH.3.21 that \d 7 Q-9 y + x(9, a), rj + g(fl, a))\ + \djx(-6,y + 
x(9, a),rj + $(0, a)\ < C 7 (9). It follows then, from (I1V.4.2I) and Lemma ITvTTl that 

^ (i],a,b,g j ) + ^(r],a,b,gj) <C{9). 

Therefore we will have, 

Wk(j),a,b,gj) - q k (-a,a,0,gj)\ < C {9} (\rj + o| + |6|) . 

Now if |t/| < we will have \rj + a\ + \b\ < 5\/J. On the other hand (|IV.2.7|) shows that, when 
M < v 7 ^ < I c , 

q k (-a,a,0,gj) = —f (-a) = — °- - i - J -){-9,y + x(9,a),-a + i(9,a)) . 
d£ k \d£ k dx k J 

By Corollary 1111.3.31 we have 

q k (-a,a,0,9j) = (1 + 2i9) 5 jk + 0(e (9)) . 

Finally we obtain, 

\q k ( V , a, b,g 3 ) - (1 + 2i9) 5 jk \ < C (e + y/5) (9) , 
which is precisely the claim of point (iv). 

The last point (v) can be easily deduced from Proposition IIII.3.2I and Lemma IIV.2.11 This ends 
the proof of Theorem II V .4.21 □ 
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We continue the proof of Theorem II V . 1 1 21 in the case (|IV.4.1|) . We follow basically the same method 
as in Section [IV, 31 with small changes. For the convenience of the reader we give some details. 



Let us set, 
(IV.4.34) 

f = {(9,(y, V ))eR + xR 2n : \y\ < 5(9),(y + x(9,a)) ■ at < Cl (y + x(8 a ))\at:\;\v\ < VS} 
\ A = {a e T*R n : \ < \a^\ < 2, a x • a 5 < -c K)|a ? |} . 

We consider families (/(-,a)) Q6 ^ of function on O. 
Definition IV. 4. 3 We say that (/(•)Q ? )) ae A belongs to TL if 

(i) for all a £ A, (6, y, rf) i-> f(9, y, r], a) is C°° on O. 

(ii) For every A, B in W 1 there exists Cab > such that 

sup \dy d% f(6,y,r),a)\ < C AB ■ 

(e,y,a)&OxA 

Remark IV.4.4 1) TL is closed under multiplication and derivation with respect to (y,r)). 
2) If we set, with the notation iffV.2. 
f(6, y, r/, a) = — Vj (6, y + x(6, a), ry + £(6>, a)) 

= 7m V + a )' ^ + £( > «)) " a | " 1/ + + «)) " 4)] 

then (/(•, a)) agj \ ^ H. This is a consequence of Proposition \1 1 1. 372\ 

Definition IV. 4. 5 ('(Lagrangian ideals) The Lagrangian ideal J is dehned as the set of families 
F = (F(-, a)) aeA which can be written as 

n 1 

F(0,y,rf,a) = ^/j(f,j/,J/,a) Vj(6, y + x{9, a),r] + £(0, a)) 
for all (9,y,n) in O and a in A, where (/('> oO) Qg A e 
Example IV. 4. 6 Let us set 

F(9, y, rj, a) = % - ip k (9, y, a) 

with 

(IV.4.35) MO, V, a) = -(o fc + i b k )(9, y, a) , 

where a k , b k are those given in Theorem gEH 
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Then (F((-,a)) a6A G J. 

Indeed if \rj\ < VS < \ cq then Xo(v) = 1 so it follows from $IV.4.2\) and Theorem \IV.4.2\ that we 
have 

n 

vj(0,y + x(d,a),£(0,a) +rf} = ^2qk(v, a , b ,9j)(Vk ~^k(9,y,a)). 



k=l 



Sinceqk(n,a,b,gj) = (l+2i0) 5jk+0((e+V5)(9)) (by (v)) it follows that the matrix (qk(rj, a, b, gj)) 1 
(djk(0,y,r], a ))i<j,k<n exists. Moreover ((0) djk(-,a)) aE ^ £ H. Now we have 

n 1 

Vk - ^k(0,y,a) = ^2(0) dj k (0,y,a) ■ —r Vj(9, y + x(9, a), rj + £(0, a)) . 
i=i 

This proves our claim. 



Lemma IV.4.7 For F and G in J let us define 

f dF dG OF dG \ 



Then {F, G} G J. 



Proof Since Vj(9, y + x(9, a), rj + £(0, a) = Uj o x~e(y, rj) where Uj(x, £, a) = £j — — i(xj — oP x ) 
and X-eiy^v) = 2/> £( — ^> 2/j $)) is the symplectic map defined by the flow we have 

{vj,v k }(9,y,Tj,a) = {uj,u k }(x-e(y,v)) = 

because {uj,Uk} = 0. 

Let F = Yl fj-nfiVj, G = Yl gk -nx Vk be two elements of J with fj G H, gk G H. Then a 
straightforward computation and the Remark IIV.4.41 give the conclusion (see the proof of Lemma 
I1V.3.10I) . □ 



Lemma IV. 4. 8 Let R = (R(-,a.)) a ^ E J and assume that R(-,a) does not depend on n. Then 
for every JVgN one can End Cn > such that for every (0, y) in £lg and a in A we have 



\R(9,y,a)\ < C N | Im ip(9, y, a 



Proof We are going to show by induction on N > 1 that we can write 

(IV.4.36) R(9,y,a)= £ h^9, y, a)(rj - V) 7 + £ ff 7 (0, y, a, r/)(r/ - V) 7 

0<| 7 |<V |7|=JV 

where (/i 7 (-, a)) QgA and (# 7 (-, a)) a6 jv) belong to H. 
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For N = 1 the first sum in the right hand side of (|IV.4.36|) is empty and by assumption we have 

n 1 

R(9,y,a) = ^2fj(e,y,rj,a) Vj(6, y + x(9, a),r) + £(0, a)) . 
3=1 

Using Theorem IIV.4.21 we obtain since Xo(v) = 1 when \rj\ < y/S, 



R{8,y,a) = f3i e ^y^,a)Qk(v,a,b,gj)Ym - ^k(9,y,a)) 

3=1 



k=l 



Since fj and -nx q k belong to H this shows that ()lV.4.36j) is true when N = 1. Assume now it is 
true up to the order N. We can apply Lemma llV.2.1l to the function 

9j(0, V, V, «) = Xo(v) 9j(®, V, V, «) , ItI = N 
with Zj = —ipj(0,y,a). It follows that 



(IV. 4.37) g 7 (9,y,ri,a) = ^ q k (r], a, b, g 7 )(r/ fc - ij) k (9,y,ci)) + r(a,b,g 7 ) . 

k=i 

For the q' k s and r we have the estimates (|IV.2.2|) . Let us set 

/ IV438 x f h 7 (9,y,a) = r(a(9,y,a),b(9,y,a), g y (h,y, -,a)) 

\ 9j(S,y,rj,a) = q k (rj,a(9,y,a),b(9,y,a),g J (9,y,-,a)) . 

It follows from (jl V.2.2}) and Theorem II V. 4. 21 that (h 7 (-,a)) a and {g 7 k{'-, a ))a belong to TC. Using 
(jlV .4.361) at the level N and (|1V .4.371) . (II V .4.381) we deduce that (|1V .4.361) holds at the level N + 1. 

Now let us take in ()lV.4.36j) = (Re ^ + s Im / 0)(0, y, a) when s E [0, 1]. Then the same argument 
as in the end of the proof of Lemma llV.3.111 gives the result. □ 

Corollary IV. 4. 9 For every JV£N there exists a constant Cm > such that 

< C N \Im^(9,y, a)\ N 





d^k\. 




\dy k 


dy 3 ) ( 


9,y,a) 



for every (9, y) in £1$ and a in A. 

Proof Identic to the proof of Corollary IIV.3.121 □ 

Now we go back to the original coordinates 

x = y + x(9,a), £ = r] + £(9,a) 

and we set for k = 1, . . . , n, 

(IV. 4. 39) &k(9, x, a) = il>k{9-, x — x(9, a), a) = £,k(9, a) — (a^ + i bk)(9, x — x(9, a), a) 

where a k , b k have been described in Theorem IIV.4.21 

Then we can state the following result. 



66 



Theorem IV.4.10 We can write for (9,x) G Qs and |£ - £(0,a)| < Vd, 



0) £fc - $k(0,x,a) = ^2e jk (9,x,£,a)vj(9,x,£) 
where ejk are smooth functions which satisfy 



C A 



(ii) |3g S£ e jk (9, x, $, o)\ < for all a G N and 1 = 0,1. 

Moreover we have for (9, x) in £1$ and |£ — £(6, ot)\ < V~5, 
(in) \® k (9,x,a) - < C (e + V5). 



(iv) lm$ k (9, x, a) 



x k ~ x k (9,a) 



(v) m9,x,a)\<C , 
\d£<f>(9,x,a)\<C A 



1 + 



1 



< Vs 



\x — x(9, a)\ 

w 



+ 



1 



{9)\ A \ + l ( x )\A\ + l+a 

(vi) $ k (9,x(9,a),a) =£ k (9,a). 



if A G N n , \A\ > 1. 



(vii) 



dxj dxfr 



(rc)§ (0)1 ' (0) 



where the constants Ca, Cq,Cn are independent of (9, x, £, a). 



Proof (i) follows immediately from the computations made in Example II V .4.61 as well as (ii) . The 
point (iii) is obvious since £(0,a) = a 5 + 0(e) and \a k \ + \b k \ = 0(V$) by (jlV.4.41) . Then (iv) 
follows from Theorem IIV.4.21 (ii) as well as (v) . The point (vi) is obvious since a k = b k = when 
y = 0. To prove (vii) we use Corollary HvXol (llV.4.35j) . (llV.4.39j) and (iv) of Theorem HVXTol 
We obtain 



. dxj dx k 



(9, x, a) 



<C N 



\x — x(9, a)\ 



N 



(0) 



2N 



Now by (v) of the present theorem we have, 



\d j <f>(9,x,a)\<C[ 7 ^+ ' 



(0) 2 {xf 

3 1 

Writing \a\ = \a\* \a\~z and using the above estimates we obtain (vii). 



□ 



Definition IV. 4. 11 Let (F (■ , a)) a< -^ be a family of 'C°° functions for (9, x) in £1$ and |£— £(0, a)| < 
VS. We shall say that F G <J(x,£) if we can write 



n 1 

F(9,x,C,a) = ^f j (9,x,£,a)j-rv j (9,x,£,a) 



3=1 



where 



d^d^f J (9,x,ta)\<C AB 



for all (9, x) in Qs, |£ — £(0, a)| < y/6, a G A where Cab is independent of (0, x, £, a). 
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Then exactly as in Lemma llV.4,71 '7( T e) is closed under the Poisson bracket in (x,£) and we have 
the analogue of Lemma IIV.4.81 In fact is just the image of J under the diffeomorphism 

x = y + x(9, a), £ = r\ + £(9, a). Then we have 

Theorem IV. 4. 12 With $ defined in (TV. 4.3.9)) we have for k = 1, . . . , n, 

Proof We follow word by word the proof of Lemma llV.3.161 and Corollary IIV. 3.171 Let us just 
sketch the proof. 

We begin by the proof of the theorem when x, a) is replaced by £. By Theorem IIV.4. 101 (i) we 
have 

£fc - $k(G,x,a) = ^2 e i k (.°' x i^ a ) v j( e > x >0 ■ 

Then we set x(—9,x,£) = X, £(— #,x,£) = E that is x(9,X,E) = x, £(#,X, S) = £. The above 
identity reads 

n 

£ k (0, X, E) - $ k (9, x(9, X,E),a) = J2 ^(9, x(9, X, E), £(#, X, E), a) ^(X, H) . 

fe=i 

We differentiate this equality with respect to 9 using the equations of the flow given by 1)111.1.2)1 . 
Then we use Theorem ITvXTol (ii) and we come back to the original coordinates (#,£)■ Finally we 
write £ = £ — <&(9,x,a) + $(9,x,a) as in the proof of Corollary IIV.3.171 Details are left to the 
reader. □ 



Corollary IV. 4. 13 For every N G N one can find CV > such that 



dp 

dx k 



(x,$(9,x,a)) 



89 



d^k dp 

?, x, a) — (9, x, a) — (x, $(0, x, a)) 

ox a£ 



<C N 



x(9,a)\ 



N 



(oy< 



Proof Use Theorem IIV .4. 121 and Lemma llV. 4. 81 in the coordinates (x,£). □ 

We are ready now to define the phase tp, as we did in Proposition IIV. 3. 191 for the outgoing points, 
but we find here a slight problem. Indeed if we look to formula QIV .3.48)1 we see that tp is defined by 
mean of $>(9, s x + (1 — s) x(9, a)), s G [0, 1]. In the present case when 9 > 0, z, a) is defined for 
z-ct£ < co (z) \a%\ and \z — x(9, a)\ < 6 (9) and it is easily seen that the point z = s x + (1 — s) x(9, a) 
does not satisfy these conditions. Therefore we have to modify the expression of tp in l)IV.3.48)l 
to take care of this problem. We split the discussion into several cases giving in each of them a 
different expression of tp. Our purpose is to prove the following result. 

Let us set, 

(IV.4.40) O s = {(9,x)£R + xR n :x- ai :<^{x)\at\, \x - x{9, a)\ < — (0)} . 
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Proposition IV. 4. 14 There exists a smooth function tp = ip{9,x,a) defined on Os such that, 



i 1 

(i) <p(0,x,a) = (x-a x )a ( + -(x-a x ) 2 + — a\ + 0{\x - a x \ N ), ViVeN. 
For every N £ N there exists Cn > such that 

(u) | ^ (9, x, a) - $(6>, x,a)\<C N ( lx ~ ^ " } 1 ) " 

( Ui ) |f x ' a ) + p( x > ^ (°> x ' a )) ^ ^ (— — ^ 6> ' a ^ ) uniformly in (9, x, a). 
Moreover 

(iv) ^(e,x,a)- ai \<C(e + VS). 

(v) \d£<p(0,x,a)\ <C A , Vier, L4|>1. 

f -\ T //! x 1 |x — x(6*,a)| 2 1 o ^ /-r, Is — x(9,a)\ 2 

(vi) lmip(9,x,a)-- 1 \> n + -a 2 < C (e + y/S) l - j^^- 



2 1 + 46> 2 



We split the proof into several cases which are summarized in the following figures. 
Case 1 (See Figure 1). Let (9,x) G Os be such that 

x(9, a) ■ a>£ < ^ (x(9, a)} \a^\ and \x — x{9, a)\ < (x(9, a)} . 

Lemma IV.4.15 In the case 1 we have sx + (1 — s) x(9, a) G fts, for s G [0, 1], that is 
(sx + (1 — s) x{9, a)) ■ < Co (s x + (1 — s) x(9, a)) \a^\ 

and 

\sx+ (1 - s)x(9,a) -x{9,a)\ < 5 {9) . 
Proof We use the following elementary lemma. 

Lemma IV.4.16 Let a, b £ R n be such that \a-b\< (a). Then for all s in [0, 1] 

(l-s)|a| + s|6| < v / 2((l-s)a + s6). 



Proof Since \a — b\ 2 < \a\ 2 + 1 we have 2a ■ b > —1, it follows that 

|(1 - s)a + sb\ 2 = (1 - s) 2 \a\ 2 + 2s(l - s) a ■ b + s 2 \b\ 2 > (1 - s) 2 \a\ 2 
+s 2 )6 |2_ s(1 _ s) > 1 ((1 _ S)H + S | 6 | ))2 _1_ 

Therefore ((1 - s)a + sb) 2 > - s)\a\ + s\b\) 2 . 



□ 
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Let us now apply Lemma TlV.4. 161 to a = x(9,a), b = x. Using our hypotheses we obtain 
(sx + (l-s) x(9, a)) ■ at. < ^ (s (x) + (1 - s)(x(9, a))) \at(\ 

< ^ (s + s \x\ + (1 - s) + (1 - s)\x{9,a)\) |a s | 

< ^- {1 + V2 (s x + (I - s) x{6,a)}) ■ \a^\ 

< Co (s x + (1 — s) x(#, a)) |a^| , 

On the other hand \sx + (1 — s) x(9, a) — x(9, a)\ = s\x — x(9, a)\ < 5 (9). □ 

In the set defined in case 1 we can therefore define if by the same formula as in Proposition lIV.3.191 

We set 

f 1 1 
(IV.4.41) tp(9,x,a)= / (x — x(9, a)) ■ <fr(9, sx+ (1 — s) x(9, a), a) ds + 9p(a) H aj . 

Jo 1> 

The proof of the points (i) to (vi) is exactly the same as the corresponding points in Proposition 
II V.3.1 91 using Theorem II V.4.1 01 □ 

Case 2 Let (9, x) G Os be such that 



x(9, a) ■ at < — (x(9, a)) \ac\ and \x — x(9, a)\ > — \x(9, a)\ . 
3 2 



(See Figure 1). 
In this set we have 
(IV.4.42) 



\x(9,a)\ <2|a;-a;(0,a)| < 5 (9) , 
\x\ <3\x-x(9,a)\ <S(9). 



Moreover for y £ [0, x] U [0, x(9, a)] the point (9, y) belongs to the set Vt$ on which $ is defined. In- 
deed if s £ [0, 1] we have s x ■ ag < s ^ (x) \a^\ and \s x — x(9, a)\ < s \x — x(9, a) \ + (1 — s)\x(9, a)\ < 
2\x - x(9,a)\ < 5(9} by (I1V.4.42I) . On the other hand, sx(9,a) ■ a ? < s f (x(9, a)) \a^\ < 
co(x(9,a)) \a^\ and \sx(9,a) — x(9,a)\ = (1 — s) \x(9,a)\ < 5(9). Therefore we can define the 
phase (p by the following formula. 

(IV.4.43) (p(9,x,a) = [ x ■ &(9, s x,a) ds - [ x(9,a) ■ $(9, s x(9,a), a) ds + 9 p(a) + — aj . 

Jo Jo 2i 

Let us show that ip satisfies the conditions of Proposition IIV.4.141 It follows from Theorem IIV.4.21 
and (|1V. 4.391) that 



$(0, z, a) = a^ + i(z - a x ) + 0(\ 



z - a a 



Therefore 



tp(0,x,a) = / (x ■ a% + i x(sx — a x ) — a x a^ — i a x (sa x — a x )\x\ 0(\sx — a 2 
Jo 



+ \a x \ 0(\sx- a x \ N ))ds + ^ a| 



1 

(x - a x ) ■ a^ + ^(x - a x ) 2 + — a| + 0(\x - a 



2i 
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because |x| < \x — a x \ + \a x \, \s x — a x \ < \x — a x \ and \a x \ < \x — a x \. Thus (i) is proved. Now 



s Xk - (9, s x, a) ds . 

, ./I) ;. r 'U () ' X j 



— — (9, x, a) = I &j(9, s x,a) ds + / 
x j Jo k=1 Jo 

Using Theorem llVXTol (vii) we obtain 

— — (9,x,a) — / &j(9, s x, a) ds — / s — (3> 7 (#, s x, a)) ds 
dxj Jo Jo ds 



i i / 1 1 \ \sx — x(9, a)\ N , 

- CnI s]x]i ^ + w> r 



Now s\x\ < and by (|IV.4.42|) . s |x| < 5(0), |sx-a;(#,a)| < s\x - x(9, a)\ + (1 - s)\x(9, a)\ < 

2 \x — x(8, a)\. Therefore the right hand side of the above inequality is bounded by Cat ^~^'jv^ • 
Integrating by parts in the second integral of the left hand side we obtain (ii). 

Now we have 

dip f 1 d$ f 1 

x -^-r (9,s x,a) ds — / x(9, a) • &(9, s x(9, a), a) ds 



09 Jo 89 



(1) (2) 
1 ^ n r 1 

x(9, a) ■ 



-—■ (9, s x(9,a),a) ds — > / Xk(9,a)— — (9, s x(9, a), a) s Xi(9, a) ds +p(a) . 

ov Jo oxi 

(3) (4) 

We use Corollary IIV.4. 13l to write 

^ f ^ dp ^ i dp 
(1) = S~] / x k - — (sx,®(9, sx,a))ds - V] / x fc - — (9, s x, a) ■ — (sx, $(9, s x, a)) ds + R 

fr{Jo dx k n±Jo dx ? d & 



with 



\Ro\ < [ \x 
Jo 



sx — x(9, a)] 1 



(8} 2N 

Rv (II V. 4.421) we have |g| < 5 {9) ; since (6») 27V_1 > (6) N if N > 1, and |s x-x{9, a)\ < s \x-x(9, a)\ + 

-x(e. 

(ey 



(l-s)\x(9,a)\ <2\x-x(9,a)\, we obtain \R \ < C N lx ' x £^ )lN if N> 1. Now |x-x(6»,a)| < 5 (0) 



so the same estimate is valid for N = 0. Finally 
(IV.4.44) \Ro\<C N lx ~ X { ^ N ar 

Using Theorem IIV.4. 101 (vii) we obtain 

- 1 d 



f d 

(1) = -/ — (p(sx,<S>(9,sx,a)))ds + R 

Jo as 

where R satisfies ()IV.4.44|) . Therefore 



(IV.4.45) |(1) + p($(0,x,a) -p(O,$(0,O,a))| < C N 



\x-x(9,a)\ N 



(0) 



N 
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Let us look the term (4) ; we use Theorem IIV.4.101 (vii) again and we obtain 

n „! 



1=1 J ° 



s xA9, a) — ($i(0, s x(9, a), a)) ds + Ri , 
as 



with 

\R 2 \ < f s \x(9, a)\ ( 1 3 + -4) (^#) (* " 1)^ * • 

It follows from (|IV.4.42|) that R2 satisfies (|IV.4.44|) . Therefore integrating by parts in the above 
integral we obtain 

(4) = - f ±(9, a) • $(fl, s x{6, a), a)) ds + x(6, a) $(g, x(9, a),a)+o ( [X ~ ) ■ 

Jo ^ w ' 

Using Theorem II V . 4 . 1 01 (vi) and the Euler identity we can write 

x(9, a) ${9, x(9, a),a) = £(9, a) ■ % (x(9, a), £(0, a)) = 2p(a) . 

It follows that 

\ x - r(9 a)\ N 

(IV.4.46) 1(2) + (4) - 2p(a) | < CW J . 

Now, by Corollary IIV.4.131 we have 

(3)=- [ x(9,a) ■ ^(sx(9,a),$(9,sx(9,a),a))ds 
Jo ox 

— / Xk{9,a)-— — (9, sx(9, a), a) — — (sx(9, a), 3>(0, s x(9, a), a) ds + R3 

where 



1 \x(9,a)\^\s-l\ N 
W 



\Rs\<C N \x(9,a)\ I ' 1 ' ;' 2 ^ ' ds. 



If N > 1 we have < ^ so #3 satisfies (IIV.4.441) using (IIV.4.42|1 . 

Using again Theorem IIV.4.101 (vii) we obtain 

" J d r / /« \ sfx/ o fa s VI j < r,/'l a! - a! ( e > a )r 



(3) = - / — [p(s x(0, a), $(0, s x(0, a), a)] ds + 



(0) 



A' 



so 

\x — x(9 a)\ N 

|(3) + p{x{e, a), $(0, x(9, a), a) - p(0, $(0, 0, a)| < CW J { ^ )N " 

Finally we obtain 

(IV.4.47) |(3)+p(«) - p(0 5 $(0, 0, <*))| < CV J X •'' ( ^ n)|A 



(0) 



v 
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Since % (8,x,a) = (1) - (2) - (3) - (4) + p(a) we deduce from (II V. 4.451) to (I1V.4.47I) that 



-£(9,x,a) + p(x,$(9,x,a)) 



<C N 



\x — x(9, a)\ 



N 



(0) N ' 

Using the point (ii) already proved in Proposition IIV.4. 141 we obtain the point (hi). 

The point (iv) follows easily from (ii) since by (|IV,4.39|) and Theorem II V . 4 . 1 (11 we have <£(#, x, a) = 

Let us prove (v). To bound d A f when \A\ > 1 we have to bound, according to (|1V.4,43|) the 
quantities (1) = fts^\d A ' ^){9 , sx, a) ds, \A'\ < \A\ - 1 and (2) = ft \x\ \d A $(0, sx, a)\ ds. 
Using Theorem IIV.4. lOl (v), we see easily that (1) is uniformly bounded and 

1 „ , , f 1 ds 



|(2)| <C A \x\-^ + C A \x\ 



+1+CTQ 



{9)\ A \ Jo (sx)\ A \ 

By HIV.4.42JI we have \x\ < 25(9} < 25 (9)\ A \ since \A\ > 1 and setting t = \x\s in the integral 
above we see that (2) is uniformly bounded in (9,x,a). This shows (v). Finally by ()1 V.4.43|) . 

1m(p(9, x, a) = J x ■ Im&(9, s x,a) ds — f x(9, a) ■ lm$(0, sx(0, a), a) ds — - a| . 

Jo Jo 2 

Using Theorem IIV.4. lOl (iv) and ()IV.4.42|) we obtain (vi). This completes the proof of Proposition 
IIV.4. 141 in the case 2. □ 

Case 3 We consider here the case where 

(IV.4.48) (9, x) G O s and x(9, a) ■ > — (x(9, a)} \a^\ . 

3 

(See Figure 2). 

Let us recall that we are dealing in this Section IV. 4 with the case where a x ■ < —Co (a x ) \a^\, 
(see (llVAim . 

(1) The continuous function 1 1— > x(t, a) ■ is then strictly negative for t = and strictly positive 
for t = 9. It follows that 

(IV. 4. 49) there exists 9* g]0, 9[ depending only on a such that x(8*,a) ■ a>£ = 0. 

Then we have the following Lemma. 



Lemma IV. 4. 17 



(i) -\e-9*\\a^\ < \x{9,a)-x(9*,a)\ < 3 \6 - 9* \ \a^\, 

(ii) \9-9*\ > —, 
171 1 - 50 



73 



(Hi) \x - x(9, a) | <\x — x(8*,a)\ + |x(0*,a) - x(6,a)\ <5\x — x(9,a)\, 
(iv) K^O) < (9*)<K 2 (9). 

Proof It follows from (|IV.4.48|) and Definition Kll.2.21 that the point p* = (x(6*, a), £(9*, a)) 
belongs to 5 + n5_. By the group property and Proposition IIII.3.H we have 

x{9, a) = x(9 - 9*, P *) = x(0*,a) + 2(8 - 9*) a c + 0(e \9 - 9* |) + 0(e) . 

It follows that 

(IV.4.50) x(9, a) - x(9*,a) = 2(9 - 9*) a c + 0(e \9 - 9* |) + 0(e) . 

Now we deduce from (I1V.4.48|) and (II V .4.491) that 

(x(9, a) - x(9*,a)) ■ a 5 > j (x(6, a)) K| > 1 K| > | 

since \ < \a^\ < 2. So by (I1V.4.5()|) . 

2(^-r)|a € | 2 > ^-C l£ |0-0*| -C 2 £. 

D 

Taking e small compared to Co and C\ we obtain (ii). Then (i) follows easily from (|IV.4.50|) if 
e <C Co- Now the first inequality in (iii) being obvious, let us prove the second one. We write 

f \x-x(9,a)\ 2 = (l) + (2) 
(IV.4.51) I (1) = \x-x(9*,a)\ 2 + \x(9*,a) -x(9,a)\ 2 

{ (2) = 2(x-x(0*,a))(a;(0*,a) -x(0,a)). 

If we use (|IV,4.50|) . (i) and (ii) we obtain, 

(2) = -4(9 - 9*)(x - x(9*,a)) ■ a c + 0(e(l)) , 

so by (IIV.4.491) . 

(2) = -4(9 -9*)x-a£ + 0(e (1)) . 
Now since (9,x) belongs to O s (see (jlV .4.401) ) we have 

cc-o^ < ^ (a?) |a £ | < ^ (s(0,a)) \a^\ + ^ \x-x(9,a)\ |a € | . 

It follows from (|IV.4.48j) that 



x • < — x(9, a) ■ + j^\x - x(9, a)\ \a%\ 



and we deduce from (|IV.4.49|) that 



x ■ < — (x(9, a) — x(9* , a)) ■ + \x — x(9, a)\ \a^\ , 
x ■ < — |x(0, a) — x(9* , a )\\ae\ + ^\x- x(9, a)\ \a^ \ , 
x- a>£< (— + j^j\x(9,a) - x(9*,a)\ \a^\ + ^ \x - x(9*,a)\ \a^\ , 
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(2) > -4( A + |° ) | x(fl> a) _ x( r , a) 1 1^ _ r 1 1^| _ ^° \ x _ x{ e*, a )\ \e-e*\ |^| + o( e (i)) . 

Using the first inequality in (i) we obtain 

(2) >-(\ + ^f) \x(0, a) - x(8\a)\ 2 ~^\x- x(9\a)\ \x(6, a) - x(9\a)\ + Oie (1)) . 
\5 15 / 15 

Finally 

(2 ) £ -(l + ^ + CE ) (1 ). 

If Co and e are small enough we find (1) + (2) > ^ (1) so (iii) is proved using (|IV,4.51|) . Finally (iv) 
follows from (i) and (iii) taking 5 small enough. □ 

Then we split the case 3 in two subcases. 

Case 3.1 (9,x) € Og, x(8,a) ■ a 5 > ^ (x(9,a)) \a^\ and \x -x(9*,a)\ < (x(8*,a)). 
It follows then that 

(IV.4.52) s x + (1 - s) x(9*,a) G Sl s for all s £ [0, 1] . 

Indeed, using Lemma II V .4. 161 with a = x{9* , a), b = x we obtain s \x\ < \[2 (s x + (1 — s) x(9*, a)} 
so if (9, x) G Os we get 

(si + (1 - s) x(9* , a)) ■ ac£ = sx ■ < ^ s (x) \a^\ < cq (sx + (1 — s) x(6**, a)) |a^| . 

Moreover by Lemma llV.4.171 

\sx + (1 - s)x(6>*,a) - z(0,a)| < s|x - x(6>,a)| + (1 - s) |x(0*,a) - x(9,a)\ 

< s\x — x(9, a)\ + (1 — s) 5 |x — x(9, a)\ 

< 5\x-x((6,a)\ <S(9) 

since in Os, \x — x(9, a)\ < (9). 



Therefore we can define <p on this part of Os by the following formula. 
(IV.4.53) 



ip(9,x,a) = I (x — x(9*, a)) ■ <I>(0, s x + (1 — s) x(9*, a), a) ds 
o 



p(x(9*,a), ®(s,x(9*,a),a)ds + 9* p(a) + — |a £ | 2 . 

Our goal now is to show that (p satisfies the claims (i) to (vi) of Proposition IIV.4.141 

The point 9 = does not belong, by (|IV.4.48|) . to this part of Os- Thus the claim (i) is empty. Let 
us check (ii). We have 

()p (9,x,a)= [ ® k (9,sx+ (1 - s)x(9*,a),a)ds 



dx 



f 1 d®e 
+ y / s(x£ — xp(9* ,a))— — (9, sx + (1 — s)x(9*, a), a) ds . 
Jo ox k 
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Using Theorem IIV.4. lOl (vii) we see easily that 



(IV.4.54) <l ''" 



<> ' P (9, x, a) = [ ® k (Q,sx + (1 - s)x(9*,a),a)ds 



o 



f 1 d 

+ s ~r [$k(8, sx + (l-s) x(9*,a), a)] ds + R 
Jo ds 



with 

\R\ < C N \x - x(9 ,a)\ I j-^n ds. 



o 



It follows from Lemma llV .4. 171 (iii) that 



(IV.4.55) \R\<C N ^ Zn . ^>°- 



\x-x(9,a)\ N 

w 

Integrating by parts in the second integral of the right hand side of (jIV.4.54|) we obtain the claim 
(ii). Let us prove (iii). We have 



dp 
~89 



f 1 d® 

, x,a) = I (x — x(9* , a)) ■ — — (9, X s ,a) ds — p(x(9* ,a),$(9,x(9* ,a),a) 
Jo 69 



where X s = s x + (1 — s) x(9*, a). 
Using Corollary II V .4. 13l we obtain 

^(9,x,a) = - [\x-x(9*,a))-^(X s ,$(9,X s ,a))ds- V f\x k - x k (9* , a)) 
d9 J dx 

(9, X s ,a)^- (X s , <t>(9, X s ,a)) ds - p(x(9*,a), <t>(9, x(9*,a), a)) + R 
dx e din 

where R satisfies (|IV.4.55|) . We use again Theorem IIV.4. lfll (vii), and we obtain 

% (9, x, a) = - f [p(X s , $(9, X s , a))} ds - p(x(9*,a), <S>(9, x(9*,a),a) + R' 
d9 Jo ds 

where R' satisfies also ()IV.4.55|) , This implies immediately (iii). 

The points (iv), (v) follow easily from Theorem II V .4.101 Let us check (vi). According to (|1V.4.53|) 
we can write 



(IV.4.56) 



p(9, x,a) = A + B with, 

A = f*(x - x(9*,a)) ■ <S>(9,sx+ (1 - s)x(9*,a),a) ds . 



Using Theorem IIV.4. lOl (iv) and Lemma llV.4.171 (iii) we see that 

1 l 

2 1+40 2 



(IVA57) ]\R\<cJil 



Im A = \ j-W \{x - x(9*,a)) 2 + 2(x - x(9* ,a))(x(9* ,a) - x(9, a))] + R 



x—xtU,a)\ 2 



To check the term B let us set x{t) = x(t, a) and 



F(t) = - I p{x(t),<Z>(s,x(t),a))ds +tp{a) . 
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Then 



F'(t)=p{x(t),<S>(t,x(t),a))- / y2-±-(x(t),$( S ,x(t),a))i k (t)dt 



(i) 

(2) 



(3) 

By Theorem HVAlOl fvi') we have, 

(1) =p(x(t), £(*))= p(a). 
By the point (vii) of the same theorem we have, 

n „Q 



( 3 )=E / isf IT ± (s,x(t),a)x k (t)ds + R 



with 



Since — x(s)| < // |x(<r)| dcr < C(s — t) we obtain 

r e (s - t) N 

(IV.4.58) \Ro\ < C' N / 1 . ' ds, 6*<t< 



Using Corollary IIV.4, 13l we obtain 

(3) = -J2 Q £ -(x(t),$(s,x(t),a),a)x(t)ds-J2 -j^ (s,x(t),a) x k (t) ds + Rj 
fc/=]V* Xk k=\ 1 S 

where R\ satisfies ()IV.4.58|) . 
It follows that 

n 

(3) = -(2)-J2 x k (t)($ k (0, x(t), a) - * fc (t, x(t),a)) + R 1 . 

k=l 

Now 

n n „ 

^ $ fc (t, x(t), a) = ^ ~f = 2p(a) . 

k=i k=i ^ k 

Therefore we obtain, 

n 

F'{t) = (1) - (2) - (3) + p(a) = ^ x k (t) $ k (9, x(t),a) + R 1 . 

k=l 

Now by Theorem IIV.4. 101 (iv) , 

t (a u\ \ Xk ^ - x k( ) , n( fc\ \x k {t) - x k {9)\ 
kn<f> k {e,x(t),a) = — Y+W 2 — + °^ 5 ) jffi • 
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Since x(t) is uniformly bounded we deduce that 

_ 7—1/ / \ 1 d \x(t) - x{9)\ 2 . 

Imf = - — + G(t) with 

w 2 dt 1 + 46> 2 w 

Integrating between 0* and 9 we obtain 

(IV ,, 9) 1 Im f(s") - i M^y* 1 ^vs^+c^jf^**. 

Let us call / (resp. /I) the first (resp. the second) term in the right hand side of (jIV.4.59j) . By 
Lemma llV.4. 171 we have 

(IV.4.60) |I|<Cv^ X -^ a)|2 



(0? 

Now 



1/71 C " J, ( I, (s " (> " dt ) (T^F £ C " £ if^P * ' 

Now it follows from Lemma HvXTfl and (jIV.4.40|) that 9 - 9* < 25 (9) < 25 (1 + 9) which means 
that (1 — 25) 9 < 9* + 25. Since 2<5 < ^ we have 9 < 2#* + 1. It is then easy to see that the function 

s l— * ^(i+ s )2jv is increasing on (9*, 9). Therefore 

( g_ r) iv +2 2 (2^ 
< Civ j^^n ^ " 9 ) -JgyT ■ 

Taking N = 2 and using Lemma IIV.4.171 (i) and (iii) we obtain 

(iv.4.61) \n\<C5 ^ x -^ a)l2 ■ 



{Of 

It follows from (II V .4.591) to (I1V.4.61I) and from (I1V.4.5.SI) . (I1V.4.56)) . (II V. 4.571) that 



2 1 -'rr-xfUcOl 2 



Im^, x, a) = \ - \ |« e | 2 + 0(v^ 



which is precisely the claim of point (vii) of Proposition IIV.4.141 

Case 3.2 (9,x) G O s , x(9,a) ■ > f (x(6, a))\c^\ and \x-x{9*,a)\ > \\x(0* , a)\. 

According to Lemma llV.4.171 fin) we have 

\x(9*,a)\ < 10 |a? - x(9, a)\ < 25 (9) 



(IV.4.62) 



\x\ < \x-x(9*,a)\ + \x(9*,a)\ < 15 \x - x(6, a)\ < f 5 (0) . 



On the other hand if y belongs to the union of the two segments [0,x] and [0,x(9* ,a)] then (y,9) 
belongs to the set (defined in QIV. 1.4(1 ) on which $ is defined. Indeed, by (|IV.4.40|) . if s G (0, 1) 
then sx ■ a£ < s ■ ^ (x)\a^\ < Co (s x)\a^\. Moreover \sx — x{9, a)\ < \sx — x(9*,a)\ + \x(9*,a) — 
x(9, a)\ < s\x — x(9*,a)\ + (1 — s)\x(9* , a) \ + \x(9* , a) — x(9,a)\. Since we are in case 3.2 we have by 
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Lemma llV.4.171 \s x — x(9 , a)\ < 10\x — x(9,a)\ < 5 (9). On the other hand, if s G (0, 1) we have, by 
(II V. 4.491) . sx(e*,a)-a>£ = 0. Moreover |sa;(0*, a)-x(9, a)\ < \x(9* , a) -x(9, a)\ + (l-s)\x(9* , a)\ < 
\x(9\a) -x{9,a)\ +2(1- s)\x-x(9*,a)\ < 10 \x - x(9, a)\ <5(9). bv Lemma HvXTTl (iii). 



Therefore in the present case we can set 
p(9, x, a 



(IV.4.63) 



/ x ■ <!>(#, sx,a) ds — 
Jo Jo 



x(9*, a) ■ $(6>, s x(9*,a),a) ds 
I 

p(x(9*,a),$(s,x(9*,a),a))ds + 9* p(a) + — aj . 



2i 



Our goal is to show that p satisfies all the requirements of Proposition IIV.4.141 



The point (i) is empty since 9 = does not belong to this part of Os- Let us check (ii). We have 



dip 
dxj 



„1 »i n 

(9,x,a)= / $j(9, x,a)ds + / V] 
Jo Jo k=1 



s Xk — (9,s x,a) ds . 

OXj 



By Theorem ITvXTol and (I1V.4.62I) we have 
(IV.4.64) 



(9,sx,a) 



dxj 



dx k 



It follows that 
dp 



s x,a, 



\sx-x(9,a)\ N , \x-x(9,a)\ 

S T7^2N - C N - 



N 



(0) 



— ! -(9,x,a) = / &j(9,sx,a)ds + / s — (®j(9, sx, a)) ds + O 
dxj ' ' 







d 







{9} 2N 
x-x(9,a)\ N+1 



Integrating by parts and using the bound \x — x(9, a)\ < 5 (9) we obtain 



(9,x,a) - $j(9,x,a) 



(0) 



N 



Thus (ii) is proved. Let us prove (iii). We have 



dp f 1 d$ 

— {9,x,a) = I x 



f 1 d$ f 1 
Jo X ~d~9 ( 6, ' sx ' a ) ds_ y o 



x(9*,a) — (9,sx(9*,a), a) ds 

Oo 



(IV.4.65) 



(i) 



(2) 

-p(x(9*,a),$(9,x(9*,a),a) 

S „ ' 

(3) 



Using Corollary IIV.4. 13l we can write 

n „i 



I dp 

(1) = - y l x k - — (s x, $(9, s x, a)) ds 
tl Jo dx k 

* r 1 dp 

+ z2 / x k (9,sx,a) ■ — (sx,^(9,sx,a)) 



dxk 



(9, s x, a) ds . 



Using again (jlV.4.64j) we obtain, 



(1) 



— (p(s x, &(9, s x, a))) ds + O 
ds 



x — x f, a 



\N+1 



(0) 



2N 
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Finally, since \x — x(0,a)\ < 6 (8), we have 

(IV.4.66) (1) = p(0, $(0, 0, a)) - p(x, $(0, x, a)) + O ^- - ' 

By exactly the same computation (using Q1V.4.62JI ) we obtain 

\N 



(IV.4.67) (2) = p(O,$(0,O,a)) - p(x(8*,a), <f>(9, x{6*, a), a) + €>(- 



x — x [V, a) 



(0) 



N 



bo using (II V. 4. 651) to (I1V.4.67I) we derive the point (hi). The last non trivial point to be proved is 
the point (vi). 

Using the expression of Im$ given by Theorem HV.4. 101 (|IV.4.62|) and pV.4.59j) to (|IV.4.61I) which 
are valid also in the Case 3.2, we can write 

1 1 

lm<p(6,x,a) = - 1 + 46)2 (|x - x(9,a)\ 2 - \x(9,a)\ 2 - \x(9*,a) - x(9,a)\ 2 



+\x(8,a)\ 2 + \x(9*,a) -x(9,a)\ 2 ) +0(^5- 
which is exactly what is needed. 



2s 



To hnish the proof of Proposition IIV.4.141 we must show that the phases (p which have been 
constructed by the formulas (jlV.4.411) . (|1V.4.43|) . (II V .4.531) . (II V. 4.631) in different regions can be 
matched in only one phase. We begin by a Lemma. 

Lemma IV. 4. 18 Let I = [fg , ^f] and let us consider the function on [0, +oo[xI, 

g(s, c) = x(s, a) • — c {x(s, a)) \a^\ . 

(i) For all c in I the function [0, +oo[xM, si-» g(s,c) is strictly increasing. 

(ii) For all c in I there exists a unique 9(c) > such that 

9(0(c),c) =0. 

(Hi) The function I — > [0, +oo[, c i— >• 9(c) is strictly increasing. 
Moreover we have the following estimates 

(iv) - |0(c) -0*| |a £ | < \x(8(c),a)-x(8*,a)\ < 3 |0(c) - 8* | |a £ |. 

(v) \9(c)-9*\ > —. 

1 - 120 

(Vi) For ah 1 a; in and c in 3l] , 

\x - x(9(c),a)\ < \x - x(9*,a)\ + \x(8*,a) - x(9(c),a)\ < 4 \x - x(8(c), a)\ . 
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(vii) Ifc€ [f f] we have 

c 



{Q (x(9*,a))<\9(c)-9*\<4c(x(9*,a)) 



Proof 



(i) We have g| (s , c) = i(s> a ) . a? _ c |« € | = 2 |a f | 2 + 0(e + c ). Thus §f (s, c) > ^ if e 
and co are small enough. 

(ii) It follows from above that g(s,c) > jq s + g(0,c) so g(s,c) — > +00 if s — > +00. Moreover 
y(0, c) = ctr -a^ — c (a x ) \a^\ <a x -a^ < — co(a x )\a^\ < 0. Therefore there exists a unique 9(c) such 
that g(6(c), c) = and c i-> 0(c) is C°°. Differentiating this equality with respect to c we obtain 

9>( c )^(9(c),c) + ^(9(c),c)=0. 

By the above computation of ^| we can write 



5»'( c ) _ ( x ( e ( c )' a )) Kl 



2|a 5 | 2 + O(e + c ) 
which proves (iii). Now we have 

Mc) 

x(9(c),a) - x(9*,a) = / x(s, a) ds = 2a^(9(c) - 9*) + 0(e\9(c) - 9*\) 

Je* 

from which (iv) follows easily. Let us prove (v). By definition of 9(c) and 9* we can write 
(IV.4.68) (x(9(c), a) - x(9*,a)) • a 5 = c (x(9(c), a)) Kl > ^ 



so by (iv), 



^<3\9(c)-9*\-\a ( \<6\9(c)-9* 



The first inequality in (vi) beeing trivial let us prove the second one. We write 
\x - x(9, a)\ 2 = \x- x(9*,a)\ 2 + \x(9*,a) - x(9(c),a)\ 2 + 2{x - x(9*,a)) ■ (x(9*,a) - x{9(c), a)) . 



(1) (2) 

We have 

(2) = 2(x - x(9*,a))[2(9* - 9(c)) a f + 0(e \9* - 9(c)\] . 
It follows from (iv) that 

(2) = -4(0(c) -0*)x-a£ + C(e(l)) , where 9(c) - 9* > . 

Now in O5 we have x ■ a% < ^ (x) \a^\. It follows that 

x ■ at < ^ (x(9(c),a)} \a ( \ + ^ \x - x(9(c), a)\ \a ( \ . 
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Using (|IV.4.68|) we obtain 



x- at < — — (x (6(c), a) - x(6*,a)) -ace + ^-lx- x(6(c),a)\ \ae\ 
10c 10 



so we will have 



(2) > ~- \x(6(c),a) - x(6*,a)\ |c^| \6(c) -6*\-^-\x- x(6(c),a)\ \a^\ \6(c) -6*\- 0(e(l)) 

DC 

(2) > \x(6(c),a) - x(6*,a)\ 2 - ^ \x - x(6(c), a)\ \x(6(c), a) - x(6*,a)\ - 0(e(l)) 

15c 30 

(2) - ( " ll " If) H6{cl a) ~ x{e *' a)l2 ~TE Colx ~ x ^> a ^ ~ °( £ W ■ 

If c > f then < | so we obtain 

(1) + (2) > -^(\x(6(c),a) - x(6*,a)\ 2 + \x - x(6,a)\ 2 ) 

if Co is small enough. This implies (vi). Let us prove (vii). We have 

x(6(c), a) = x(6*,a) + 2(6(c) - 6*) ■ a € + 0(e) . 

It follows that 

c(x(6(c),a))\a^\ = x(6(c), a) ■ a € = 2(6(c) - 6* )|a ? | 2 + 0(e) 

so 

~|0(e)- 0*| <c(x(9(c),a)) <5|0(c)-0*|. 

Moreover we have 

(x(6(c),a)) < (x(6*,a)) + \x(6*,a) - x(6(c), a)\ 

< (x(6*,a)) + 3\6(c)-6*\ \a^\ 

< (x(6*,a)) + 6c(x(6(c),a)) \c^\ 

< (x(6*,a)} + 12c(x(0(c),a)) 

which implies that (x(6(c),a)) < 2 (x(6*,a)) if cq is small enough. By the same way (x(6*,a)) < 
2 (x(6(c), a)). Thus we obtain (vii). □ 

Now let us set 

05(0) = jx eR" : x-a € < f§ (a) \a e \ , \x-x(6,a)\ < ^ (0)} 



(IV.4.69) 



2 1'" w \10 



In the beginning of this Section we have constructed the different <p assuming x ■ < (x) \a^\, 
\x-x(6,a)\< s l (6). 

In the proof of Proposition IIV.4.14l we have constructed 

ipi when 0E [0,0] and \x — x(6,a)\ < (x(6,a)) , (case 1) 

(f2 when G [0,0] and \x — x(6, a)\ > - \x(9, a)\ , (case 2) 

934 when G [0' + oof and |x — x(0*, a)\ < (x(6* , a)) , (case 3.1) 

935 when G [0' + oof and |x — x(0*, a)| > - |x(0*, a)| , (case 3.2) . 
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We are going first to match cpi and <f2, <£a and <ps. The matched phase will be defined on a smallest 
set than Os defined in (|IV.4.40|) namely for (8,x) where x G Os(9) (see (|IV.4.69jO . We show first 
that the point (9, 0) belongs to the sets where (pi and if 2 are defined. According to (|IV.4,40|) and 
what we recalled above it will be the case if \x(0 } a)\ < § (9). We may assume that the domain 
where ip2 is defined contains points (9,x) where x G Os(9) otherwise we don't match <p>\ and 922 
and we take only (p\. So let (9, x) be such \x — x(9,a)\ < {9) and \x(9, a)\ < 2 \ x — x(9, a)\. Then 
\x(9, a)\ < (9) which implies our claim. 

Now it follows from (|lV.4.41j) and (|1V.4.43|) that 

(IV.4.70) <p 1 (9,0,a) = <p 2 (9,0,a). 

By the same way we may assume that the domain where 995 is defined contains points (9, x) where 
x £ 0$(9). So let x be such that \x — x(9, a)\ < (9) and \x — x{9* , a)\ > \ \x(9*,a)\. Then we 
write, using Lemma llV.4.181 

\x(9,a)\ < \x{9*,a)\ + \x{9* ,a) - x(9,a)\ , 

r 

\x{9,a)\ <2(\x-x(9*,a)\ + \x(9*,a)-x(9,a)\) <8\x-x(9,a)\ < -(9). 

o 



So the point (9, 0) belongs also to the sets where <p4 and (ps are defined and by (|iV.4.53|) . ()IV.4.63|) 
we have 

(IV.4.71) MO A a) =<p s (0,0,<x) • 

Let us match ip\ and ip2- Let x G Og, 9 G [0,0] be such that 



(IV.4.72) 



~\x(9,a)\ < \x-x(9,a)\ < {x(9,a)) 



We are going to show then that 



(IV.4.73) 



ViV G N 3C N > : \M9,x,a) - M d ,x,a)\ < C N 



\x — x(9, a)\ 



N+l 



(0) 



N 



Indeed let 7(0", x) be a regular path such that 

(IV.4.74) 7 (0,x)=0, 7(1,3) =z 

and there exists K > such that for all a in [0, 1], 



(IV.4.75) 



c^7 

— (<r, x) <K\x — x(9,a)\ 



(IV.4.76) 



(IV.4.77) 



\ 1 (a,x)-x(9,a)\<-(9) 



N3 



(IV.4.78) 



if \x — x(6,a)\ > \x(8,a)\ then, 

\x(9, a)\ < 1 7(0", x) — x{9, a) I < \x — x(9, a) 



if \x — x(9,a)\ < \x(9,a)\ then, 
\x — x{6, a) I < 1 7(0", — a) I < \x(0, a)\ . 



(IV.4.79) 

The construction of this path will be made at the end of this Section. 



It follows from (IIV.4.781) or (IIV.4.791) that 



- \x(9, a)\ < \j(a, x) - x(9, a)\ < (x(6, a)) . 



We write for j = 1,2, 



<Pj(0,x,a) = (pj(9,0,a) + / — (a,x) (0, 7(0-, x), a) da 



da 



Using Proposition IIV.4.141 (ii) and (|IV.4.75|) we obtain 



<Pj(0,x,a) = (pj(8,0,a) + f Q (a,x) $(9,j(a,x),a)da + Rj , 
\Rj\ < C N £ \x - x(9, a)\ \^ W ^ N da . 



Then by 1TV.4.72I) . (|TV.4.78j) or (|TV.4.79j) and 1UV.4.70I) we obtain (|TV.4.73|> . 

Now let xo G Co°(K) be such that < xo < 1 and XoO) = 1 if \a\ < ±, xo(o") = if |<r| > 1. Let 
us set 

/x-x(9,a)\ 
X1( ^ X) = X0 ( (x((9,a)) )• 

Now for x in Og(9) we set 

(IV.4.80) ^ 3 (0, x, a) = X i(0, x) tpi(9, x, a) + (1 - X i(0, x)) y 2 {9, x, a) . 

On the support of xi we have \x — x(8,a)\ < (x(9,a)} thus (pi is well defined. On the support of 
1 — xi(@i x ) we have \x — x(9,a)\ > \ (x(9,a)} > \ |x(#,a)| so ip 2 is well defined. Therefore ^3 
is well defined when x G Os(9). We show now that satisfies all the conditions in Proposition 
IIV.4.141 We have 



(IV.4.81) 



df3 
dx 



(9, x, a) 



dfi . n s dip 2 dxi , \~\ra \ 

Xi -5— + I 1 - Xi) ^— + -K- (<Pi - <P2) (0, x, a) 



dx 



dx dx 



On the support of we have \(ip\ — (p 2 )(9,x,a)\ < CV — 
have by (jlV.4.721) 



dxi 



dx 



(8,x) 



< 



C 



< 



-x{e,a)\ N+1 

—asp* 
c 



by ()IV.4.73j) . Moreover we 



(x(9, a)) \x — x(9, a)\ 
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and 



Xi 



- + (1-Xi) 



Ox 



+ (1-Xi) 



Ox 
dip2 



lx,a) <\xi\^-(0,x,a)-$(6,x,a) 



dx 



, x, a) — 3>(0, x, a) 



It follows that the claim (ii) in Proposition IIV.4.141 holds for 993. The point (iv) follows from 
(jlV.4.811) and (llV.4.73j) for N = 1 which gives \{tp x - <p 2 )(9,x,a)\ <C5. The points (v) and (vi) 
are straightforward. Let us show (iii). We have 



dx 



00 



x(9,a) x(9,a)x(9,a) . dxo , s 

TT~a — vT T~m — r^—{x - x{9,a)) —(...). 

(x(9,a)) (x(9,a))' i J Oa 



Since x(9, a) is bounded we deduce from (|IV.4.73|) that 



09 



(9,x) 



< 



C 



\x — x(9, a)\ 



It follows then that 

'dcp 3 



dpi . n , dif 2 



x, a) 



09 09 ' v ~ ^ XJ 09 

Then (iii) follows easily. 

Let us now take 9 G [9', +00 [ and x € 0$(9). Assume that 



<C N 



x — x[o,a 



I TV 



(0) 



N 



(IV.4.82) 

We shall show that 



1 



x(9*,a)\ < \x-x(9*,a)\ < {x(9*,a)). 



\X — X\ u Ct) 

(IV.4.83) \(<p4-(p s )(e,x,a)\ <C N - I '■ \.r - x(V .n) 



(0) 



N 



Let us take a path 7 satisfying (|IV.4.74j) . (|IV.4.76j) . l|IV.4.77j) and 

(TV 4 84^1 / if \ x - x (°*> a )\ >\ x (8*,a)\ then 

{ 1 \ \x(9*,a)\ < \^(a,x)-x(9*,a)\ < \x-x(9*,a)\ 



(IV.4.85) 



if \x — x(0*, a)\ < \x(9*, a)\ then 
\x-x(9*,a)\ < \j(a,x) -x(9*,a)\ < \x(9*,a)\ 



(IV.4.86) 



Oj 
fa 



(a,x 



<K\x-x(9*,a)\ 



Let us remark that in the two cases (|IV.4.84|I or (|IV.4,85|) we have 

\j(a, x) - x(9*,a)\ <2\x- x(9*,a)\ < 8 \x - x(0, a) 

by Lemma ITv'. 4. 181 
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Then using the same method as before we obtain easily (|IV.4.83|) . To match ^4 and </?5 we set 

/x-x(9*,a)\ 
X1(X) = X0 ( (x(9*a)) ) 



and we deduce from (|1V. 4.831) that \^ (x)\ < Then we set 

(IV.4.87) tp 6 (0, x, a) = [ X i <p* + (1 - Xi) tps](fi, x, a) . 

It is then easy to see that (p$ satisfies all the requirements of Proposition II V .4. 141 

Our last step is to match ^3 and ip^. With the notation 9(c) introduced in Lemma llV,4. 181 let us 
set 

llc \ . ./12c \ . . /14c \ 



^<"w)' *-*nsn- 

We have therefore according to (|IV.4.69|) 

0' <0 1 <9 2 < 9 3 <9. 
Using (jlV.4.871) . the fact that xi(x(9*,a)) = 1 and (|1V.4.5;-SI) we get 

(IV.4.88) tp 6 (e 2 ,x(e*,a),a) = - / p(x{9* , a), $(s, x(9* , a), a) ds + 9* p(a) + — |a £ | 2 . 
On the other hand we have 

(IV.4.89) p(x(9*,a),$(s,x(9* ,a),a)) = (s,x(9* , a), a) + A + B 

OS 

where 

A = p(x(9*,a),$(s,x(9*,a),a)) -p(x(9*,a), (s,x(9*,a),a) 

\ ox 

B=p(x(9*,a),^-(s,x(9*,a),a))+^(s,x(9*,a),a). 
By the estimates proved in Proposition IIV.4, 141 we have 



x(9*,a)-x(s,a)\ N ^ ^ \x(9*, a) - x(9 2 , a)\ N 

w 



(IV.4.90) \A\ + \B\<C N ^ V >">? >"» <C N 



Here we used the fact that for s G [9', 9] we have (s) ~ (9*) (see Lemma lIV.4, 171 ( ii) ) and \x(9* , a) 
x(s,a)\ ~ \x(9*,a) - x(9 2 ,a)\ by Lemma ITV. 4. 181 

It follows from (IIV.4.881) and (IIV.4.891) that 

r&2 pi, nn 1 _ rOi 



ip 6 (9 2 ,x(9*,a),a) 
Therefore we obtain 



[ 2 ^(s, x(9*,a), a) ds + 9* p(a) + 1 | a? | 2 + / * (\A\ + \B\) ds . 
Je* os 2i J Q , 



(IV.4.91) <p 6 (9 2 , x(9*, a), a) = <p 3 (9 2 , x(9*,a), a) - <p 3 (9* , x(9* , a) , a) + 9* p(a) + ^ |a € | 2 + R 
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where by (|1V.4.90I) 

(IV.4, 2 ) W <C H ^-^ K+1 . 
Now using (|1V.4.80|) and (|1V.4.53|) we have 

<p 3 (9*,x(9\a),a) = yi{0\x{e*,a),a) = 9* p{a) + i |a € | 2 , 

so we obtain 

(IV.4.93) <p e {0 2 , x(9*, a), a) = cp 3 (9 2 , x{9*, a), a) + R 

where R satisfies (|lV.4.92jl . 

Now let 9 G [61,63]. We set 

0' s {9) = {x G R» : x • a € < g <x) |a € | , |x - a )| < A (0)} . 

Let x G We can find a path 7 joining x to x(0*,a)) such that 7 C C^(#) and there exists 

K > such that 

(IV.4.94) - ^k-^*.«)l.l7(^s) -x(6 2 ,a)\ <K\ x — x(9 2l a)\ 

Indeed if \x — x(9*,a)\ < \x(9*,a)\ we set 

7(0", x) = a x + (1 — a) x(9* , a) 

and Lemma ll V .4. 161 show that 

7(cj,x)) ■a £i =ax-a i < ^ a(l + \x\) \a^\ 

<^(a + a\x\ + (l-a)\x(9*,a)\))\as\ 
<gV2(l + | 7 (^a;)|)K|<^(7(a,x)}K|. 

If \x — x(9*, a)\ > \x(9*, a)\ we take 7 to be the union of the two segments joining x and x(9* , a) 
to and we obtain with y = x or y = x(9* ,a) for t G [0, 1], 

tya^ <t^(y)|«el < ^{ty)\a^\. 
Since belongs to 0' s (9) these two segments are contained in 0' s (9). 
Let us prove the estimate on 7 given in fll V.4.94JI . 

If \x — x(9*,a)\ < \x(9*,a)\ we have 

\ax + (l- a)x(9*,a) - x(9 2 ,a)\ < a\x - x(9*,a)\ + (1 - a)\x{9*,a) - x(9 2 ,a)\ 

<K\x- x{9 2 ,a)\ . 
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If \x - x(9*,a)\ > \x(9*,a)\ we have 

\tx-x(0 2 ,a)\ <t\x-x(0*,a)\ + (1 - t) \x(0*, a)\ + \x(0*,a) -x(0 2 ,a)\ 
<\x- x(0*,a)\ + \x{0*,a) - x(9 2 , a)\ 
<K\x-x(0 2 ,a)\ 

again by Lemma llV.4. 181 Moreover 

\tx(0*,a) -x(0 2 ,a)\ < \x(0 2 ,a) -x(0*,a)\ + (1 - t) \x(0*,a)\ 
< K\x - x(9 2 ,a)\. 

Concerning the estimate on 2^, if \x — x(0*, a)\ < \x(0*, a)\ it is straightforward by Lemma llV.4,181 
If a)| < \x — x{0* , a) | the same Lemma shows that \x{0*, a)\ < K \9* — 6 2 \ < K \x{9* , a) — 

x(9 2 ,a)\ and \x\ < \x -x(9 2 ,a)\ + \x(9 2 ,a) -x(9* ,a)\ + \x(9* ,a)\ < K' \x-x(0 2 ,a)\. Thus (|1V.4.94I) 
is entirely proved. 



Now for j = 3 or 6 we can write 



ipj(9 2 ,x,a) = tfj(9 2 ,x(9*,a),a) + J — (a, x) (0 2 , -y{a, x), a) da 



~da~ 

1 a 7 



(pj(9 2 ,x(0* ,a),a) + / — (a, x) <&(9 2 ,j(a, x), a) da + Rj 
Jo oa 



where 

\x-x(9 2 ,a)\ N ^ 
\Rj\<Cn ^-p 

by Proposition II V.4.1 41 and (II V.4.94B . By (II V.4.91 1) and (IIV.4.92jl we have 

|rc _ x (0„ a )\ N + 1 
(IV.4.95) |(^-V6)(e2,x,a)| <C N l — J " 



Now for £ [0i, #3] and j = 3 or 6 we can write 

tpj(0, x,a) = (pj(0 2 ,x, a) + / (# - 9 2 ) -— p (cr6> + (1 - cr) 2 ,x, a) dcr 



o 



08 

so by Proposition II V .4.141 and Lemma ll V .4. 181 we have 



(IV.4.96) (pj{9,x,a) = (pj(9 2 ,x,a) - [ (0 - 2 ) p(x, <S>(a0 + (1 - a) 8 2 , x, a)) da + A , 

Jo 

\A\ < C N 



where 

\x - x{a9 + {I - a) 9 2 ,a)\ N 



(a0 + (1 - a) 2 ) N . 



Proposition IV. 4. 19 

For all 9 in [01,9^] and all a in [0,1] we have 
(IV.4.97) { (i) (a0 + (l-a) 2 ) > K x (0) 

(ii) \x - x(a0 + (1 - cr) 2 , a)\ <K 2 \x- x(0, a)\ . 
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Proof 



Case 1 : G [62,63]. We write with 6 a = 06 + (1 - a) 2 , 

{\x — x(6, a)\ 2 = I + II where 
/= \ x -x(6 a ,a)\ 2 + \x(6 a ,a) -x(6,a)\ 2 
II = 2(x - x(6 a , a)) ■ (x(6 a , a) - x(6, a)) . 

Since x(9,x) - x{6 a ,a) = j° a ±(s,a)ds = 2(6 - 6 a )a^ + 0(e\6 - 6 a \) we have II = -4(0 - 
6 a )(x — x(6 a ,a)) • + 0(el). Now in 0' s we have x • < fg ( x ) l Q d > moreover by Lemma 
I1V.4.18I (i) we have x(6 a ,a) ■ q 5 > ^ (x(6> <7 ,a)) \a^\ since CT > 2 = 6(^). It follows that 
IJ > -f (6 - 6 a )(x) \at\ + ^f 1 (x(0 CT ,a)) |c^| - O(eJ). Therefore we obtain 

11 >~(e- e a )(x(e a ,a)) |o{| - ^ (0 - r) |x - + ^ (x(r,a)) |<* e | - e>( £ i) . 

The second term in the right hand side can be bounded by ^ /. Using (|IV.4.98j) we obtain 

|2 T , TT ^ C . „\ T , 7C 



\x - x(6, a)\ 2 = I + II > [l - - e K) I + — H (x(0 ff , a)) |a* | . 

V 1U 5 

Taking Co and e small enough we obtain I < 2 \x — x(6, a)\ 2 which implies since \6 — 6 U \ < 2 |x(0, a) — 
x(0 CT ,a)| < 2V 7 /, that \6 - 6 a \ < 2\x - x(6,a)\ < 25(6} so (6) < (6 a ) + 25(6) and therefore 
(6 a ) > ^ (0) since 5 is small. This proves the claim (i) of (|IV.4.97j) . 

To prove (ii) we just use the fact that 

\x(9,a)-x(9 a ,a)\ <3|0-0 ff | < 6 \x - x(9, a)\ . 

Case 2 : 6 € [0i,0 2 ]. 

The point (i) in (jIV,4.97|) is obvious in this case since ad + (1 — a) 62 > 6. 

By the same computation as above, since 6 > 9\, we will have 

/tu a qq\ / k - x(0,a)| > I (|x - x(0i,a)| + |x(0i,a) - x(0,a)|) , 

1 j 1 3|0-0i| < |x(0,a) -x(0i,a)| <6|0-0i|. 

On the other hand we claim that we have 

9cn 

(IV.4.100) —£(x(9,a))\a£\ < 3 \x - x(9, a)\ . 

oU 

Indeed we have 

(x - x(6,a)) ■a i = x-ot(.- x(6,a) ■ a$ < ^ (x) \a^\ - (x(6,a)) \a^\ 
by Lemma ITvXTsl m since 6>6 l = 6(^-). Thus 

(x-x(0,a)) -a f < ^(x(9,a))\a^\ + ^\x-x(9,a)\\a^\ - (x(9, a)) |a f | . 
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It follows that 



9 Co Co 

— (x(9, a)) \ai{\<—\x- x(9, a)\ \a^\ - (x - x(9, a)) ■ a ? 



from which 111 V .4.1001) follows easily since \a^\ < 2 and f§ \a^\ < 1. Now 9 a = a9 + (1 - a) 9 2 
belongs to [#i,#2] for er E [0, 1]. Since by Lemma llV,4.18l (ni) the function 9(c) is strictly increasing 
there exists a unique c CT E [^j* 1 j nlf 1 ] such that 6> CT = ^(co-). Now we have \x — x(9 a ,a)\ < 
\x — x(0i, a)\ + \x(9\, a) — x(9 a , a)\ which implies 



(IV.4.101) 
We claim that 
(IV.4.102) 



\x - x(9 a , a)\ < \x - x(9i, a)\ + 6 



V 30 ; 



-( 



llCoN 

30 / 



< 



£o 
15 



sup a)) . 

s6[6>l,0 2 ] 



CO Co I Tf 
10 ' 2 J - 1L 



To see this we compute 9'(c). Recall (see Lemma flV.4.18|) that g(9(c),c) = for c E [ 
follows that ^(9(c),c)9'(c) + §f (0(c),c) = 0. Now we have §f (s,c) = -{x(s, a)) \a^\ and 
|f (s,c) = a) • ctg - c x{s $ s ^ a) |«g |, which shows that §f (s,c) = 2(|a f | 2 + 0(e + c). Therefore 
we have |#'(c)| < 2 (x(#(c),a) and we obtain (|IV.4.102|> . The last step consists in showing that 



(IV.4.103) 



sup (x(s,a)) < 2 (x(9,a)) 



To see this let us set h(s) = (x(s,a)}. Then h'(s) = x(s ( '" ( ) s ff ) '° ) ■ Thus h'(s) 



{x{s,a)) -r u \ £ )- 

Now since s E [#i,#2] we have -g^ (x(s,a)} \a^\ < x(s,a) ■ < ^-j^ 1 (x(s,a)} \a^\ so < h'(s) < 
2 Co + 0(e) and therefore if s\,S2 E [6*1,^2], \h(si) ~ M s 2)| < (2co + 0(e)) \s\ — S2I - Let us take 
ai = 0( c ), s 2 = 9(d) with ^ < c, c' < ±§^. Then 



(IV.4.104) |<x(0(c),a)> -(*(0(</),a)>| < (2c + 0(e))\9(c) - 9(d)\ . 

On the other hand 

x(9(c),a) - x(9(c'),a) = 2(9(c) - 9(d)) ■ a € + 0(e\9(c) - 9(c')\) 
which implies that 

x(9(c),a) -a e -x(9(c'),a) ■ a e = 2(9(c) - 9(c')) \a^\ 2 + 0(e \9(c) - 9(c' )\ 
and, by definition of 9(c) (see Lemma llV.4. 18|) 

[c(x(9(c),a) - d (x(9(d),a))] \a^\ = 2(9(c) - 9(d)) \a t \ 2 + 0(e \9(c) - 9(d)\) . 
Combining with (|1V.4.104|) we obtain 

\{x(9(c),a) - {x(9(c'),a))\ < 2(2 c + 0(e)) [c \ (x(9(c), a)) - {x(9(c'),a)\ + \c- c'\{x(9(c'),a)] 
Since cq and e are small enough we obtain 



\(x(9(c),a)) - (x(9(c'),a))\ < 2 \c - d\ (x(9(d), a) < — (x(9(d), a)) 



15 
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which shows that all the {x (6(c), a)) are equivalent in [0i,#2]j more precisely taking s 
6(c) we obtain 

sup (x(s,a)) < 2 (x(6,a)) , 
se[0i,e 2 ] 



which is pV.4. 103(1 . 

Finally using 11V.4.101D . (llV.4.99j) . (|1V.4.1()2|1 . (|1V.4.103I1 and (jlV.4.1001) we obtain 

|x-x(r,a)| < if |x-x(0,a)| 
which is Proposition IIV.4.191 (iii) in the case 2. 

Now using Proposition IIV.4. 191 ()IV.4.95j) . pV.4.96j) we obtain 

\x-x(6,a)\ N+1 



(IV.4.105) 



1(^3 - ¥>6)(02,a,aOI < Ctv 



(0) 



A? 



□ 



(IV.4.106) 



(fj(6, x, a) = (fj(62, x, a) — p(x, ^(6 a , x, a) da + A , j = 3, 6 . 



\A\ < C N 



\x-x(6,a)\ N + 1 
W 



Let now X 2 G C°°(K) be such that X2(s) = 1 if s > 1 , x 2 (s) = if s < and set X3(#) = X2(^E^\ 
Then let us set 



(IV.4.107) 
We have 



ip(6, x, a) = X3(6) ¥3(6, x, a) + (1 - X3(6)) <Pa(6, x, a) . 



^ (6, x, a) = X3 (6) ^ (6, x, a) + (l- X3 (6)) ^ (6, x,a) + ^ (6)(cp 3 - <p 6 )(6, x, a) . 
Now we deduce from (jIV.4.105|) and (|IV.4.106|) that on the support of we have 



1(^3 - Ve)(6,x,a)\ < C N 



\x — x{a, a 

w 1 



\N+1 



By Proposition II V .4. 141 for tp 3 and (p% we have for j = 3 or 6, 



dtfj 



dx 



(6,x,a) - ®(6,x,a) 



N 



<c N 



therefore this is also true for (p and since for j = 3 or 6 

dipj 



06 



(6, x, a) — p(x, &(6, x, a)) 



<C N 



\x — x(6, a)\ 

w 

\x-x(6,a)\ N 



(0) 



N 



the function if defined in (|IV.4.107|) satisfies all the requirements of Proposition IIV.4. 141 



The proof of Proposition IIV.4. 141 will be therefore complete when we will construct the path 7(0", x) 
satisfing (|IV.4.74I) to (|IV.4.79I) . 
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Construction of j(a,x) 

Let us set a = x(0, a). We first show that we can join any point x to a point a — \x — a\ by path 
remaining in the set 

jy G R n : y ■ a ? < ^ (y) \a^\ , \y - a\ = \x - a|} . 

Making rotations we may without loss of generality assume that j^Jy = (— 1, 0, . . . , 0), a = (ai, 02, 0, . . 

x = (xi, X2, £3, 0, . . . , 0). Therefore it will be suficient to restrict ourselves to the dimension three. 
We will construct our path on planes so we begin by the dimension two. Let us set with D g]0, 1[, 
k > 0, 

C = {y G M 2 : \y - a\ 2 = \x - a\ 2 } , 
n = {y £R 2 : -yi=DyJk* + y*}, 
V = {y eM 2 : - yi < D Jtf + y 2 } . 



Lemma IV.4.20 V c = M 2 \ V is strictly convex. 



Proof This follows easily from the strict convexity of the function g(t) = Vk 2 + t 2 . □ 

Lemma IV.4.21 (i) Let b G V and u = (1, y) with \y\ < 1. 
Then for all t > we have b + t u G V \ H. 

(ii) Let b G and v = (-1, y) with \y\ < I. Then for all t > we have b + tv £V C . 



Proof 



(i) Let b = (61, 62) and h(t) =bi+t + D ^k 2 + (b 2 + ty). Then h(0) = h + D ^/W^Tb% > and 
h'(t) = 1 + -gpa+Mj' Since £> lyl < 1 we have Plfe+'t/IM < 1. It follows that h'(t) > so 

/i(f) > /i(0) > 0. 

The proof of (ii) is the same. □ 

Assume that CnH contains at least two different points (otherwise C\ (CDH) would be connected). 
Let us set 



(IV.4.108) 



M e = a + \x-a\ , 9 G [0,2vr[, 

9 1 = inf{# G [0, 2tt[: M e G C n , 
k 2 = sup{# G [0, 2tt[: M«eCnH}. 
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Remark IV.4.22 (i) If 9 G [0, f] U [2vr - f ,2tt] we Lave oMg = |x - o| with cos0 > 

and |§j§f | < 1. Since a £ T> Lemma WvX2l\ (i) implies that M e G V \ H. It follows that we have 

7T 7T 

- < e 1 < e 2 < 2tt - - . 

4 4 

(ii) We cannot have 9\ G ] f , f ] and 6*2 G ,2ir — j[. Indeed if this was true then by 
Lemma \1V.4.2(X the segment \Mq 1 ,Mq 2 [ would be in V c . But sin0i > and sin 02 < so 
there exists t g]0, 1[ such that t sin0i + (1 - t) sin0 2 = ; then N t = tM 6l + (1 - t) M 02 = 

I | ft COS 01 + (1 — t) COS 02 \ A\-,7 ^ • /i ^ i « 

a + |x — a| I () J = a + a I J with a > I) since cos 0i > U and cos #2 > L). rsy 

Lemma \lV.4.21\ (i) N t £ V since a G £> which is in contradiction with N t GjM^, Mq 2 {c V c . 

(Hi) If 6>i G ]f ,§] then for ah (9 in ]6»i,tt] we have M G £> c which implies 9 2 G ]tt, ^] by (ii). 

Indeed we have Mo, Mo = \x — a\ ( COS _ C ° S f 1 | ; since for 6* G [0, 7rl, cos 9 is decreasing we have 

V sin — sin 0i / 

cos — cos 9\ < and 



sin f — sin #1 



cotg 



< 1 

cos tt — COS #1 I 

since f < ^ < ^L. Then Lemma WVAlW (ii) implies that M e £V c . 

It follows from Remark II V.4.221 (i), (ii), (iii) that we have else 9\ G ]§??■"[ or 9 2 G ]tt, ^ [. 
By symmetry it is enough to consider one case. Therefore we shall assume in the sequel that 
f < 9 X < 2 < 2tt - f , 0i G ]f ,tt[. We claim that 

(IV.4.109) M e G £> c for all in ]0i,0 2 [. 

We split the proof in two cases. 

Case 1 : 2 < ^. 

Since sin0 is decreasing on [| , ^] we have 
if f < 01 < 02 < ^, sin 0i > sin0 > sin0 2 , 

if § < 0i < < 3vr - 2 < sin 0i > sin0 > sm(3vr - 2 ) = sin0 2 . 
Let us set 

N„r 1 s ft cos 0i + (1 — t) COS 02\ 

N t = tM ei + 1-t )Me 2 = a+ x-a[ . 1 ]_ ) +(■*)■ 

y t sin 0i + (1 — t) sm 02/ 

Now there exists t G]0, 1[ such that 

t sin 0i + (1 — t) sin 02 = sin0 

and since 0G [f , 4^] we have = Arc sin (t sin0i+(l— t) sin02)+vr. Then cos = — cos(Arcsin(t sini 
(1-t) sin0 2 )) = -y/1 - (t sin 0i + (1 - t) sin0 2 ) 2 , cos0 < -ty 7 ! - sin 2 X - (1 - ty 7 ! - sin 2 2 < 
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t cos#i + (1 — t) cos #2- Here we have used the strict convexity of the function v"I — x 2 . Since 
Nt G V c and M e = N t + a ^ ^\ where a > (see (|iV.4.108jl ) we deduce from Lemma HV. 4. 2 II (ii) 
that Mq G V c which proves (|IV.4.109|) in case 1. 

Case 2 : 9 2 > ^ and 9 < 3tt - 9 2 . 

Since 9 2 < 2vr we have 9 > it. Now by (|1V.4.108|) . 

T7 jrj> | | /cos - cos 9 2 
Mg 2 M e = \x-a\\ 

\ sm 9 — sin #2 

Since cos is increasing for 9 G [vr, 27r] we have cos — cos #2 < 0. Moreover, | cosfl-cosfo 1 = 
I cotg ^ I < 1 since ^ > ^, 9 < 2vr - § , 9 2 < 2vr - f so ^ < 2vr - f . It follows from Lemma 
UV.4.21l fn) that M e G £> c which proves (|1V.4.109^ in case 2. 

/cos 6*\ 

We conclude that if x G C U (D \ TL) then x = a + \x — a\ ( J with ^]6>i, ^[ and there exists 
a path joining the point x to the point a + |x — a\ ( J with lenght less than 2-7T |x — a|. 



Construction of the path in dimension 3 



We have = (— 1, 0, 0), a = (a\, a 2 , 0), x = (x\, x 2 , X3) and —a < -Do\/l + |a| 2 , — xi < Dq^JI + |x| 2 
with Z?o = yq. We first construct a path in the plane 2/3 = X3. We set 

V = {(2/1,2/2, £3) : -2/1 < D y/l + |x 3 | 2 +yf 



{(2/1,2/2,^3) : -yi < , 2 v/l + \x 3 \ 2 +y 2 \ 



Since cq is small enough we have , D ° < 1. By the same way we see that the point a is such 

that —a\ < D ° ^1 + a 2 ,. Therefore a = {a\,a 2 ,x 3 ) G V. Since x G T>, by the construction 

V 1 ~ D o 

made in two dimensions there exists a path lying in the set {2/ : 2/3 = X3, \y — a\ = \x — a\ = 
\/(x± — a\) 2 + (x2 — a2) 2 } joining x to z = (ai + a/ (xi — ai) 2 + (x2 — a 2 ) 2 , a 2 , X3) of lenght smaller 
than 27T \ x — a\ < 2tt\x — a\. 

Let us construct now a path in the plane 2/2 = 02- Let us set 



t> = {y = (2/1, 02,2/3) : -2/1 < d \/i + 2/i +^2 + 2/3} 
= {y = (yi,a 2 , 2/3) : -2/1 < , D ° 2 \l^ + a 2 + yl\ ■ 

a/ 1 - Vq 

We have z £ V, a £ V. There exists a path joining z to (ai + |x — a|, a2,0) lying in the set 
{2/ = (2/1 , 2/2, 2/3) : 2/2 = «2, I2/ — o| = \x — a\} with lenght smaller than 2tt \x — a\. 

Now to join to x we join to z\ = (a\ + \a\, a 2 ,0) then x to z 2 = (a\ + \x — a\,a 2 ,0) and since the 
segment [z\, z 2 \ is included in V by Lemma lIV.4.21l fi). the path joins to x and its lenght is smaller 
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than C{\x— a\ + Now by (|IV.4.78|) we have \a\ < \x — a\ or \x — a\ < \a\ < 2\x — a\, so the lenght 
of the path is smaller than C \x — a\ = c\x — x(9, a)\. Moreover |7(cx, x) — a\ < 2 \x — a\ < {9) so 
()IV.4.77j) is satisfied. Finally (|IV.4.78|) and (|IV.4.79j) are obviously satisfied. 

This ends the proof of Proposition IIV.4.141 



IV. 5 The phase for small 9 



We shall need the following precision on the phase when \9\ < 1. 



Theorem IV. 5.1 Let ip be the phase given by Theorem 1 1 V. 1 .21 Then one can find positive con- 
stants such that for \9\ < 1, \x — x(9,a)\ < 5 (9) and \a^\ < 2 one can write 



where 



and 



2 i i 



if (9, x, a) 
dR 



(x — a x ) ■ — 9 \a.£f + 



da x 
d 2 R 



l + 2z'<9 
<C(e + 5)(\x-a x \ 2 + \9\) 



da 2 

d 2 R 



da 2 



<C(e + 5)(\x-a x \ 2 + \9\) 



<C(e + 5)\9\, 



\d£d^R(9,x,a)\ < 



Cai 



+ -\ ai \ 2 + R(9,x,a); 



OR 



d 2 R 



da x da^ 



<C(e + 5)\9\, 
<C(e + 5)\9\ 



if A 2 = 



c Al ,A 2 \e\ if \a 2 \ > i. 



Proof Let us introduce the following space of functions. 

(TV 5 1) f £ = {Z£C°°(RxR n x R n ) : \df 8^ dp Z{t, x,£)\ < C e , Al ,A 2 e \t\ l ~* , for all 
1 ' ' ' \ Aj £ N n , £ = 0, 1 , \t\ < 1 , x £ R n , f e R n with |f | < 2 and Z(0, x, £) = 0} 



Let us also recall that Proposition IIII.2~D gives the following description of the flow for |i| < 1, 
x G R n , f G R n with |f | < 3. 



(IV.5.2) 



x(t,x,£) =x + 2t£ + r{t,x,£) 
£(t,x,0=£ + C(t,*,0. 
z,C<=£ ■ 



It follows that, with / = x or f , we have 

(IV.5.3) \dfd^d^ f(t,x,0\ <C e , Al ,A 2 if € + |A 1 | + |A 2 | > 1. 

Let us set now 

9j(jl) = Xo{— ) -ixj)(-9,y + x(9,a),n + £(9, a)) - (q| -ia&)] 
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where xo £ Cg°(M ra ), Xoiv) = 1 if M < 5, Xo(^) = if > 1 and |y| < 5. Setting x = y + x(9,a) 
£ = V + a ) an< i using (jl V .5.21) we obtain 



<7ifa) = Xofa) [(1 + 2» 0) Vj -iy 3 + (l + 2i 9) Q(9, a) 

+ (1 + 2i9) Cj (-0, x,£)-i zj (-9, x, 0] ■ 



(IV.5.4) 

We claim that we have the following estimates for £ = 0, 1, 
(IV.5.5) \49id^d^gj\ < 



if A = 0, 
l - 1 if \A\>\. 



These estimates are obvious for the four first terms of gj . So we are left with the estimate of 

(1) = d £ e W y d% di [Z(-6, y + x(6, a), V + £(0, a))] , Z G £ . 

To handle this term we shall make use of the Faa di Bruno formula given in Appendix VIII. 1, 
with F = Z , Y = (e,y, V ,a), U X {Y) = -9, Ui+jjY) = y 3 + s 3 -(fl, a), U l+n+j (Y) = + &(0,a), 
j = 1, . . . , n. Since Z G £ we find easily, using ()1V.5.3|) that (1) < C e which proves our claim. 

Another property of gj which will be used in the sequel is the following. 
(IV. 5. 6) For 9 = 0, gj{jf) = Xo(v)(Vj ~ ^Vj) 1S independent of a . 

Now according to our procedure we have solved the equations (see (jl V .3. 141) ) . 

% 



(IV.5.7) 
in the set 



= r(a,b,gj) = gj (-a) -i ^ (-a) b k + ^ H J pq (9,y,a,a,b)b p b q 

p,q=l 



E 



{(a, 6) G R n 



a + 



29 y 



b + 



l + 4l 



< 



1 + 40 2 

Let us recall that we have the following bounds on H 3 pq (see (jIV.3.13|) and (|IV.3.16|) ) 

^SPyd^d^g^drj, £ = 0,1. 



E 

\fj,\<\M\+3n+2 



Here we have used the fact that r(o, b, gj) is linear with respect to gj. It follows from (jIV.5.5|) . since 
gj has compact support in r/, that 



(IV.5.8) \4d]d£d$ b) Hi q \< 



Ci,~i,M if A — , 

C^am^\ 1 ' 1 if \A\ >1- 



Using (jl V . 5.4(1 we see easily that the equations (|1V.5.7|) are equivalent to the following system 

6i 



(IV.5.9) 



+ ^ a 3 (-0, y + x(9, a), -a + £(0, a)) 6 + H*(9, y, a,a,b)b-b 



»i - T ^ + Z b hl {9 ) a) + Z b j2 {-9,y + x{9,a),-a + a0,a)) 

+ Z\ z {-9, y + x(9, a), -a + £(0, a))b + H b {9, y, a,a,b)b-b 
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where the Z's belong to the space £ defined in (|IV.5.1|) and the H'-s satisfy the estimates (|IV,5.8|) , 



According to (jIV,5.6|) , (|IV.4.2|) , Theorem IIV.4.21 and Theorem IIV.3.11 for 9 = a,j and bj do not 
depend on a and moreover we have, 

a j (0,y,a)=a j (y) = O(\y\ N ), 
bj(0,y, a) =b j (y) = -y,+0(\y\ N ), 



(rv.5.10) 

for every JVsN and \y\ < 5 



Let us set 

(IV.5.11) G*(9,y,a) = H*(9,y,a,a(9,y,a),b(9,y,a)) • b(9,y,a) • b(9,y,a),* = a or b. 

Then, since the Z'-s vanish for 9 = 0, (|IV,5.10|) implies that 

(IV.5.12) G*{0,y,a) = G*{y) = O{\y\ N ), ViVeN. 

Therefore we can write 

(IV.5.13) G* (9,y,a) = G* (y) + J ± G* (a, y,a)da. 

We claim that we have the following estimates on a,-, bj. Let us set for convenience fj = ctj or bj. 



(IV.5.14) 



Vfj 



(0,y,a) <C(e + 5) 



Q, T ,l + \9\ L if |^| > 1, 



1. 



To prove the first estimate we differentiate both sides of (jIV.5.9|) with respect to 9. Since the terms 
in Z belong to £ and using (IIV.5.8j) . the fact that x(9,a),£(9, a) are bounded, we obtain 



daj 



09 



+ 



dbi 



09 



<C 1 \y j \ + C 2 e +C 3 (e + 5) 



Oa 



09 



+ 



Ob 



09 



Taking e + 5 small enough and since \y\ < 5 we obtain our first claim. To prove the second estimate 
we use the Faa di Bruno formula (see Appendix VIII. 1) and an induction procedure. 



Let us set Y = (9,y,a),A = (£,^,A) and let us apply the operator dy to both sides of ()IV.5.9|) . 
We have 

. (0(1) if A = 0, fn _-2e V] - w 

\0 Y Z(9,a) < Ce^l 1 - 1 . 
Assume now that our estimate is true for |A| < k and let |A| = k + 1. Then 

8y [Z(-9, y + x(9, a), -a + £(9, a)) b(9, y, a)] = (1) + (2) + (3) 



where 



(1) =Z(-9,---)dyb(Y) 

(2) = dy [Z(-9, y + x(9, a), -a(Y) + £(9, a))] b(Y) 

Aj+A 2 =A N 
A, ^0 



(3) 



A , Oy 1 [Z(~9, ■■■)}0y 2 b. 
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Using the Faa di Bruno formula in the terms (2) and (3) we see that 

\d$[z(-e,---)]\ < Cs|0|(ia&a| + |06&|) + | 0(1) lf A = 0, 

By the same way, using (jIV.5.8|) we obtain 

\dHH(Y, a(Y), b(Y)) • b(Y) • b(Y)\] <C{e + 5)\9\(\d$a(Y)\ 



KKY)\) + 



0(1) 



if A = 0, 



0((e + SWl 1 -') if \A\ > 1. 
Taking e + <5 small enough we obtain the second estimate of ()IV.5.14|) . 

Now it follows from ()IV.5.9|i . (|IV.5.11J> . (|IV.5.12|) and (|IV.5.13j) that we can write, with Y 



(o,y, 



(IV.5.15) 



f ( aj +ibj){Y) = -J^ + E7,-(y) where 

C^(y) = Z J - ) i(0,a) + Z ; - >2 (-e,i/ + x(e,a),-a(y) + e(e,a)) 
+Z i)3 (-0, y + x(9, a), -a(Y) + f (0, a)) • b(Y) 



+G 



'(y) + /«f{ 

L with 



8H_ , dH_ da , dH_ db 
89 i " 9a ' 90 "r" 9b 96* 



b-b + 2Hb- 



db 



}(a,y,a)da 



< C N \y\ N for all iV G N and 7 G 



Using (|1V.5.1|) . (|lV.5.3j) . (|lV.5.8j) . (jlV.5.14^ we deduce the following estimates 



(IV.5.16) 



Now recall that, 



\U(Y)\ + \<§L(Y)\<C N \y\ N + C(e + 6) \9\ < C (e + 8) 

\d]U(Y)\<C N>J \y\ N + C 7 \e\ if | 7 |>2 

Iflgf dt U{Y)\ < C J>A (e + 5) \9\ if | 7 | > and \A\ > 1 . 



(IV.5.17) 



$^(0, x, a) = £j(6, a) — {a,j + i bj)(6, x — x(9, a), a) 

ip(9, x,a) = L (x — x(9, a)) ■ s x + (1 — s) x(9, a), a) ds + 9p(a) + ^ \a^\ 2 . 



It follows that, 



cp(9, x, a) = (x — x(9, a)) -£(9, a) + 



(i) 



1 \x — x(9, a) 

2 29 -i 

V v 

(2) 



We have, 



(IV.5.18) 



f 1 

/ (x — x(9, a)) ■ U(9, s(x — x(9, a)), a) ds + 9p(a) + — \a^\ A 
Jo 2? 



(1) = (x — a x )a^ — 29 \a^\ 2 — r(9, a) ■ ct£ + (x — x(9, a)) ■ C(9, a) 



(2) 



l l 



2 26-i 



[(x - a x ) 2 - 49(x - a x ) • a 5 + A9 2 \a^\ 2 

+ 2(x -a x - 29 a{) ■ r(9,a) + \r(9,a)\ 2 ] 



Let us consider the term in ip which does not contain any error term. It can be written as 

/ \ ofl , ,2 , {x-a x ) 2 -A9{x-a x )-a l : + A9 2 \a(.\ 2 2 1 2 

(x-a x ) -at -20\ae\ + _ + 9\a c \ + — \a^\ 
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which is equal to 

(x - a x ) ■ Q£ + § (x - a x ) 2 - 9 \a^\ 2 1 2 
T+2i9 + ■ 

It follows that 

99(6*, x, a) = - — + 2z 5 ' +-R(^,x,a) 



where 



R(9, x, a) = —r(9, a) • ae + (x — x(6, a)) • ((9, a) 

-V ' ' V ' 

(1) (2) 



(x — a x — 29 ag) ■ r(9, a) + 2 



2 



20 — t 



+ 0(p(a) - |a^| z 



CO (4) 

l 

(x — x(9, a)) • U(9, s(x — x(9, a)), a) ds . 
o " . ' 

(5) 

We are ready now to show that the remainder R satisfies the estimates given in Theorem II V. 5. II 

First of all, since r and £ belong to £ (see (|IV.5.1[) ). since the functions x — x(0,a) and x — 
a x — 29 are bounded together with all their derivatives with respect to a and since p(a) = 

n 

\ a z\ 2 + £ Yl bjk(a x ) a? we have 
j,k=i 



(IV.5.19) \d£(i)\<C A e\0\ for i = 1,2,3,4. 

So we are left with the term (5). Let us note that if we set fo(9, x,a) = x — x(9, a) then, 

av 5 20) f l/ol<2f, \f \<\x-a x \ + C\9\, \§£\<C, \§&\<C\9\ 

I \d£f \ < Ce\9\ if \A\ > 2, uniformly in (x,9, a). 



With this notation one has 



(5) = f o (0,x,a) / U(0,s fo(0,x,a),a)ds . 
Jo 



Then, with i = x or £, 

#"(5) = ^ f 1 U(0,sf o ,a)ds + f o [ 1 (s^^ + f-)(e,sf ,a)ds. 
dcti da>i J Jo \ doii dy Oca ' 

Now it follows from (I1V.5.18I) and (I1V.5.20I) that 
(IV - 5 - 21) \ 1^(5)1 <C(e + S)\9\), 
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since \-J^- (5)| < C \6\ and \x — a x \ < 5. Now, with i,j = x or £, we have 



2 



dai da.j 



(5) 



d 2 fo 

dai da. 



/ U(0, s /o, a) ds + / — + - — Ids 

Jo ^ uaj dy oaj/ 



+ 



21l f 1 ( s ^ — + —) ds + /o / 



1 - d 2 / 9C7 9/o /9/o d 2 U dU 

S h S- — -7T + 



dai daj dy dai ^ daj dy 2 daj 

ds 



d 2 U df d 2 U 



dai dy daj dai daj 



Using (|IV.5.16j) and (|IV.5.20I) we check easily that 

(5) < C {e + 5){\x - a x \ 2 + 



(IV.5.22) 



( 


few 




a 2 











(5) <C(e + 5)\0\. 



Combining (|IV,5.19|) . (|IV.5.21|) and pV.5.22|) we obtain the claimed estimates on the two first 
derivatives of R. 



Finally using again (|IV.5.18|) and (|IV.5.20|) we deduce the following estimates of the higher deriva- 
tives 

\& d£ ®\ < 1°* if A ' = ' 
1 ax a ' { n ~ \C Al A 2 \e\ if \A 2 \>1. 

The gain of \8\ when | 1 > 1 coming from the fact that a derivative of x — x(9,a) and U with 
respect to makes appear a 6. Thus the proof of Theorem II V . 5 . 1 1 is complete. □ 



V The transport equations 

V.l Statement of the result and preliminaries 

n 

Let P = ^2 9^ k ( x ) Dj Dk be a second order differential operator of the form ([II.2.7|) We shall 

j,k=i 

denote by t P the transposed operator. 

In Section IIVI we have constructed a phase function for P. The purpose now is to construct an 
amplitude. 

Recall that the set £lg have been introduced in Definition IIV. 1 . ll 
The main result of this Section is the following. 

Theorem V.l.l For every a € T*M. n with \ < \a%\ < 2, every N 6 N and every A > 1 one can 
find an amplitude e^iO, y, ot, A) which is C°° on tig such that 
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(i) ejv(0, y, a, A) = 1. 

(ii) (iX^ -iX^j^ - t P)(e iX ^ e ^ x ^ e N (0,x-x(0,a),a,X)) = R N (6, x, a, A) e iX ^ 9 ' x ^ where 

\R N (0, x, a, A) | < C N [X~ N + A 2 iiZf^OT ) 

for every (0, x, a) in Sl^, A > 1 and Cat is independent of (9, x, a, A), 
(lii) ejv(^, a: — x(0, a), a, A)| < Cjv,a uniformly with respect to (9, x, a, A). 

Corollary V.1.2 For every a G T*M n with | < |a ? | < 2, every JV6N and every A > 1 one can 
find an amplitude cln(9, x, a, A) which is C°° on such that 

(i) a N (0,x,a,X) = 1, 

(ii) (iX - *P) (e iA ^>*,a) ojv(e, x, a, A)) = #^(0, x, a, A) e iX ^ 9 ' x '^ where 

\N 

\R' N (9,x,a,X)\ < C' N {X- N + A 



uniformly with respect to (9, x, a, A). 
(iii) \d£a N (9 , x, a, A) | < Cjv,a (0) 2 ; uniformly with respect to (9, x, a, A). 



Proof We have just to set ajv(0, x, a, A) = (9) 2 e^{9, x — x{9, a), a, A) where has been defined 
in Theorem IV .1.11 □ 

n n 

Proof of Theorem IVTTTT1 We have *P = £ gi k (x) Dj D k + £ 5j (x) £>./ + ^(z), where # J ' fc = 

j,A=l i=i 
<5jfc +£&jfe and 6 jfc G Bl Q , gj G £ 2 , 1 < j, < n, g G where, 

(V.l.l) Bi Q = {g£ C°°(R») : |^ 5 (x)| < {x) °* e+ao , Vx G M n , VA G N n | . 

A straightforward computation shows that 



(V.1.2) 
iX — — i X 



89 2 1 + 9 2 



, , 9xj dx k 

j,k=l 



i,fe=i J j=i 



According to Theorem II V . 1 . 2 1 the coefficient of A 2 in the right hand side of fl V. 1.2(1 is bounded by 

-x(6, 
W) 



C N (t=$!&) N , for any N. Therefore if we set 



(V.1.3) 



1 = e ~ lV (* A We ~ 1 A I " *P) i^f) 

Y — 9 4- 9 V n ni fc 9 ^ 9 

A - M + z 2^j,k=i9 55T -5^ 
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we obtain 



(V.1.4) 



I-iXXf-iX( ^ g* 



j,k=i 



d 2 ip 

dxj dxk 



<c N x 



3=1 "0 

2 / \x- x(0,a)\\N 



(0) 



To pursue the proof we consider separately the two cases. 



V.2 The case of outgoing points 



For convenience we shall set 



S + = {a£ T*R n : - < \a^\ < 2 , a, • a s > -c (a x ) |c^|} 
5- = {a£ T*R n : ~ < \a^\ < 2 , a x ■ a ? < c (a*) |a e |} . 



Here we assume a £ S±. Let us set Rj = g^—^j- It follows from Theorem lIV.3.13l (v) and (|IV.3.48|) 
that \d£Rj(0,x,a)\ < for A G N n and from Proposition II V. 3.1 91 (ii) that \Rj(9,x,a)\ < 

C N ( lx - x $> a)l ) N for alliVGN. 



First of all, according to (|IV,3.43|I and Taylor's formula, we have 



" \dh^x,a)\<C A , N C-^^) N . 



Using Theorem IIV.3.11 (iii) we deduce, 

dx]dx k ( g > x > °) = \^^{ l -Xi{Q))5jk + d jk (6,x-x(6,a),a) +R jk (0,x,a) 
(V.2.2) i \d£d jk (9,x-x(9,a),a)\ < ^§T+5 , 

uniformly with respect to (0,x,a). 



Now if 5 G -S(t (see (jV.l.ljt ) and (6»,x) G £ls we can write |<%5#(a;)| = \(d£g)(y + x(0,a))| < 



C A 

(y+x{d,a))\ A \+ 1 +"0 

It follows that 
(V.2.3) 



Since \y\ < 5{9) we can use Proposition llll.3~D to write 



(y + x(9, a)) > (x(9, a)) - |z/| > 4= {9 ) - 5(9) > \ (9) 



C A 
(9)\ A \+ 1 - 



CO 
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This can be applied to the functions — 5jk, gj, go, 1 < j, k < n. It follows from (|V.2.2[) that 



dxjdxk 2 (0) 



where cf and i? satisfy the same estimates as in (jV.2.2|) . Now we have 
(V.2.4) 



lsgnfl 1 Isgnfl / \9\\ 6 X i{6) 



1 sgng l-xi(g) 

2 (0)* (0) + \0\ ~\(0) 



o 



Summing up, we have proved 



(V.2.5) 



2 



i,fc=i 
n 



E fl'j'C^) (#,x,a) = D 2 {9,x - x(9,a),a) + R 2 (9,x,a) 



|^D#,x-x(fl,a),a)| < (g)l ^ 1+CT0 



J = 1,2, 



|i?,(0,x,a)| < C 



A' 



j = 1,2, ViV E N. 



We are going now to simplify the vector fields X introduced in (|V.1.3|) . Let us set 
(V.2.6) 



s = 9 

y = x — x(6, a) . 



Since Xk(9, a) = -^jr (x(9, a), £(9, a)) = 2 gi k {x(9, a))^k(9, a), we obtain 



X = §~ 8 ~ 2 E jV^O' «)) ^'( s ' «) ~ 9 jk (y + «)) ^ («, 2/ + a), a)} 



9 



Now using (|V.2.1|) and gr 3 = 5jk + e^fc, bjjfe G &a we can write 



(9 ^ 

^ = 7- + 7i-(l-Xi(s))^2/j a 2e E - & jfc(y + a;(s,a))}0(s,Q!) — 



j,fc=l 



i=i 



Efou + ibj)(s,v, a) d , 
m • ^ + 2e E + «)) (i) u SKn * "> 



i /i 



j,k=i 



(oj + ify)(s,y,a)) h 2 ^ ^(y + x(s, a)) i?j(s, y + x(s, a), a) — . 

j,k=l 



dyk 



Definition V.2.1 We shall say that a function f = f(s,y,a) on Q$ x S± belongs to £ if 
rv97 , / /(»,0,a)=0 

uniformly when (s, y) E (is and a E 5±. 
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According to (|V.2.4I) . (|V.2.3|) and Theorem ITV.3. 11 (ii), (iii) we have 
(V.2.8) 



(i-xiW^Vi-rfrwef 

e(6 jfc (x(s,a) - + x(s, a)))) £j(s, a) G £ 
eb jk (y + x(s,a)) ^y(| • sgns • ^ - (a,- + i fy)(s, y, a)) G £ 



Then we have, 
(V.2.9) 



ii ii it 



3=1 



3=1 



3=1 



^ where Ej G £ and |/Jj.(a,y,a)| < Cat^J • 
Now we perform another change of variables. We set 



(V.2.10) 



= s 



Then we have ^ = + y^j- E Vj 4" It; fonows tnat 



(V.2.11) 



3=1 

n n 

(i) x = & + E M*> *. «) 4 + E W, «) 4 > 

3=1 3=1 

(ii) hj(9,0,a) = 0, 

(iii) |#fy(0 )2! ,a)|<^, AeN", 

(iv) |jR,-(0, 2, a) | < ^ 1^1^ , for all A in N , uniformly when 
> (resp. < 0), \z\ < 5, a G A±, j = 1, . . . ,n. 



Moreover, since -^j- = we have by (jV.2,3j) . 



(V.2.12) 



t P= E k v {0,z,a)dl 

\v\<2 ^ 



Let us set 
(V.2.13) 

where /i-,- satisfies ()V.2.11|i . 

It follows from dVTH) . (TCT2~5l) . (TCT2~6l) . (IV.2.1()j) and (IV.2.111) (i) that 

<cwA 2 izr(i/i+iv,/D 



3=1 J 



(V.2.14) 



I-i\( K X o f + d(0,z,a)f-{ t Pf^ 
dld(9,z,a)\< 1 ^, 7 G N n . 

Now let us fix an integer Nq large enough depending only on the dimension n (and chosen later 
on). For the coefficients h j} k u , d in (IV.2.131) . HV.2.121) and (IV.2.14B we write 

' F(0,z,a) = F N ° (0,z,a) + r N °(0,z,a) where, 
F N °(9,z,a) = E 

h\<N -l 

{ \r N °(9,z,a)\ <C No \z\ N °. 



(V.2.15) 
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Let us set 



(V.2.16) 



L = m + J2 h f° (0, z,a)4- + d N ° (9, z, a) 

Q= £ k^(9,z,a)d». 
M<2 



Using (IV.2.141) to (IV.2.1HI) we see that 



I-i\[Lf--Qf 



(V.2.17) 

Now we have the following result 



<C No X 2 \z\ No £ \d2f(9,z,a) 

M<2 



Lemma V.2.2 There exist functions At = A#(9, z, a), 1 = 0,..., Nq + 1 which are C°° in (9, z) in 

the set O = {{9,z) : 9 G R ± , |z| < 5} such that 

(i) A o (0, js, a) = 1, ^(0, z, a) = 0, I = I, . . . , N + 1, 

(ii) \d] A e (9, z,ot)\< C t „, uniformly in O x S±, {I G N, 7 G N n ), 
(iiij LA = 0, LAg = iQ At-i, I = 1, . . . , N + 1. 



Let us assume for a moment this lemma proved. Let us set 
(V.2.18) 

Then Lemma IV.2.21 shows that 

fN (0,z,a,\) = 1 



/ = In = A + - At + . . . + ^ Nq+1 A No+ i . 



(V.2.19) 



< C 7jiVo if (9, z) G O , a£S±, A > 1 



dj f No {9,z,a,X) 
L fN ~jQ In 

It follows from (IV.2.17[) and (|V.2.19I) that 

(V.2.20) \I\ < C' No A 2 Iz^ + C% A _JVo_1 

Coming back to the variables we set 

ejv (6»,x-x(6»,a),a,A) = /at o (0, - — ^,a,A 



Then it follows from HV.2.20|) . (|V.2.19|) that e^Vg satisfies the conditions (i), (ii), (iii) in Theorem 

Em 

So we are left with the proof of Lemma IV.2.21 



Proof of Lemma IV.2.21 We are going to straighten the principal part of the operator L given 
by (|V.2.16|) . Recall that we have L = L + d N °{9, z, a) with 

Lo = ^ + ±hf^9,z,a) 9 



dzj 
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Moreover according to (|V.2. llf) and (|V.2.15|) we have 



(V.2.21) 



i) h?°(0,z,a)= E xg(8A<x)z k +gj(e,z, 



k=l 



dz k 



Oi) 



(ii) gj (8,z,a)= Z ^fthjifiM* 1 , 



(hi) j:\dl h 3 (9,0,a)\< 

3=1 



2<| 7 |<iVo-l 
W 



V7 G N" . 



In that follows all the objects will depend on a G S± but all the estimates will be uniform with 
respect to a. 



*w = o,«: 



l<7,fc<n 



Let us set 
(V.2.22) 

If 9$ £ we shall denote by Y(9,9q) the unique n x n matrix solution of the problem 
(V.2.23) 



Y(9,9 )=H(9)Y(9,9 ), # G M± 
Y(9 ,9 )=ld . 

Since by (|V.2.21|) (hi) the entries of the matrix H(9) are bounded by j§yi, the Gronwall inequality 
shows that there exists Mq > 1 such that 



(V.2.24) ||r(0,0o)|| < M , for all 9,9 G M ± and a G S± . 

Moreover since Y(9,9q) _1 = Y(9q,9) we have also, 

(V.2.25) \\Y(9, O ) _1 || < Af , for all 9, 9 G M ± and a G S± . 

Now using (jV.2.21 j) we see that the problem 



(V.2.26) 



Zj (9) = hf°(9,z(9),a), 9£ 



1 < J < n , 



zj(0) = yj , 

is equivalent, setting z = (%)i<j<n, 5 = (#j)i<j<n> to 

(V.2.27) z{9) = Y(9,0)y+ [ Y(9,t) g(t, z(t),a) dt . 

Jo 

Then we have the following Lemma. 



Lemma V.2.3 One can find r\ > such that for all y G C n such that \y\ < rj, the problem $V.2.27\) 
has a unique global solution z such that \z(9)\ < 2Mqt\ for all 9 G M^ 1 . This solution will be denoted 
by z(9,y). Moreover one can find a constant C(Nq,Mq) > such that 



0) \\&(8,y)-Y(9,o)\\<c(M ,N Q )n, 

and for every 7 G N n , one can find a constant C 7 > such that 



106 



(ii) \d$ z(6, y)\ < C 7 , for all9>0 and \y\ < r). 



Proof Let r\ > (to be chosen). Assume \y\ < r\ and set A = {T > such that (|V.2,27j) has a 
solution for 9 G [0,T] satisfying \z{6)\ < 2M r/}. Since (IV.2.271) (which is equivalent to (IV.2.26IH 
has a continuous solution for small # and since |z(0)|| = \y\ < rj there exists So > such that 
£o S A. Thus A is non empty and it is obviously an interval. Let T* = sup A. If T* = +oo we are 
done so assume T* < +oo. Let us take T s]0, T*[. Then on [0,T] we have 

\z(9)\ < \Y(0,Q)y\+ f \\Y(9,t)\\\g(t,z(t),a)\dt. 



Now by (IV.2.211) (ii) and (iii) we have 



\g(t,z(t),a)\ <^-2M oV \z(t)\ 



if 2M rj < 1, where K No = Y, 

2<| 7 |<JV -1 



1 ! 



It follows from (|V.2.24j) that, 



<M r/+ / 6 
Jo 



^2 KOI*. 



Then the Gronwall inequality implies that 



| -z (0)| <M 0?? exp 2M 2 K No r ] 



+oo 



Therefore taking r/ small (compared to Mo and -fOvo) we can achieve that \z(9)\ < ^MqT] for all 
9 £ [0, T]. A classical argument shows that z(T*) can be defined and \z(T*)\ < §M r/. Then 
solving again (IV.2.2fi|1 with data z(T*) we see easily that this contradicts the definition of T* as 
the supremum of A. Therefore T* = +oo. 



Now differentiating (|V.2.27|) with respect to y k yields 

(V.2.28) p- (9, y) - Y(9, 0) e k + / Y(9, t)f^^- (t, z(t),a) p- (t, y) dt . 

oy k Jo OH dy k 

First of all l|V.2.21j) (ii) show that 
(V.2.29) 



£|£(M«),«)|< £ ^w^< c -^ 

2<|7|<JV -1 W W 



if 2M rj < 1. It follows that 



£-(«,») 

dy k 



<M Q + 



o (t) 2 9y k 



dz 

(t, y) 



dt. 



The Gronwall inequality shows that one can find K = K(N ,M ) such that \-§^ (6,y)\ < K, for 
all e R± and |y| < rj. 
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Using again (|V.2.28|) and (|V.2.29|) we see that 

^ (9, y) - Y(9, 0)e k \< j* 9^_Kv & < C{M ^ Nq) v 

Finally the estimate on dy z, which is true for I7I = 0, 1 by the above results, can be easily obtained 
by induction on |7| using (|V.2.27|) . ()V.2.21|) and the Gronwall Lemma. □ 

In the sequel we shall take 77 so small that C(Mq, Nq) r/ < I. 

Let us now consider the map 

/ <D : R± x {y G C" : |y| < r?} — R± x C n , 
[ ' I (0,y) — ►(*,*(*, v))- 

We claim that is injective. Indeed for a fixed # G R 1 * 1 if we have yj, j = 1, 2 such that < r/ 
and z(9,yi) = z(9,y 2 ) then 



= E/ |^(^^i + (i-i)y2)(yi fc -y 2 fc )^. 
fc=i ^° yfc 



Since |iyx + (1 — t) 2/2 1 < ^ when i G [0, 1] we can use the estimate given in Lemma lV.2.3l to ensure 
that 

\Y{9,G){ yi -y 2 )\ < C'(No,M ) v \y 1 -y 2 \ . 
According to (|V.2.25|) this implies that y\ = y 2 if f] is small enough. 



If 5 is small enough we have 

M ± x {z G C n : \z\ < 5} C SQR* x {y G C n : |y| < rj}) . 



It follows that is bijective on its range. We show now that 
(V.2.31) 

This equivalent to show that for fixed 9 G M 1 * 1 , 

fV 2 32) I a ^ z e ^ n such that \z\ < 6 there exists y G C r 

\ such that |y| < 7/ and z(9, y) = z . 



According to ()V.2.27|) the equation to solve is equivalent to the equation y = F(y) where 



(V.2.33) F(y) = Y(9, O)" 1 z - Y(9, O)' 1 / Y(9, t) g(t, z(t, y),a) 

Jo 



dt. 



Let B = {y G C n : < rf\. We shall show that if 5 and r/ are small enough compared to Nq, Mq 
then i* 1 maps -B into B and there exists £0 < 1 such that \F{y\) — F{y 2 )\ < I2/1 — Z/2I for all 
yi,y 2 in B. Then ()V.2.33|) will follow from the fixed point Theorem. Since Y(6, 0)" 1 = Y(0, 9) and 
Y(0,9)Y(9,t) = Y(0,t) it follows from (IV. 2. 241) and (IV.2.211) that if \z\ < 5 we have 



\F(y)\<M 5+ [ 
Jo 



(t) 2 



dt 
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since \z(t,y)\ < 2M r) by Lemma IVT31 Then \F(y)\ < rj if r\ is small enough in terms of Mq and 



Moreover if yi,y 2 belong to B we have 



C(Mo,iV ) 



|F(2/i)-F(y 2 )|< / V "' 2 UJ r ] \z(t,y 1 )-z(t,y 2 )\dt 



Since by Lemma IV. 2.31 we have \z(t,yi) — z(t,y 2 )\ < C"(M )|yi — 2/2 1 we obtain finally 

\F(yi) - F(y 2 )\ < C'(M , N Q ) rj \ yi - y 2 \ . 
Taking r] small enough we obtain (|V.2.33|) . 

We can now straighten the vector field Lq which is the principal part of L given in ()V.2. 16[) . Let 
us make the change of variables, (0',y) t—* (9, z(8,y)). Then we have, according to (|V.2.26|) 



3 1 J i=i J 

In the new coordinates (9',y) the operator L has therefore the form 



Now we note that 

as 

It follows that the problem 



} _ d(t,y,a) dt u ^ ^ a ^ = e f°' d{t,y,a) dt ^ ^ _ 



LA = 0, A (0,y,a) = l 
has the (unique) solution Aq(Q' ,y,ot) = e~^o d(t,y,a)dt_ gy same way the problems 
LA e = iQA e _ 1 , A e (0,y,a)=0, £ = 1, . . . , N + 1 , 

are solved by 

s' r e ' t - 

A e (0',y,a) =e~So d (^ a ) dt i(Q A e ^){t, y, a) d ( s ^ a ) ds dt . 

JO 

To end the proof of Lemma IV.2.21 we are left with the uniform estimates (ii) . 

First of all, using the estimate in (jV.2.14|) . (|V.2.15|) . Lemma lV. 2.31 (h) and the Faa di Bruno formula 
we see that, 

(V.2.34) |^(^o ( ^^ 5 y) )a )|<_^_. 

Denoting by k(9, z) the inverse map of y 1— > z(0, y), that is k(9, z(9, y)) = y and using Lemma fV.2.31 
we see that, 

(V.2.35) \d] k(9, z)\ < C 7 for 9 > and \z\ < 8 . 
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Then let us set for i = 0, . 



,iV + l 



At(0,z,a) =At(O,K(0,z),a). 

Using l|V.2.34j) . (|V .2.3511 . (IV.2.161) . (IV.2.15|) and the estimate in (jV.2.121) we see that (Ai)£=o,... : Nq+i 
satisfy all the requirements of Lemma IV. 2.21 This ends the proof of Theorem IV. 1.11 in the case of 
outgoing points. □ 

We consider now the case of incoming points. 



V.3 The case of incoming points 



We assume here that a £ T*M. n is such that ^ < \ a e\ < 2 and 
(V.3.1) a x - a ? < -c (a x ) \a^\ . 

Since such points belong to 5_ (see Definition llll.2.2|) the case where 9 < is covered by the 
Section IV. 21 We focus now on the case 9 > 0. Here the method used in Section IV. 21 does not work 
for many technical reasons. For instance, when \a x \ is very large, a% = — and 9 = \ \a x \ we can 
see that (x(9,a)) is of magnitude one. Therefore we are far from the estimate (x(9,a)) > (9) 
used for instance to get ()V.2.3|) . Here also we shall use the method which consists to straighten 
the vector field X, defined in (|V.1.3[) . This is done by a change of variables in (9,x) deduced from 
the flow of X. The problem here is that X has non real coefficients (because of J^) which are 
merely C°°. Therefore we are led to push the problem in the complex domain by extending all 
the functions almost analytically as in [MS| for instance. So we begin our Section by a Lemma on 
almost analytic extensions adapted to our situation. In that follows we shall consider together two 
cases. Case 1:0 = M", case 2 : Q = £1$ (see Definition IIV. 1 . lj) . We shall denote by X the variable 
in £1 that is X = x in the first case, X = (9, x) in the second one. 



Lemma V.3.1 Let f be a function defined on £1 which is C°° in X and satisfies for all X in £1, in 
case 1 (resp. case 2), 

j \f(X)\ < ffi (resp. M (^ + ^)) 

(V,3 ' 2) E l«/WI<^fer (^-^(^fer + ^fer), *>i 

fc ItI — ^ 

where (M/%)/%>o is an increasing sequence in ]0,+oo[ and < <j\ < (J3, < o<i < CJ3. Then there 
exists F = F(X, y) dehned on (1 x C which is C°° in (X, y) and satisfies for all (X, y) in QxKJ, 



(i) F(X,0)=f(X). 

(ii) \F(X,y)\ < ^_ (resp. C (^ + ^)j. 

(Hi) For every A,B in N n with \A\ + \B\ > 1 there exists Cab > such that 
\d^d^F(X,y)\ < j^k^ (resp. C AB { {x)W ^ +<T3 + {e)W t w+ J ). 
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(iv) For every JVgN there exists CV > such that for j = 1, . . . , n, 

\d 3 F(X,y)\ < C N (^) N ■ ^ (resp. C N \y\»[(£ + + 
^ered^K^j+i^). 

Proof See Section fV111.4l in the Appendix. 

Now recall that for a G T*M n such that a x -a^ < — cq {a x )\a £ \ and ^ < \a £ \ < 2 we have constructed 
in Theorem II V. 4 . 1 (11 a function $ = Q(9,x,a) uniformly bounded on the set Qs- By Lemma IV.3.11 
we can extend <3? almost analytically as a function, which we denote by <&(0, z, a), on the set 

(V.3.3) 0,f = {(9,z) GRx C n : \z-x(9,a)\ < 5 (9) , Re z • q € < c (Re z)\a ( \ ,\lm z\ < 5} 

and 3>(0, z, a) is still uniformly bounded on this set. 

Again by Lemma IV . 3 . 1 1 one can extend almost analytically the coefficients of our symbol p, keeping 
the bounds of its coefficients. In that follows for z G C n we shall denote by X(t, 9, z) the solution, 
whenever it exists, of the following problem. 



(V.3.4) 

Our aim is to prove the following result. 



X(t, M) = §f (X(t, 9, z), $(t, X(t, 9, z),a)) 
X(9,9,z) =z. 



Theorem V.3.2 One can End positive constants c\, b\, K, K, with c\ <C cq, 5\ <C 6, such that 
for all iGR" such that 

\x — x(0, a)\ < 5\ (9) , x ■ < c\ (x) \a^\ , 
the solution of i V.3.4)) exists on [0, 9] and satisfies the estimates, 

' (i) \X(t,0,x)-x(t,a)\<K\x-x(0,a)\§r, 



(V.3.5) 



(6) 

(ii) \lmX(t,9,x)\ <K lx - x $ Q)l 
(Hi) (x) + (9-t) < K(ReX(t,0,x)} , 
(iv) ReX(t,0,x) • a c < i (ReX(t,0,x))\a^\ , 



uniformly for t G [0,0]. 

Let us remark that the estimates (|V.3.5|I ensure in particular that if 5i is small enough we have 
(t, X(t, 9, a)) G flf. With < c\ -C C2 -C cq to be chosen, we divide the proof in three cases. 

Case 1 : x ■ < C2 {x)\a^\, x(0, a) ■ < C2 (x(0,a))\a^\, \x — x(9, a)\ < \x(9, a)\. 

Case 2 : x ■ < ci (x)|a^|, x(0, a) • < ci (x(9, a))\a^\, \x — x(9, a)\ > \x(0, a)\. 

Case 3 : x ■ < c\ (x) \a^\, x(0, a) ■ > C2 {x(9, a))\a^\. 

Here is the geometrical interpretation of case 1 and 2. We denote by [a, b] the segment joining two 
points a, 6 G W 1 . 
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Lemma V.3.3 Let c 2 > and assume that x £ M. n is such that x ■ < c 2 (x)|a^|, \x — x(9, a)\ < 
5 (9) and that x(6, a) ■ < c 2 (x(9, a))\a^\. Then we have : 

(i) either \x — x(0,ot)\ < \x(9,a)\ and then, 

Vy € [x,x(9,o)], y ■ a £ < 2c 2 (y)\a^\ , 

(ii) or \x - x(9,a)\ > \x(9,a)\ and then, [0,x(9,o)] U [0,x] C {y £ R n : \y - x(9,a)\ < 5 (9) and 
y ■ oi£ < C2 (y)|a^|}. Moreover 

\x\ + \x(9,o)\ <3\x- x(9,o)\ <3{\x\ + \x(9,o)\) . 

Proof In the first case applying Lemma ll V .4. 161 we obtain for t £ [0, 1] 

(tx + (1 - t) x(9, a)) • a $ < c 2 (t{x) + (1 - t){x(9, a)))\a^\ 

<c 2 (l + t\x\ + (l-t)\x(0,a)\)\a i \ 

< C2(l + V2\tx + (l-t)x(9,a)\)\a ( \ 

< 2c 2 {tx + (1 - t)x(9,a))\ct£\ . 

Assume now that \x — x(9,a)\ > \x(9,a)\. Then |x(^,a)| < Sq(9). Therefore [0,x] U [0, x(9,a)] C 
B(x(9,a),5o(9)). Now if t £ [0, 1] and Z = x or x(9,a) we have tZ-a^ < tc 2 (Z)\a^\ < c 2 (tZ)\a^\. 
Moreover 3 \ x — x{9, a)\ = \x — x(9, a) \ + 2 \x — x(9, a)\ > \x\ — \x(9,a)\ + 2 \x(9, a)\ = \x\ + \x(9,a)\. 

□ 

1) Proof of Theorem IV. 3.2] in case 1 and 2 

Let us take c 2 , S 2 such that < c 2 <C Co, < 5 2 <C 5. Let A be the set of T £ [0,9] such 
that for every z £ C n such that \z — x(0,a)\ < 5 2 (9), Rez ■ < c 2 (Re z)\a^\, |Imz| < 5 2 , 
x(9,a) • < c 2 (x(9,a))\a^\ the problem (I V,3.5|) has a unique solution on [T, 9} which satisfies for 
t £ [T, 9] , in case 1 : 

(V.3.6) \X{t, 9, z) - x{t, a)\<M 1 \z- x{9, a)\ j^r 

(V.3.7) (9-t) + (Re(sz+(l-s)x(9,a))) < Mi(s ReX(t, 9, z) + (1 - s) x(t, a)) , s£ [0,1] 
(V.3.8) (s ReX(t,9,z) + (1 - s)x(9,a)) ■ a ? < M 2 {s ReX(t,9,z) + (1 - s)x{9,a)) |a ? | 

(V.3.9) \ImX(t,9,z)\ < M 3 ( ^~ ^ a) 1 + | Im *|) 



in case 2 : 



(V.3.10) \X(t, 9, z) - X(t, 0,O)| < Mi |z| ^ 



112 



(V.3.11) 



(9-t) + (Re{sz)} < Mi (s Re X(t, 9, z) + (1 - s) ReX(t, 9, 0)) , s 6 [0, 1] 



(V.3.12) (s ReX{t,6,z) + (1 - s) Re A" (t, 0,0)) • < M (s ReX(t,6,z) + (1 - s) ReA(t,0,O)) 
and (EH). 

Our aim is to show that if Mi, Mi, M3 are correctly chosen then A = [0, 9}. 

Let us show that the set A is not empty. Indeed if t = 9 the estimates ()V.3.6|) to (|V.3.12|) are 
satisfied with strict inequalities if M\ > 1, Mi > 2Ci, M3 > 1 (using Lemma IV. 3. 3|) . It follows 
that they still hold for T = — e, if e is small enough. 

On the other hand A is an interval. Let T* = inf A. If =0 then the theorem IV. 3. 21 is proved. 
Assume then that T* > and let T > T*. Then on [T,0], (IV.3.61) to (IV.3.12|1 hold. 

Remark V.3.4 If the case 2 is not empty then the point zq = satisfies all the requirements 
of easel. Indeed if there exists z\ such that \zi — x(9, o)\ > \x(9,a)\ then \x(9,a)\ < Si (9) so 
|0 — x(9,a)\ < 81 (9) and the other requirements are trivial. Therefore if the case 2 is not empty 
then X(t,6,0) is well defined on [T,9] and satisties iV.3.61) to IV.fl.flp . 

Let us show that we have (t, X(t, 9, z)) G flf (see ()V.3.3|) ). This is the case if M\ Si < S, Mi < cq, 
2 M3 Si < 5. Indeed the only non trivial point is to prove that \X(t, 9, z) — x[t, a)\ < 5 (t) in case 2. 
We have 

\X(t, 9, z) - x(t, a)\ < \X(t, 9, z) - X(t, 0, 0)| + \X(t, 9, 0) - x(t, a)\ = (1) + (2) . 

It follows from (IV. 3.1011 that (1) < M x \z\ §r and from (IV. 3.61) with z = 0, that (2) < Mi \x(9, a)\ |l. 
Now by Lemma IV.3.31 (ii) we have | Re z\ + \x(9, a)\ < 3 | Re z — x{9, a)\; since | Im z\ < Si we will 
have (1) + (2) < M x (5i + 3 | Rez - x{9,a)\) |l. Since | Rez - x{9,a)\ < S 2 (0) we obtain finally 
(l) + (2) <4Mi<$2 (t) <S(t). 

In the sequel we shall denote by C or 0(1) the constants which may depend on bounds of p, $ but 
are independent of Ml, M 2 , M3. Moreover for the sake of symplicity we shall write 



In particular X(9) = x(9,ot) in case 1 and X(8) = in case 2. Our goal is to show that the 
estimates ()V.3.6j) to ()V.3.12|) hold on [T, 0] with better constants than M 1 ,M 2 ,M 3 . 

a) Improvement of ()V.3.7jl and ()V.3.11|1 

By Theorem 11V. 4.101 (iii) we have §{9,x, a) — = 0(e + S) if (9,x) £ and by Lemma fV.3.11 
this estimate still hold on Qf ; it follows that $(i, X(t),a) — = 0(e + S). On the other hand 



(V.3.13) 




X(t) = x(t, a) in case l,X(t, 0, 0) in case 2 . 
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§| (x,£) - 2f = <9(e)|£| which also extends for z E C\ |Imz| < <5 2 . It follows then from (jV.3.41) 
that X(t) = 2a £ + 0(e + 5). Therefore 



(V.3.14) 

Now for s € [0, 1] 



X{t) = z-2{6 -t) a( .+ 0(e + - t) 

X(t) = X(9) - 2(9 -t)a^ + 0(e + y/8)(0 - t) 



(1) = \Re(sX(t) + (1 - s) X(t))\ 2 = \s Rez + (l-s) Rel(0)| 2 + 4(0 - t) 2 |a ? | 2 

-A(9-t)(s Re*+(l-a) ReX(#)) • a { + 0((e + 5) [(0 - tf + |s Rez + (1 - s) ReX(fl)| 2 ] . 

It follows from the conditions on z and the definition of X(9) that (s Re z + (1 — s) ReX(9)) ■ a e < 
2c 2 (s Rez + (1 - s) ReX(9)) \a^\ so 

(1) > -\sRez + (l- s) ReX(9)\ 2 + 3(9 -t) 2 \a^\ 2 - 8c 2 {sRe z + (1 - s) ReX(9))(9 - t)\a^\ 
if e + 5 is small enough. It follows that 

(1) > (~-16c 2 )|sRez + (l-s) ReX(60| 2 + (3-16c 2 )(6>-t) 2 |a e | 2 -16c 2 . 
If c 2 has been chosen small enough we obtain in particular 

f (i) |Re( s X(t) + (l- S )X(t))| 2 >i|Re( S z + (l- S )X(0)| 2 + 2(0-t) 2 |a 5 | 2 -i 
lV -^ DJ 1 (ii) (Re( s X(t) + (l- S )l(t))) 2 >^^-i) 2 + (Re( S z+(l- S )X(0))) 2 ]. 

This improves (IV. 3. 71) and (IV.3.111) if M x > 4. 

b) Improvement of ()V.3.8|) . (|V.3.12|) 

It follows from (|V.3.14|) that 

(2) = Re(sX(t) + (1 - s) X(t)) • a e = Re(s z+ (1 - s) X(0)) • a c - 2(0 - t)|a e | 2 + C(e + g)(9 - t) . 
Applying Lemma IV.3.31 we obtain if e + 5 is small, 

(2) < 2c 2 (Re(s z + (1 - s) X(0))) - (0 - t)|a ? | 2 . 

Using (IV.3.151) (i) we obtain, (2) < 4c 2 (Re(s + (1 - s)X(t)). Taking 16 c 2 < M 2 we deduce 
finally that 

(V.3.16) Re(sX(t) + (l-s)X(t))-a i < - M 2 (Re(sX(t) + (1 - s) X(t))) \a^\ . 

This improves (IV. 3.81) and (IV.3.121) . 

c) Improvement of ()V.3.6|> and (|V.3.10|) 

We have 



X(t) = ^(X(t),$(t,X(t),a)) 

dp 
9« 



X(t) = §(X(t),<S>(t,X(t),a)), 
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the second equation being true in the case 1 according to the identity $(i, x(t, a), a) = £(t, a). Let 
us set 



(V.3.17) 
Then 



Z(t) =X(t) -x(t). 



Z{t) = 2[$(i, X(t),a) - $(t, X(t),a)) + || (X(t), *(t, X(t), a)) - || a)) , 

since p = |£| 2 + g. 



Now we use (|IV.4.39|) and Theorem IIV.4.21 (i). It follows after extending almost analytically 5,6 
and the coefficients of q by Lemma IV.3.1| 

Z — x(t Ct] / % ~\ 

(V.3.18) *(t, z, a) = £(t, «) + 2t _\ ' ~ [a + bj (t, z, a) . 



It follows then that 



(V.3.19) < 



• , x 2Z(t) 



(t,X(t),a) -a(t,X(t),a)) - ^ (b(t, X(t), a) - b(t, X(t), a)) 



+ || *(t, X(t), a)) - || <!>(*, a)) + || (X(t), X(t), a)) 



(X(t),<D(i,X(t),a)). 



We have the following lemma. 



Lemma V.3.5 One can End a positive constant C such that 

2Z{t) 



Z(t) 



2t-i 



Proof 

(i) Estimation of (1) = a(t, X(t),ct) — a(t,X(t),ct). We have 

(1) = T ^ (t, s X(t) + (l-s) X(t), a)(X(t) - X(t))ds 
Jo oz 

+ / ^(t,sX(t) + (l-s)X(t),a)(X(t)-X(t))ds. 
Jo oz 

Using the estimates on a given in Theorem IIV.4.21 and Lemma IV.3.11 with 03 = 1 we find 



da 



Oz 



+ 



da 



dz 



)(t,---)<C(e + 8)(- 



+ 



(Re(sX(t) + (l-s)X(tW ( f ) 2j ' 
Using (IV. 3.71) and (IV.3.121) we deduce that 

(t,...)<C(M l )(s + 6)(j ¥ ^ + 1 L 
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da, 




da 


dz 


+ 


dz 



It follows that, 

(V.3.20) |(1)| <C(M 1 )(e + S) \Z(t)\ 

Here C{M\) is a constant depending only on M\. 



1 1 



(ii) Setting (2) = 4r (b(t, X(t),a) — b(t,X(t),a)) we have exactly by the same way 
(V.3.21) | (2) |< C(M0(E + J) H21(_2_ + _i_ 



(iii) Estimation of (3) = ff (X(t), *(t, X(i), a)) - gf (X(t), X(i), a)). We have 
- 1 9 2 (? 



9a 



(3) 



o dzd^ 



(s X(t) + (1 - s) X(t), X(t), a))(X(t) - X(i)) (is 



+ analogue term with 



d 2 q 
dzdt; 



Now the coefficients of q say bjk, extended by Lemma IV, 3 . 1 1 satisfy 



db 



'jk 



dz 



+ 



Ob 



'jk 



dz 



< 



Ce 



Using again (|V.3.7|) and (|V.3.13I) we obtain 



(V.3.22) 



1(3)1 < 



Ce\Z (t)\ 



2+cto • 



(iv) Estimation of (4) = g| (X(t), *(t, X(t), a)) - §| (X(t),${t, X(t),a)). We have, by (IV.3.18j) 
|*(t, X(t),a) - <S>(t,X(t),a)\ < C ^ + | (1)| + |(2)| . 



On the other hand (|V.3.7|) . (|V.3.11j) with s = imply that M x (ReX(t)) > (6-t). Therefore using 
the decay of the coefficients bjk of q and the estimates ()V.3,20|) . ()V.3.21|) we obtain 



1(4)1 < 



(9-t) 



Z (*)l 77T + 



l+o-o 



It follows then that 
(V.3.23) 



|(4)| <Ce\Z{t)\{-L+ ' 



(t) 2 (o-t)^ 

Gathering the estimates (IV. 3.201) to (IV. 3.231) we obtain the claim of the Lemma. 



□ 



Next we state the following Lemma. 
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Lemma V.3.6 Let < T < 9. Let Y(t) = (Y^t), . . . ,Y n (t)) E C n be such fchat Y G C 1 ([T,e]) 
and satisfies on [T, 9] the inequality 

Y(t)-^—Y(t)\<\h(t)\\Y(t)\ + \g(t)\, 

for some continuous fonctions h,g. Then for all t in [T, 9] we have 

TOI < (HirWI + <*> jf^*) -p(/V«|a 

Proof Let us set = ^Q. Then |W(t)| = ^P, 



2t - i (2t — z) 2 2t - i V w 2t - i 
It follows that |W"(t)| < ^r(\h(t)\ \Y(t)\ + < \h(t)\ \W(t)\ + Then, for t > T and 

<T€[t,9], 

\W(a)\ < \W(9)\ + J" \h(s)\ \W(s)\ ds + pj^ds. 
By the Gronwall Lemma we obtain 

\W(t)\<(\W(9)\ + £ ] -^-ds) exp(£\h(s)\ds 

Coming back to Y(t) we obtain the claim of the Lemma. □ 

Corollary V.3.7 Let Z(t) be defined by \V.3.17^ . Then ife + 5 is small compared to M\ we have 

\Z(t)\<2^\z-X{9)\. 

Proof We apply Lemma IV. 3. 61 and Lemma IV .3.51 with g(t) = and h(i) = Cie + 5) ( ^Iah + m?) • 
Then \h(s)\ ds < C{e + 5) J R It follows that 

\m\ <eW). || \Z{9)\ . 
Since Z{9) = X(9) - X(9) = z - X(9) our lemma follows. □ 

We can now show the improvement of (jV.3.6|) and (jV.3.10|) . In the case 1 we have X(9) = x(9,a) 
and in the case 2, X(9) = 0. Therefore in case 1 we find by Corollary IV.3.71 

\X(t,9,z)-x(t,a)\ <4@r\z-x(e,a)\, 



and in case 2, 



\X(t,9,z)-X(t,9,0)\<4^\z\ 
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Taking M x > 4 this shows that ()V.3.6|) and (|V.3.10|) have been improved. 



d) Improvement of (jV.3.9|) 



Let us set 



(V.3.24) 



U(t) 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 
(7) 
(8) 
(9) 
(10) 



Im(X(t) - X(t)) , 

2Re(X(t)-X(t)) 

l+it 2 ' 
-Im[a(t,X(t),a) 



Im 
Im 



a(t,X(t),a)], 
i Re[6(t,X(t),a)-6(t,X(t),a)], 

"If (ReX(t), *(t, X(t), a)) - § (ReX(t),<f>(t,X(t), a)) 
| (ReX(t), *(t, X(t), a)) - § (ReX(t), *(t, X(i), a)) 



Im Jo 



(ReX(t) + is ImX(i), $(t, X(t), a)) ds (t ImX(t)) , 



Im /^^(ReX^J + is ImX(t),$(t,I(t),a))tisH ImX(i)) 

-Wi 



i a 2 g 



(ReX(i) + is ImX(i),$(i,X(i),a))ds (i Iml(t)), 
Im £ ^= (ReX(i) + is lmX(t),${t,X{t),a))ds (-i ImX(t)) 



Then it follows from (IV. 3.171) and (IV. 3.191) that, 



(V.3.25) 



4t 



l + 4t 2 



10 

tr(t) + Y, («') 

j=2 



Lemma V.3.8 With the above notations, if e + 5 is small enough we have 

t't(j.\ _ ft 3Mi|z-g(g,q)| |z-x(fl,a)| / 1 _l_x 

lj l + 4t 2 {) ~ (9)(t) + (61) K{B-ty+°° + {t)*J 

Proof We use (|V.3.25|) and (|V.3.24|) . We estimate the terms (i) for i = 2, . . . , 10. 

(i) Estimation of (2). It follows from (|V.3.6|) and (|V.3.10|) . since X(9) = x(9,a) in case 1 and 
X(6) = in case 2, that 

\X(t)-X(t)\ ^ nj (t) ~ Mi J|z-s(0,a)|, easel 

1 + 4*2 ^ M > )( i + 4 t 2 ) |z - X( ^ (fl)(t) j N , case2 - 

But in case 2 according to Lemma IV .3.31 (ii) we have \z\ < 3|z — x(0, a)\. It follows that in both 
cases we have 

, . . . 3 Mi \z — x(9, a)\ 
(V.3.26) |(2)| < - 1 



<*><*> 
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(ii) Estimation of (3) and (4). We note that a(t, Re X(t), a) and a(t, Re X(t), a) are real. It follows 
that 

(3)=-Im / (t, Re X(t) + s i Im X(t), a) ds(i ImX{t)) 



-Im C — 

m Jo dz 



da 



(idem )ds(-i lmX(t)) + Im / — (i, ReJf(i) + si ImX(t), a) ds (i ImX(i)) 



1 8a 



I m / (idem) ds (—i ImX(t)) 

Jo oz 



Now, according to Theorem II V .4.21 and Lemma IV. 3, II we have 
da 



dz 



(t,w,a) + q= (*> <C(e + <5)( 



1 1 

+ 



(Rew) 2 (t) 1 



We use this estimate with w = ReX(t) + is Iml(t) and w = ReX(t) + is lmX(t). By l|V.3.7|) 
(with s = 1) and (IV.3.111) (with s = 0) we have (Rew) > (0 -t). 



Moreover in case 1, Im X(t) = Imx(t, a) = and in case 2 
(V.3.27) 

Summing up we obtain 
(V.3.28) 



~ . . ■ . , \z\ 3Ms \z — x(9, a)\ 
ImX(t)|<M 3 n< I' 



10)1 <^( £ + ^^ + S(l^)l + M 5 ^^- ) 



<t>2 



since | ImX(t)| < \U(t)\ + \ lmX{t)\. 



For the term (4), due to the factor 4r we have a better estimate. Indeed by (jV.3,21|) . ()V.3.17|1 . 
dVX6l) and (IV.3.10|1 we have 



(V.3.29) 



|(4)| < C (Mi) (e + 5) 



\z — x{a, a) 



+ 



(9) \{0-t)* (t) 



(iii) Estimation of (5). We note here that ^| (x, £) is linear in ^ and real if (x,£) 6 R" x R n . It 
follows that 

(5) = || (ReX(i), Im($(t,X(i),a) - *(t,X(t),a))) . 
Using (j V .3. 18j) we obtain 

Im(*(t, *(*)>«) " «)) = Re(X(t) ~f (t)) + Im(X(t) - X(i)) 



1 + 4i 2 

Im [a(t, X(t), a) - a(t, X(t),a) 



1 + 4i 2 



1 

¥) 



Re [b(t, X(t),a) - b(t, X(t),a)] 



By (IV.3.61) and (IV.3.101) we have \X(t) - X(t)\ < 3Mi |z - z(0,a)| $1. Moreover we can use 
l|V.3.28|) and ()V.3.29j) . Finally we use the fact that the coefficients of || (ReX(t), • • • ) are bounded 
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by 

(ReX^t)> 1 + <7 o w ^ich by (|V.3.7|) (with s — 1) and (|V.3.11|) (with s — 1) can be estimated by 
(fl-t)i +iT o ■ Gathering these informations we see that 



(V.3.30) |(5)| < 



Ce 



1 



ty+°° \{t) 



+ 



\u(t)\ + 



C{M 1 e\z-x(9,a)\ 

(e-t) 1 +"o(e) 



i> 2 



+ CeC{M 1 ,M 3 )(e + 5)(-^ + ' 



<i> 2 (fl-t>a 



|z — a) | 

W) 



(iv) Estimation of (6). Since again {x,£) is linear in £ and real when (x,£) 6 R n x R n we can 



write 



dq 



|(6)| < ^(ReX(t),ImHt,X(t),a)) 



+ 



dq 



Since the coefficients of || are bounded by ^_^i+ CT0 we obtain 



1(6)1 < 



Ce 



\1m$(t,X(t),a)\ . 



In the case 1, X(t) = x(t, a) which implies that Im <I>(t, X(t), a) = 0. In the case 2, | Im 3>(i, a)| < 

CM 3 e|z - x(0,a)| 



M 3 < 3 m 3 |2 -g' a)l . Therefore 



(V.3.31) 



1(6)1 < 



(v) Estimation of (7), (8), (9), (10). Using (|V.3.7|) and (|V.3.11I) and the estimates on the coefficients 
of q we find that 

|(7) + (8) + (8) + (10)| < - C f (\U(t)\ + | lmX(t)\) . 



(9 - ty 



Using (|V.3.28|) we obtain finally 

(V.3.32) |(7) + (8) + (9) + (10)| < 



Ce 



(9-t) 



2+CTO 



(\u(t)\ + 



3M 3 \z - x(6,a) 
W) 



Gathering the estimates given by (|V.3.26|) to (|V.3.32|) and taking e + 5 small compared to M\ , M 3 
we obtain the conclusion of Lemma IV, 3. 81 □ 



Lemma V.3.9 Let Y(t) = (Y, (t), . . . , Y n (t)) be a C 1 function from [T, 9} to R n which satisfies 

Y(t) 



l + 4t 2 

for some continuous functions h, g and K > 0. Then 



" Y(t) < \ h (t)\\Y(t)\ + \g(t)\+ h 



<2t> 



\Y(t)\ < (|| \Y(9)\ + j° \g(s)\ ds + K) exp ( j° \h{s)\ ds 
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Proof Let us set Z(t) = Then Z(t) = ^ - ppF(i). It follows that 

\Z(t)\<\h{t)\\Z(t)\ + ^+ h 



(2t) 1 + At 2 
Therefore for a G i > T we have 



|Z(<r)| < + / \h(s)\\Z(s)\ds+ I li^-ds + K 1 



Now we have, 



( (2s) J t 1 + 4 S 2 



1 T \g(s)\ , ^ 1 . 



1 + 4*2 " ( 2 t) ' J t ( 2s ) ~ (2t) J t 
Using Gronwall's Lemma we obtain 

\Z(a)\ < (\Z{6)\ + ^ j°\g{s)\ds + ^L) exp (jf \h(s)\ ds] 

Taking t = T and a = t we obtain, since Y(t) = (2t)\Z(t)\, the claim of the Lemma. □ 

Corollary V.3.10 With U(t) = lm(X(t) - X(t)) introduced in iV.3.24\) we have 

\U(t)\ < C(\U{9)\ + (6 Mi + C) U ~ ' 



(0) 

Proof This follows from Lemmas I V. 3. 81 and IV, 3. 9l □ 

We can now finish the proof of the improvement of (|V.3.9|) . 

Indeed we have U(6) = lm(X(6, 9, z) - X{6, 9, 0)) = Imz. Therefore Corollary IvXTol and Remark 
IV. 3.41 show that if C < Mi and (6 Mi + C) ■ C < M 3 then (jV.3.91) is improved. 

End of the proof of Theorem IV. 3. 21 in the cases 1 and 2 

The estimates ([V,3.5jl to (jV.3.12|) improved are true for t £ [T, 9] for all T > T* . By continuity 
they continue to hold on [T* , 9] . Now we consider problem ()V.3.5|) with data at t = T* equal to 
X(T*, 9, a). For this problem the estimates (|V.3.6|) to (|V.3.12|) hold on [T*— so, T*] which contradicts 
the fact that T* = inf A. Therefore A = [0,9] which implies Theorem IV. 3.21 in this case. 

2) Proof of Theorem IV. 3.21 in case 3 

Here we shall take such that x ■ < c\ (x)\a^\ and \x — x(6,a)\ < 5\ (9), with < ci <C C2, 

< 5i <. 6 2 . 

Let us recall (see (|iV4.49|0 that there exists a unique 9* G [0,6] such that x(6*,a) • = 0. We 
shall make use of Lemma ITV.4.1 71 To prove the claim of Theorem IV. 3.21 we shall use the same 
method as in the cases 1 and 2. 
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We introduce first the set A of T > 9* such that the problem (|V.3.4|) has a solution on [T, 9] which 
satisfies 

(V.3.33) \X(t,9,x)-x\<M 4 \t-9\ 



(V.3.34) Re 0, x) • a f < M 5 (Re 0, x)) 

(V.3.35) {x) + (t-9) <M 4 (ReX(t,9,x)) 

\x — x(9, a) | 



(V.3.36) |ImX(i,fl,x)| < M 6 ■ 



If M4 is large enough, M5 > ci, M6 > one can find £0 > such that 9 — eq G A. Let T* = inf A. 
We want to prove that T* = 0* if M4,M5,Mg are correctly chosen; let us assume T* > 6 and let 
£ > T*. Then on [T, 0] we have a solution z) which satisfies ()V.3.33|) to (|V,3.36|) . Let us 

show that this implies that (t,X(t,9,x)) 6 flf for i G P^$] (see l)V.3.3|l ) if <5i is small enough. 

From (|V.3.36|) we have | ImX(t, 9, z)\ < Mq 5i < 6 if <5i is small enough. Moreover by (|V.3.34|) we 
have 

ReX(t,9,x) • a 5 < M 5 (ReX(i, 9, x)) \a £ \ < c {ReX(t,9,x)) \a e \ 
if M 5 < c - Finally, 

(1) = \X(t,9,x) - x(t,a)\ < \X(t,9,x) -x\ + \x- x(9*,a)\ + \x(9*,a) - x(t,a)\ . 

From (|V.3.33j) we have \X(t, 9, x) - x\ < M 4 \t-9\< M 4 {9 - 9*) since t > 9*. Now we use Lemma 
IIV.4.17l to write 

\X(t,9,x)-x\ < 10M 4 \x-x(9,a)\ < 10M 4 S 1 (9) < ^^h{9*) < ^—±Si{t). 
Again by Lemma llV.4.171 

\x - x{9\ a)\ < 6\x - x(9, a)\ < 65^9} < ^ (9*) < ^ (t) . 

Finally \x(t, a) — x(9*,a)\ < Jl„ \x(s,a)\ds < 5(t-0*) if e is small enough. It follows from Lemma 
UV .4. 171 that 

\x(t,a) -x(9*,a)\ < 5(0-0*) < 50 \x - x{9, a)\ < 5O<*i(0) < (t) . 
Summing up we find that if 5\ is small enough, 
(V.3.37) (1) < max , J|) S 1 (t) < 5(t) . 

As in the cases 1 and 2 our goal is to prove that one can improve the estimates ()V.3.33|) to (|V.3.36[) . 
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(i) Improvement of ()V.3.33|> 

We have by (|V.3.5[) . X(t, 6, x) = 2a 5 + 0(e + 6). Therefore 

(V.3.38) X(t, 6,x)=x- 2(6 -t)a^ + 0((e + 5)(6 - t)) . 

It follows that \X(t, 9,x) — x\ < 5(6 — t) if e + 5 is small enough. We shall take M4 so that 5 < | M4 
and then, (|V.3.33|) will be improved. 

(ii) Improvement of (|V.3.35|) 

We deduce from (jV.3.381) that 

1 + I ReX(t, 6, z)\ 2 = 1 + \x\ 2 + 4(0 - t) 2 |a 5 | 2 + 0((e + 5)(\x\ 2 + (6- t) 2 )) -2(6-t)x-a^. 

Since x ■ a £ < ci(x)\a e \, taking e + 5 small enough we obtain, 1 + | ReX(t, 6, z)\ 2 >l + \ \x\ 2 + 
\(6-t) 2 -A Cl (6-t)(x), so 

(V.3.39) l + |ReX(t,fl,z)| 2 > ^((x) 2 + (6 - t) 2 ) , 

if ci < ^. In particular 3{ReX(t,6,x)} > (6 - t) + (x), so (6 - t) + (x) < ± M 4 (ReX(t,6,x)} if 
M 4 > 6. 

(hi) Improvement of ()V.3.34|) 

From (|V.3.38|) we have 

ReX(i, 6, x) ■ at = x ■ - 2(6 - t) |a ? | 2 + 0((e + 5)(6 - t)) . 

It follows that 

ReX(t,6,x) ■ at£ < c l (x) \c^\ - ^ ~^ < 10 ci (ReX(t,6,x)} \a^\ , 
by (jV.3.39j) . We shall take 10 ci < \ M 5 and (|V.3.34j) will be improved, 
(iv) Improvement of ()V.3.36|> 

Let us set X(t,0,x) = X(t) = Yi(t) + iY 2 (t) where Y U Y 2 are real. 

Lemma V.3.11 There exists positive constants C,K independent of e,5 and T such that for all 
t E [T, 6] we have 

< CM 6 (| + (e 4- Qt^ffi&M) + | 
where g is a continuous positive function satisfying g(s) ds < K. 

Proof From (IV.3.3611 and (IV.3.371) we get 

(V.3.40) \X(t) - x(t,a)\ <C(M 4 )5 1 (t) , \Y 2 (t)\ < M 6 . 
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Now ()V.3.18|) shows that 

Jm®(t,X(t),a) = Im 



X{t l X(t) ~ a(t, X(t, X(t), a) - b(t, X(t), a) 
At — l (t) 



where x(t) = x(t, a). First of all we have, 



Im X(t) - x(t) = 2tY 2 (t) YxQ) - x(t) 



2t-i 1 + At 2 

Using (|V.3.4fl|) we deduce, since (9) ~ (t), 



(V.3.41) 



Im 



X(t) - x(t) 



2t - i 



l + At 2 



On the other hand we can write with / = a or b. 

r 1 df 

f(t,X(t),a)=f(t,Y 1 (t),a)+ 1 J 

■1 Qf 



(t,Y 1 (t)+isY 2 (t),a)ds(iY 2 (t)) 



+ 



&z 



o dz 

(t, Yi (t) + is Y 2 (t),a) ds (-» Y 2 (*)) 



Since a(t, Yi(t), a) is real, using the estimates on the derivatives of a and b given by Theorem ITVAl 
and their extensions to the complex domain proved in Lemma lV,3.1l we obtain 



(V.3.42) 



Jma{t,X(t),a)\ < C M 6 (e + 5) 



1 1 \ |x — x(9, a) 



(0) 



Here we have used the estimate in (ii) and (| V.3.36|) . 
Moreover we have by Theorem IP7X21 (ii) and (IV. 3.371) . 



\b(t,Yx(t),a)\ < v^ |yi(t) (t) X(t)l < VSC(M4)6 1 <6 1 



if S is small enough. Therefore 

ib(t,X(t),a) 



(V.3.43) 



Im 



(t) 



<C-+r + CM G 



(0) 



I 1 \ \x — x(9, a) 



t) 2 (t) 2 



(0) 



We deduce from (IV. 3.411) to (IV. 3.431) that 
(V.3.44) 

where g(t) = C{j^ + ^). 



Im *(t, X(t) , a )\<^- + CM G ^- )+ M 6 g(t) 



It follows from (|V.3.4|) that 



dq 



\Y 2 (t)\ <2\lm<f>(t,X(t),a)\ + -f (Y^t), Im $(t, X{t), a)) 



+ 



1 »2 



d 2 q 
d£ dz 



(Yxit) + isY 2 (t),$(t,X(t),a))ds \Y 2 (t)\ + 



1 8 2 q 
d^dz 



(idem) ds \Y 2 {t)\ 



< C\Ixn^(t,X(t),a\ + 



Ce 



(9-t) 



2+a 



m)\ 
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This estimate together with (IV .3.361) . (IV ..3.441) prove the Lemma. □ 

We can now improve (|V.3,36|) . Indeed, by Lemma I V. 3.111 we have, since X(8,9,x) = x is real 

S / ftWI < O M 6 [M^l + (£ + fl K liZfjp*!] + 5l ^ . 

Moreover by Lemma llV.4.171 we have 

0-t<0-0* <C\x-x(0,a)\ . 
Taking 5\,5,e small enough we obtain \Y 2 {t)\<\ M 6 which improves (|V.3.36|) . 

The improvements (i) to (iv) show that the set A where (|V.3.33|) to ()V.3,36|) are true is equal to 

We can now give the proof of Theorem IV.3.21 in the case 3. Indeed (|V .3.341) to (|V .3.361) imply the 
estimates (ii) to (iv) in this Theorem. To prove (i) we just remark that 

\X(t, 0, x) - x(t, a)\ < \X(t, 0, x)-x\ + \x- x(0, a)\ 

< (lOM 4 + l)\x-x(0,a)\ <C\x-x(0,a)\ & 

\0) 

since (t) ~ (0) when t E [0*,0]. Therefore we are done for t £ [0*,0\. For t £ [0,0*] we first remark 
that 

X(t,0,x) = X(t,9*,X(9*,9,x)). 

We would like to apply the cases 1 and 2 already done, with = 0* and z = X(0*,0,x). So we 
have to prove that 

(i) x(0*,a) ■ a£ < c 2 (x(0*,a)} \a^\, 

(ii) \z-x(0*,a)\ <5 2 (0*), 
(hi) Rez ■ < c 2 (Re 2;) 
(iv) I Im z\ < 5 2 . 

First of all (i) is trivial since x(0* , a) ■ a £ = 0. Now we have, 

\X(0*,0,x)-x(0*,a)\ < \X(0*,0,x) -x\ + \x-x{0*,a)\ = (1) + (2) . 
By (IV. 3.331) and Lemma gVZTfl we have if <5i < 5 2 

(1) <M A {0-0*) < WM 4 \x- x(0,a)\ < \QM A 8 X {0) < C 5 X {0*) < (0*) 

(2) <5|a?-a;(0,a)| < C 8 X {0*) < ^ (0*) 

since {0) ~ (0*). Thus (ii) is satisfied. Now (iii) is also satisfied if M5 < c 2 . This is possible since 
the only constraint on M5 (see (iii) improvement of ()V.3.34|) ) was M5 > 20 c\. Finally by ()V.3.36|) . 
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\1mX(0*,6,x)\ < 5 1 M 6 < 5 2 if 81 < <5 2 . Therefore X{t,0*,X(9*,6,x)) satisfies the estimates 
(jV.3.5)) to l)V.3.9)) in case 1 and (jV.3.9|) to ()V.3.12j) in case 2. Therefore we have the following 
estimate, 



(1) = \X(t, 0*,X(0*,0, x)) - x(t, a)\ < 3 Mi |X(0* , 0, x) - x(9*,a)\ 

(1) < 3 Mi (|X(0*,0,x) - x| + |x - x(0*,a)|) 

(1) < 3Mi A (M 4 (0 - 9*) + \x- x(9*,a)\) 
(9*) 

(t) 



<*) 



(1) <CMi(l + M 4 )\x-x(6,a) 



(0) 



Here we have used (IV .3.33)1 . Lemma HEEZI and (0*) ~ ((9). Therefore we obtain (i) of l)V .3.5)1 if 
K > CMi(l + M 4 ). Now (IV.3.91) implies that 

(2) = |ImX(t,0*,*(0*,0,x))| < M3 ( ' g ' gl ~ ")! + 1 l m x(r , g, x) 



Using ()V.3.36)) and the same argument as in the term (1) we obtain, (2) < C(Mi, M4, Mq^ - - ! 



Thus (ii) in (IV~3~5l is satisfied if K > C(M X , M 4 , M 6 ) 
From (|V.3.15)) (ii) with s = 1 we have 



(3) = (ReX(t,9*,X(9*,9,x))) > 



1 



<6j ^y- 



t) + (ReX(0*,0,x))]. 



So using l)V.3.35)) we obtain 



> C(M 4 )(0-t) 



and (iii) satisfied K ■ C(M 4 ) > 1. 

Finally let us set (4) = ReX(t,9* , X(9* ,9,x)) ■ ag. Using (IV.3.81) and ()V.3.12I) with s = 1 we can 
write, 

(4) <M 2 (ReX(t,9*,X{8*,9,x))). 
This shows that l)V.3.5)l (iv) holds if K > 4- and completes the proof of Theorem IV.3.21 



□ 



Having proved in Theorem IV.3.21 the existence of the solution X(t, 9, x) of (|V,3.4j) we want to give 
estimates on its derivatives with respect to (9,x). 



Proposition V.3.12 The solution given by Theorem W.3. 21 is C°° with respect to y = (9,x) and 
satisfies the following estimates, 



Ct if \A\ = 1, 

' x ^clkf 1 + 1 ) if \A\>2 • 



(V.3.45) \d£x(t,9,x)\ <{^ {d \ 



uniformly in (t,9,x) £ [0,9] x f^. 
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To prove this result we need a Lemma. 



Lemma V.3.13 For j = l,...,rt let us set Lj(t,z) = & (z,<3?(t, z,a)). Then for any integer 
N > one can End Cn > such that for j = 1, . . . , n and all (t, 0, x) in [0, 0] x £lg we have 



(V.3.46) 



9L > (!,x(t,e,x)) 2Sl1 ' 



Oz, 



2t - i 



+ 



((x) + (0 - t» 2 + CT ° (t) 



(V.3.47) 



<c N 



i 



+ 



1 \ /\x-x(0,a)\\N 



.({ x ) + {e-t)) 2 +°o (t)2 

For any it, £ N n , such that + |z/| = iV > 2, j = 1, . . . , n, 



(0) 



(V.3.48) 



dz^&z v 



(t,X(t,9,x)) 



< C, 



[IV 



+ 



«x) + <e-t))N+H+i+^ (t)H+M 



+i 



Proof of Lemma IV. 3. 131 We have 

n 

Lj(t,z) = 2$>j(t,z,a) + 2s y~] bjg(z) ® e (t,z,a) 



Using (jV.3.18|) we obtain 



9*1 

dz k 



(t,z,a) 



5jk fdo-j i dbj 



+ 



It — i \dzk (t) dzk 



(t,z,a) . 



Then (jV.3.46j) follows easily from the estimates on a,b given in Theorem IIV,4.2| the estimates on 
the coefficients bj£ and from the inequality (iii) in Theorem IV.3.21 



The estimate (|V.3.47jl follows from the same arguments and Lemma IV.3. II (iv). Theorem IV, 3.21 (ii). 
(iii). The same method can also be used to prove (|V.3.48|) . □ 



Proof of Proposition IV.3. 121 Let us set for k = 1, . . . , n, q > 1, 

Y*(t) = d£x k (t,e,x) 

where \A\ = q. 

We begin by the case q = 1. Differentiating one time (|V.3.4|) with respect to y we obtain 



(V.3.49) 



3=1 



Using HV.3.46|) and (j V .3.47j) we see that Y l (t) = (Yl(t), . . . ,Y*(i)) satisfies the hypotheses of 



Lemma EX! with g = and h(t) = ^ x)+{(j l _ t)) -i+„ + ^pr- Since ^ (0,0, x) = 5 jk and (0,0, 
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3 J 



is bounded we obtain ()V.3.45|) when |A| = 1. Let us consider the case \A\ = 2. Differentiating 
()V.3,49|) with respect to y we see that Y k 2 (t) satisfies the equation 

\^I±(t Y(t. *nv?(* + !¥± 

3=1 

where, by (|V.3.48|) and ()V.3.45|) for \A\ = 1, Z k (t) is estimated as follows 

(t) 2 ( 1 1 \ 

|z fc (t, 0, < c [ (( ^ + {d _ t))3+ao + . 

We want to use Lemma IV. 3. 61 (with T = 0) so we are led to estimate the quantity (1) = 
Jo ^ Zk ^2s)' X ^ ds. Using the above estimation we see that 

{l) - C 'wL ({{x) + {eL)f+°« + w) da - 

By a straightforward computation we see that we have 

(V.3.50) / --- > n ' .... da<C . ' , k,£>l. 

It follows that 

m C r 1 J_\ 

Using Lemma fV,3.6l and the fact that d^X(9,9,x) = 0, since \A\ > 2, we obtain (|V.3.45|) when 
14=2. 

Now we proceed by induction on g > 2. Let \A\ = q + 1 and let us differentiate the equation 
X k (t,9,x) = Lk(t, X(t, 9, x)) \A\ times with respect to x. Using the Faa di Bruno formula and the 
notation Y k q+l = d% X k we obtain the equation 



k 

n 



Y t\t) = E [^7 (t,X(t,9,x))Y* + \t) + ^ (t,X(t,9,x))] Y« + \t) + Z k (t) 

j=l 1 3 

where Z^it) is a finite linear combination of terms of the form 

s 

(2) = (dl rz) L 3 )(t,X{t,9,x))\[(dt-X{t,9 : x)) Ki 

1=1 

where 2 < \/3\ < q + 1, 1 < s < q + 1, \K t \ > 1, \L e \ > 1, fl K e = p , £ |^| Z^> = A. It follows 
that \L(\ < \A\ - 1 = q. 

Since by ()V.3.45|) we have different estimates for \L^\ = 1 and \Lt\ > 2 we must separate these two 
cases. So let us write {1, . . . , s} = I\ U I2, Ii = : = 1}, | 1 = {£ : |Z^| > 2}. 

Now let us use (|V.3.48|) and the induction. We obtain 

1(2)1 < c( 1 + -^—) rr r n ^ r 1 + 1 N 1 

11 )l - \((x) + (9-t})\' 3 \+ 1 +^ r 11 V(0>/ 11 [(fl)V(x)l^l+^o r (0)l^|-i, 
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Since Yl \Ki 

i=i 



we have R U = It follows from that 



1(2)1 *,< 4 



/o (a) 



(0) v(x)l^l+ CT o + (0)\P\~ l ) ^ \(x)\ L e\+°o " r (0)\L e \-i 



n ■ 

(.r 



+ 



1 \ \K t \ 



Now we have 



n 



1 1 \ \K t \ 

■ + — ^— I < 



^|L f |+<7 ^ (0)1-^1-1 



+ 



1 \ \K t \ 



e<=h 



( x )\Lt\-l (0)\L e \-l 



< 



^\K e \(\L e \-l) + ^\K e \(\L e \-l) 



< c 



1 s £ \K t \{\L t \-X) / 1 x E \K t \{\L t \-l) 



1 \ l - 



, 1 

+ 1 V) 



Indeed 



\a\-\p\ = e i^i i^i-E \ K <\ = E i^i+E i^i i^i-E i^i-E \ K *\ = E i^ki^i- 1 ) 

eeh tan ieh i&h te/ 2 



It follows that 



1 1 

+ 



{a) ~ {0) \ ( x )\P\+°° (eym- 1 ) V (x)\ A \-W (0)\A\-M 



1 1 

+ 



< 



c 



1 1 

+ 



{0) \(x)\ A \+°° (0)1^1-1 

Then using Lemma IY.3.61 and the fact that d A X(9,9,x) = since |A| > 2 we obtain (IV. 3.451) for 
\A\=q + l. □ 



We need another lemma. 

Let us recall that we have set Lj(6,x) = Jjr- (x, 3>(0, x, a)). 



Lemma V.3.14 Let Uj (t) = 3& (t, 0, x) + £ #■ (x, $(0, x, a)) ^ (t, 0, x). Then for every in- 

fe=l fe 

teger iV > one can find a constant CV > such that for all t E [0, 0] and ali (9,x) in Qg we 
have 

„ Ax - x(9,o)\\N 
K(i)|<Civ( J 



Proof First of all we claim that Uj(9) = 0. Indeed since Xj(9,9,x) + -gg 2 - (9,0,x) = we have 



dXj_ 



(9,9,x) = —Lj(9,x). Then our claim follows from the fact that -q^- (9,9,x) = djk- Now 



dX ■ dX ■ 

Uj(t) = -^j- (t, 9, x) + E L k{0, x) (t, 0, x) 

' k=l 



dx k 
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Using (jV.3.41) we obtain 



0L,- 



+ V L fc (0, x) V ^ (t, X(t, 9, x)) (t, e,x) + -^- (t, X(t, 9, x)) (t, 9, x) 
^ ^— ' L dzn dx k &Zn dx k 



k=l 



" flr " f)T . r fly- 



r9 X 



k=l 



It follows then from ()V.3.45|) that with u(t) = (ui(t), . . . ,u n (t)), 

2uj{t) 



Uj(t) 



2t-i 



<\h(t)\\u(t)\ + \g(t)\, 



where 



Kt)= E mt(t,x(t,e t x))-^ 



a(t) = c E gj(t,*(t,M)) 

Now using (IV. 3.461) and (IV .3.4fl we have J° h{t) dt < C and J°g(t)dt < CC N lx ~ x ^' N a)]N , 
Lemma IV.3. 141 follows from Lemma IV.3.61 since Uj(9) = 0. 

To solve the transport equations we need to introduce some notations. First of all we shall set, 

(V.3.51) D = {{0,z) G K x C n : \z-x(9,a)\ < % {0) , \Imz\<-±, Re z ■ a £ < a (Re z) \a £ \ 
where 8\,c\,K have been introduce in the statement of Theorem IV. 3. 21 
Let a G C°°(D). We introduce some possible estimates. 

/ V o„n f Vft^N", 3C^>0 such that 

1 J 1 for all (0, z) E D , \dg a(9 , z)\ < C ^ 



(V.3.53) 



ViVGN, 3Cjv > :Vi = l,...,n, V(9,z)£D 



da 



(9,z) 



< Cn I Im z 



N 



(V.3.54) 



3(To > : V//, v G N n , 367^ > : V(0, z) G D 



\d^a(9,z)\<^^. 



We first state the following result. 
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Proposition V.3.15 Let uq = uq(z) be a C°° function in a neighborhood of Dq = {z E C n : 

\ z — ol x \ < 61} such that for any N £ N one can find CV > such that for every j = 1, . . . , n and 
z E D , 

du 



< Cn I Im z 



N 



For (6,x) elxl", (0,x) £ D we set u{9,x) = u (X(0,9,x)). Then for any N > we can find 
(V.3.55) — — {(-). .r ) + y — ^— (.c. <]>(#. :r. n ) ) — (9. .1) < C' f 



b(»..)+E|(.,»(^.))5(M 

fc=l 



x — x (7, a 



(V.3.56) 



u(0, x) = «o(x) 



(V.3.57) 



For any 7 G N n one can find C 7 > such that 
1 52 x)| < C 7 for every (0, x) iiiDnRx M n . 



Proof First of all by (IV.3.5|) (i) we have for (9,x) £ DnRx R n , 

\X(0 M -a x \<K^^<K^ = Sl . 



Therefore u(6,x) = uq(X(0,0,x)) is well defined and satisfies (|V.3.57|) by Proposition IV, 3 . 12l the 
fact that uq is C°° in a neighborhood of -Do an d the Faa di Bruno formula (Section IV111|) , Now 
since X(0, 0, x) = x, ()V.3.56|) is obvious. Let us check ()V.3.55|) . We set 



Then 



1 



+ £ S wo, ^ (0' *) + E ^ & «)) f| (0' ^ *)' 



fc=i 



and we write (1) = (A) + (5). 



By Lemma IV.3. 141 with t = 0, the term (A) satisfies (jV.3.55|) . By the hypothesis made on uo and 
(IV -3.5)) (ii) we have 



J° (X(O 5 0,x))| ^C^Im^O^x)^^ 



x — x 0, a 



A' 



Using ()V.3.45|) and the fact that <5 and the coefficients of p are bounded we deduce that the term 
(B) satisfies also (|V.3.55|) . □ 
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Proposition V.3.16 Let a £ C°° on D which satisEes fV.3.53)) . jV.3.54}) . Let us set 



A(s,9,x) = / a(ci, X(a, 0, x)) da 
Je 

for s e [0, 9} and (9, x) G D n E x M n . Then 

for any iVGN one can find Cat > such that 



(V.3.58) 



for ah s G [0, 0] and (S,i)eflnRx M n . 



fc=i 



(V.3.59) 



,4(0, 0,x) = 0. 



(V.3.60) 



For every 7 £ N n , there exists C 7 > such that 
|d£M(s,0,s)| < C 7 on [0,0] x hnl x R n . 



Proof The claim (IV .3.591) is trivial, (IV. 3. 601) follows from Proposition ! V. 3. 121 (IV. 3. 541) and (IV. 3.51) 

(iii). Let us show (|V.3.58j) . We set 



8 A 8r> 8 A 

fe=i SK K 



a y, x . 



Then 



<9a 



0=1 

n 



9Xj 'a, 9,x) + j^^- (x, m x, «)) ^ (a, 0, x) 

fe=l 



90 



3X > (a, 9, x) + V ^- (x, $(0, x, a)) ^ (a, 0, x) 



00 



da = (A) + (J5) 



By (IV.3.54j) and (EH) (iii) we have \-§§- (a,X(a,9,x))\ < {e _f )i+ , ■ Therefore using Lemma 
IV.3.14l we obtain (|V.3.58|) for the term (A). 



Now it follows from (jV.3.53|) and (|V.3.54|) by interpolation that 

da ,„ 



8Zn 



„ \lm.z\ N 
(Re 2) + 2 



Thus using (|V.3.45|) . (|V.3.5|) (ii), (iii), we obtain (|V.3.58|) for the term (B) since $ and the coeffi- 
cients of p are uniformly bounded. □ 



This is the last result before the final one solving the transport equations. 
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Proposition V.3.17 Let b be C°° on D satisfying J V.. 1521) and W.3.53}) . Let us set B(s,9,x) 
b(s,X(s,9,x)), s G [0,9], (9,x) G DDR x R n . Then, 



(V.3.61) 



for every N > there exists Cn > such that 



^ (*, M) + £ & (*, x, a)) ^ ( Sj 0, s) 
fc=i 



A' 



(V.3.62) 



B(6,0,x) = b(6,x), 



(V.3.63) 



for every 7 G N n , ^, m G N there exists C 7 > such that 
|d2£(s,0,x)| < C 7J V(s,8,x) e[0,9]xDnRxR". 



Proof The claim (jV3.62j) is obvious and (|V.3.63j) follows from Proposition IV.3.121 and (|V.3.52|) . 
Let us show (|V.3.61|) . The left hand side of (|V.3.61|) can be written, 



j=l 3 

n Bh 
3=1 j 



^ £k dx k 



de 



{A) + (B) 



The estimation of (^4) follows from Lemma lV~3.14l and l|V.3.52|l . Now from ()V.3.53|) . ()V.3.5|) (ii) and 
Proposition IV.3.121 we deduce the estimation of (B) since <E> and the coefficients of p are uniformly 
bounded. □ 



Theorem V.3.18 Let o = a{9,z) be a C° ° functi on on D satisfying \V.3.53\) . IV. 3.54]) . Let 
b = b{9, z) be a C°° function on D satisfying i)V.3.52j) . ^V.3.53)) . Let uq = uq(z) be a C°° function 
on Do satisfying the hypothesis of Prop osition I V. 3. 1 51 With the notations of Propositions I V. 3. 1 5\ 
\V.3.16\ and \V.3.17\ we set 

v{9, x) = / e A( - s > e > x) B(s, 9, x) ds + e A ^ d ^ u(9, x) . 
Jo 



Then 



(V.3.64) 



for every N > 1 there exists Cn > such that 



|(M)+EI {x, x, a)) £-(0, x) + a(9, x) v(9, x) - b(9, x 



dp 



8v 



<K 



< C 



for all (9,x) G Dfll x 



\x-x{6,q)\ N 
N (0)JV-i 



(V.3.65) 



v(0,x) = u (x) , 



(V.3.66) 



for all 7 G N n , there exists C 7 > such that 
\d u x v{9,x)\ <C 1 {9) for all (9, x) eDfllxR" 
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Proof (IV. 3.65(1 is obvious, (IV.3.661) follows from (IV. 3.57(1 . (IV.3.601) and (IV .3.631) . Let us show 
(IV.3.6411 . We set 

Then 



Cv(8, x) + a(6, x) v{0, x) - b(9, x) = b(9, x) + / e A{s ' 9 ' x) [CB{s, 9, x) + CA(s, 9, x) B{s, 9, x)} ds 

Jo 

+ e A ^' e ' x) (u(9, x) CA(0, 9, x) + Cu(9, x)) + a(9, x) ,x) 

+ a(9,x) / e A{s ' e > x) B(s,8,x)ds-b(9,x). 
Jo 

So 

r 9 

Cv{9, x) + a(9, x) v(9, x) - b{9, x) = / e A( > s ' e > x) [CB(s, 9, x) + (CA(s, 8, x) + a(6, x)) B(s, 9, x)] ds 

Jo 

+e A{o,e,x) [ CA ^ ^ x) + a( Q^ x jj ^ x) + ^(0,0,*) Lu{ q^ x) _ 
The Propositions IV .3.151 IVXT61 and IVXTTl show that 

\CB(s,8,x)\ + \CA(s,9,x)+a(9,x)\ + \Cu(9,x)\<C N l 

and \A(s,9,x)\ < C. Then (IV.3.641) follows. 



(0) 



N 



□ 



Proof of Theorem IV. 1 . H (continued). Case of incoming points Let us set 

(V.3.67) 



n 



j,k=i 



By Proposition IIV.4.141 (ii) we have 

dip 



dx 



,x,a) — <3?(6>, x, a) 



<C N 



\x — x(9, a)\ 

W) 



N 



Therefore using ()V. 1.3(1 . (jV. 1.4(1 we see that to prove Theorem I V . 1 . 1 1 it will be sufficient to construct 
a smooth symbol / = f(9,x, A) (with all derivatives in x bounded) such that 



Cf + af+^Pf 



< c N x 



-N 



We shall take / on the form 



f(9,x,\) = ^\- k f k (0,x,a), 

k=0 

where the f' k s are the solutions of the problems, 

PV 3 / ^-fo + afo = , /o|e=o = l, 

{ ' \ Cfk + af k = -*P h-i , f k \e=o = , k>l. 
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By Theorem IVTTSI we have, 
(V.3.69) 



f k (9, x) = Jo e A( - s ' e ' x ^ B k {s, 9, x) ds where , 
A(s, 9, x) = — J e a(a, X(a, 9, x)) da , 
B k (s,6,x) = - tS pf k ^(s,X(s,9,x)), k>l. 



1 1 \ l7 ' 
^^..'•)|£0,-.(^ + ^J • 



WA(s,e, X )\<Cz(± + ±) 



Our aim is to prove, by induction on k > that, 
(V.3.70) 

We claim that for all £ E N™, 
(V.3.71) 

uniformly with respect to s E [0, 0] and (9, x) E f2,$. 

Indeed using (| V.3.18|) and the estimates on d,b given in Theorem II V . 4 , 2 1 we see easily that 

< v - 3 - 72 ) K.) *)i * ^ ( (Re ,)im^o + ^ 

Moreover by Theorem IV.3.21 (iii) we have 



(V.3.73) 



(ReX(a,9,x)) > ± (( x ) + (9 - a)) . 



Using the Faa di Bruno formula we see that d% A(s, 9, x) is bounded by a finite sum of terms of the 
following form. 

|d£ - } a(a, X(a, 9, x)) f[(dl j X{a, 9, x)f 

3=1 



(1) 



da 



where 1 < |/?| < 1 < s < E *J = A E 1^1 



Setting Ji = {j E {1 2, . . . , s} : \£j\ = 1}, I 2 = {j E {1, 2, . . . , s} : |^| > 2} and using dVA72l . 
(|V.3.73|) and ()V.3.45j) we can write 



(1)<C 



since E % = A 
i=l 



+ 



(<x> + (6* - CT ))l/?l+2+^o ( a )\P\+2 



i i 

+ 



W^ 1 / 6 / 2 V(x)^- 1 (^)^l- 1 



Using (IV.3.5fi|l and the fact that E \ k j \ Kjl = 1^1 ~ \P\ we obtain 

/ 1 1 W 1 1 \ W " I/31 
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which proves (|V.3.71|) . 



As a consequence of (|V.3.71)1 we claim that 

(V.3.74) \ 9 i {e A(s M) \<c^— + —"j . 

Indeed by the Faa di Bruno formula the left hand side of HV.3.741) can be bounded by a finite sum 
of terms of the form 



(2) 



,A(s,e,x) 



3=1 



where 1 < s < | 7 |, 1 < E Ifyl < I, E = H- 

3=1 

Then (IV .3.7411 follows easily from (IV.3.711) . 

Now (|V.3.7fl|) for k = follows from (jV.3.74|) (take s = 0). On the other hand by the Faa di Bruno 
formula d2 /£,•(#, x, a) can be bounded by a finite sum of terms of the form 



(3) 



/ \d? (e A W-*>) | 9? [V / fc _!( S , 0, x))] d S . 

JO 



Setting for convenience = P fk—i it follows from the induction and Lemma I V .3. II that 

1/31+2 

(V.3.75) 



d (z,z) b k{s,z)\ < Cp 



1 1 

+ 



.(Re z) (s) 

Then the Faa di Bruno formula shows that the term d2 2 [*P fk~i(s, X(s, 9, x))] can be estimated by 
a finite sum of terms of the form 

s 

( 4 )= (<^(s,*M,x))n(^ 



where 1 < \/3\ < | 72 |, 1 < s < | 72 |, £ % = A £ N*j = 72- Then using (ES2SJ), jEHIHJ), 
(|V.3.45|) we see that 



(4)<C 



«x> + (0- S ) 
Now by (|V.3.71|) we can write 

(3)<C 



i i \ 



+ 



((x) + (9 - s))W+ 2 (s)^ 2 



1 1 



(e)\e\^\(x) 1 (8) J 



\ l7i|+baH0l 



since E I%l(l^|-l) = l72|-|/3|. 

je/ 2 



It follows from (|V.3.50j) that 

/ i 1 \ / 1 1 \ I7l|+l72|-|/?| 

since | 7 i| + | 7 2| = | 7 |. This proves (|V.3.70|) for all k. 



' 1 • M 



hi 



(x) + (9) J 
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V.4 The amplitude for short time 



We shall need the following precision on the amplitude when \9\ < 1. 



Proposition V.4.1 Let on be the amplitude defined in Corollary I V. 1 . 21 Then for every 7 G N 2n 
one can find a constant C 7 > such that 

\dZ[a N (9,x,a,X)}\ < C 7 

for all \9\ < 1, \x - x(9,a)\ < 5(9), A > 1 and a G T*R n such that \ < \a £ \ < 2. 

Proof When 9 < 1 we can use the method of Section ^. 2l no matter is a, provided that ^ < \a%\ < 2. 
Let us recall how the amplitude ajv is produced. We have 



(V.4.1) 



ajsi(9, x, a, A) = (9) 2 eiy{9, x — x(9, a), a, A) , 
e N (9,x - x(9,a),ct,\) = /v(#, a '~^' Q) , a, a) , 



N+l 

f N (9,z,a) = J2 \~ e Ai(9,z,a) , 
1=0 

LA = 0, LA i = iQA i _ 1 , I = 1, . . . ,N + 1 , 
A)(0,z,a) = 1, ^(0,z,a) =0, 

|df A e (6,z,a)\ < Cp, V/?GN n , |0|<1, \z\<6, \<\a^\<2. 



Now, according to Proposition IIII.2~D for every 7 G N 2n such that I7I > 1 one can find C' > such 
that 

(v.4.2) \en a x{p, a )\ + \dit{e, a )\ <c; 

if |0| < 1, a G T*M n , i < |a £ | < 2. 

Assume that we show that for all (3 G N n , 7 G N 2n one can find Cp~ > such that 
(V.4.3) \d^dZM9,z,a)\<C^ 

if 1 9 1 < 1 and \ < \a^\ < 2. It will follow from (|V .4.11) to (|V.4.3|) and the Faa di Bruno formula 
that 

(V.4.4) \dZa N (9,x,a,X)\<C^ 

if \9\ < 1, \x — x(9,a)\ < 5 (9), ^ < \a^\ < 2, which is the claim of Proposition IV.4.T1 



So we are left with the proof of (|V.4.3|) . By (|V.2.8|1 . dVTQl) and (IVX2|) for all fx G N n , 7 G N 



2n 



there exists C^ 7 > such that 



\d^dZE 3 (s,y,a)\<C^, 



for all \s\ < 1, \y\ < 5 (s) and \ < \a^\ < 2. 

It follows from (|V.2.10jl . (|V.2.11I) that for all /? G N n , 7 G N 2n there exists C Pl > such that 



(V.4.5) 



&lhj(9,z,a)\ < Cfr , 



137 



for all |0| < 1, \z\ <S,l< \az\ < 2. 

And we see easily from dVTKl . (17X21) . (IV.2.151) . (IV.2.161) that hf°, d N °, satisfy also the bound 
()V.4,5j) . By induction on the size of derivation, using the Faa di Bruno formula and the Gronwall 
Lemma we see easily that the solution z = z(6, y, a) of ()V.2.26|) satisfies the bound 



(V.4.6) 



\d%d2z(e,y,a)\<C 



uniformly for \9\ < 1, \y\ < r], ^ < \a^\ < 2. 

Moreover by Lemma IV.2.31 if we denote by z) the inverse map of z(6, y) we have also by 

(EH, 

(V.4.7) \dPdZK(0,z,a)\<C^ 

uniformly for \0\ < 1, \z\ < 5, ^ < \a^\ < 2. Finally we have set for t = 0, 1, ... , iVo + 1, 

(V.4.8) A t {e, z, a) = A t (6, k(6, z, a), a) 

where 



A Q (9,y,a) = exp 
A t (0,y,a) = exp 



d No (t,z(t,y,a),a)dt 



d N °(t,z(t,y,a),a)dt I i(Q Ae_i)(t,y,a) dt 



so using (|V.4.6j) . (|V.4.7j) . (|V.4.8j) and the estimates ()V.4.5j) for d^ , we see easily that ()V.4.3j) 
holds, which completes the proof of Proposition IV.4.T1 □ 



VI Microlocal localizations and the use of the FBI transform 



In this Section using the phase and the amplitude constructed in Sections IIVI and we shall 
define general FBI transforms which will lead to a parametrix for the Schrodinger equation. These 
constructions will be microlocal so we will need several microlocal localizations. 



VI. 1 Preliminaries 



VI. 1.1 The semi-classical calculus 



We shall work with semi-classical pseudo-differential operators (p.d.o) and we shall use the Weyl 
calculus described by Hormander. We refer to |H] for notations and details. 

Let p G 5fg(IR n ) (the usual class of symbol of order m) and let us set a(x,£) = p(x, j), X > 1. It 
is easy to see that a G S(M,g) where, 

g = dx* + -J^- 2 , M = A-(A 2 + |e| 2 )T. 
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The p.d.o associated to the symbol a is denoted by p(x, -j). Then we have the following symbolic 
calculus. 

i) Let p G Sft, q G Then one can find l\ G 5™+™' such that 



D 



The semi norms of £\ are uniformly bounded when A > 1 and for any N G N* we have 



H<7V-1 



where r N G S 1 m + m _JV uniformly for A > 1. 

ii) Let p G S® . Then there exists C > such that 



/)[!, — J II 



L 2 



<C\\u\\ L 2 



for every u G -L 2 (IR n ) and A > 1. As a consequence, for all s G M and all p G S^b one can find a 
constant C > such that for every u G 5(M n ), 



7 " A^K^X''' 



L 2 



< c 



L 2 



for all A > 1, where A = d 2 . 



3=1 



VI. 1.2 The FBI transform 



We recall here the definition of the classical FBI transform as described in Sjbstrand Sj . We set 
for q = (a x ,a^) G T*R n , A > 1, u G L 2 (M n ) and c n = 2^71"-^, 



(VI.1.1) 



Tu(a, A) = c n AT / e *A(y- aa; )-a e -^|i/-a,| 2 +A| Q| |2 u ^ dy _ 



Then T maps continuously the space L 2 (M n ) to the space of functions v = v(a) such that e 2 l a d ^ g 
L 2 (M. 2n ). 



The adjoint of T is then given by the formula 



(VI.1.2) 

Then we have 
(VI.1.3) 



T*v(x, A) = c n \-f / e -<A(*-a«)-«e- 2 k-«-l 2 - 2 Kl 2 u( x ) da 



T*T is the identity operator of L 
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We shall need also the expressions of T and T* by means of the Fourier transform. We have, 
(VI.1.4) 



Tu(a,X) = / e*™*->«+§ f+*l°« \ u{u)du 

^ ?S;(£, A) = c' n At / e -«-«--7l««+^ l a -7l«el a „(«) da . 

Let us consider now a self adjoint operator, 



(VI.1.5) 



j,fc=i i=i 



with gi k = 5jk + sbjk, where e is a small positive constant, Sjj- is the Kronecker symbol and, 



E I^M*)I< 

|a|=fe 



fc = 0,l,...,i€l n , a >0. 



Then by interpolation and duality we can prove the following estimates. For all s 6 R there exists 
C > 1 such that for all u G Cg°(K n ) 



(VI.1.6) 



1 

C 



\u\\h' <\\(i + PP «||l2 < c IMIff« • 



For all s > there exists C > 1 such that for all A > 1 and u G Co°(R n ), 



(VI. 1.7) 
(VI.1.8) 



I -\ S 

/ + -)) •' u 



L 2 



< C \\u\\h s 



L 2 



< CA s ||n|| H - s 



VI. 2 The microlocalization procedure 



We begin by introducing several cut-off functions. Generally speaking we shall denote by % (resp. 
V>) cut-off functions in the space (resp. frequency) variables. 

Let Co e W l , |fo| = 1 be fixed. 

Let xo e C°°(R) be such that, 

(VI.2.1) 

With <5i > to be chosen later on we set 



Xo(s) = lifs<-, xoOO =0ifs> 1, 0< X o<l- 



(VI.2.2) 



Xt(x) =xo(-^), Xt{x) = Xo( - If ) , X 3 + W 
Xl» = Xo(^) , X 2 + (*) = Xo(|f ) , X 3 + W = Xo(f£) • 



Vol 



These cut-off functions will correspond to outgoing and incoming points. Now for convenience we 
shall set, 



(VI.2.3) 



6 , 19 

a= io' b= To 
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and with 82 < j^j (chosen later on) we introduce the following cut-off functions. 
Let 4j G C°°(R n ) be such that < ip < 1 and 



(VI.2.4) 



MO = 1 if 



supp 



Y>0 C {C : 



HI 



1. 

lei 



£0 < 5 2 and |£| > 25 2 
-fo| < 2<5 2 and |£| > 5 2 } 



= 1 if a - (5 2 < |^| < 6 + <5 2 , 
supp^i C {£ : a-2<5 2 < |£| < 6 + 25 2 } 



Let ^1 € Cg°(R n ) be such that, < Vi < 1 and 
(VI.2.5) 
We shall set 

(vi.2.6) MO = MS)MO- 

Now we introduce for t G M the operators, 



(VI.2.7) 



It follows that if we denote by U* the adjoint of U then we have 

' U±(h) U±(t 2 )* = K±(t! - t 2 ) where, 

K + (t) = xt(?)M%) e ~ itP ^ii) xtix) , 



(VI.2.8) 



K_(t)=xT(x)M I X 



-up , 



^2(f) Xl 



) be such that < ^3 < 1 and 

V> 3 (£) = lif |^+Co|<3(52 and a - 3<5 2 < |£| < b + 3S 2 
supp^C jc : jfj + Co < 4<5 2 and a-4<5 2 < ICI < & + 4<5 2 } . 

The first localization result requires to introduce the following Definition. 



Let now ip 3 G Cg* 
(VI.2.9) 



Definition VI. 2.1 We snaiJ call 1Z the set of families of operators R = (R\(t)) depending on 
A G [1, +oo[ and t G [— T, T] sucn thai for every N in N one can find a constant Cn > sucn that 
for every u G 5(M n ), 

(VI. 2. 10) ||i?A(*)' u ll^ 2JV (R«) < CW ll u llif- 2JV (M") 

uniformly with respect to (X,t) G [1, +oo[x [— T, T]. 

Then we can state the following result. 



Theorem VI.2.2 Let T > 0. For every t G [-T, T] and A > 1 one can write 



(VI.2.11) K + (t) = xt ^2 (y) xt T^ x X 3 + K) M<*t) T y ^ a 
where G K. 

The same formula is true with the sign — instead of +. 



-UP 



*t*h(j) Xt] 
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The proof of this Theorem requires several steps. 



Lemma VI. 2. 3 There exist a constant C > such that 



^(|)t*[(i-v> 3 K)H 



< Ce-i s M\e-^ 2 v\ 



L 2 (R 2 ™) 



for every v such that e 2 ' Q4 ' v E L 2 



t>2n\ 



Proof We claim that on the support of ^(0(1 ~~ ^3( Q f)) we have 



(VI.2.12) 



|£ + a 5 | >-5 2 \az\. 



Indeed, according to (IV1.2.4I) to (IV1.2.6I) and (IV1.2.9I) we have on this support |||y — £o| < ^2 > 
o — 2(^2 < |£| < i> + 2(^2 and either \a^\ < a — 3#2 or |o^| > + 3^2 or | j^|y + £o| > 3(52- In the first 
case we have |£ + > |£| — |a^| > (52- In the second case we have |£ + ag\ > \ag\ — |£| > 62 and in 
the third one we have 



> 



Therefore + £| > 82 \ol^\. It follows that 



+ £0 



> 80. 



l«e + ei>|«e + ^U 



5 id 



>5 2 |a 5 |-||e|-|a 5 || >5 2 |a c |-|a 5 + e| 



so |a£ + £| > ^ ^2 and our claim is proved. 



Now using (|VI.1.4|) we can write 

'D 



(1) =:^ 2 ( X ) T*[(l-M^))] v)(0 



iC .^_A| Qe + i|2_A |Qd 2^ _ ^(^^ da _ 



Let us set 



w(C,a c )= / e -«-«--^l«el w ( a ) da x = T ax {e~* W w)(£,a f ). 
Using Cauchy- Schwartz inequality we obtain 

|(i)| 2 < CAf ^ e - A i^+ii 2 vl(|)(i-V3(«e)) 2 rf«s) (/ Ke,^)^ 

so by (IV1.2.12I) 



|(l)r < CA»e"^ 



It follows that 



|(l)| 2 <C"e-^ / \ w ^ a ^da^. 
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Integrating with respect to £ and using Parseval identity we obtain 



^(-) T*[(l-M^))v] 



L 2 



<Ce"^ / e -i\^\ 2 \v(a)\ 2 da. 



□ 



Corollary VI.2.4 We have for t G [— T, T] and A > 1, 



K+(t) = xt V>2 (j) T* M^) T e~ up ^ 2 (y) X + + R+(t) 



where (Rt(t)) G 7?.. The same is true for the sign —. 



Proof Using (IV1.1.3I) we write Id = T*T = T* ip 3 {a{) T + T*(1 - ^3(0^)) T. So we have to prove 
that the family of operators 



Rl(t) = xt ^ ( j ) m - ifetee)) r ^ p ^ ( j ) X J 



belong to 1Z. 



Let $ G C^(R n \ 0) be such that = Va(0- Th en writing Vfe(f) = ^(x) ^(y), using 

Lemma I VI. 2 . 31 and the fact that (^(y) v||^2jv — C X 2N \\v\\l2 we obtain 



\R$(t)v\\ H2 N <CA 2Ar ei A ^ 



L 2 



Since T is continuous from L 2 to the space of v such that e 2 v £ L 2 and using the conservation 
of L 2 norm we obtain 



\RUt)v\\ H 2N < Cr v e 



2W „-iU<5 2 



L 2 



^ f-tl \ 4n „-|Ai52 11,11 

SUA e 8 2 ||U||jy-2JV 



so our claim is proved. 



□ 



Lemma VI. 2. 5 Let xt be defined in IV 1.2.2(1 . Then we have for t G [-T, T] and A > 1, 

K + {t) = X f 1P2 (y) Xt T* M^) T e~ UP xt V>2 (y) + /tf (*) 
where (-Rt(i)) G ft. 



Proof Since by (|VI.2.2|) the support of xt an d 1 — xt are disjoint, the symbolic calculus shows 
that the operators xt ^(xK 1 ~ xt) and (1 _ xt)^^) xt belong to jir^jTo^ for an y M G N - 
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It follows from (VI. 1.7) that if M > 2N, 

xt ^2 (f ) (1 - xt) T* M^) T e~ itP ^ ) xt u 



H 2N 



<CX 2N 

< cx 2N - M 

<CX 2N-M 



D 



L 2 



D 



L 2 



_*|„ |2 

e 2 



< CX 

<cx 



2N-M 



D 



e itP ip2[j) \ i " 



L- 



< CA 



2N—M 



L 2 (R 2 ™) 



L- 



4JV-A/ 



Taking M > 4A?" we conclude that the remainder under consideration belong to 1Z. By the same 
way 



Xi 



V>2 (y) T* ^K) T e~ itP (1 - X +) ^2 (y) x| 



H 2JV 



< CX 



2N 



L 2 



< C X 



2N 



L 2 



< c' X 2N ~ M 



L 2 



S O A ||n||^-2Ar . 



The proof is complete. 



□ 



Lemma VI. 2. 6 Let ip a £ Cq°(M) and Xa{x), Xbi&x) be C°° functions such that one can find «. > 
such that \x — a x \ > fj, if (x,a x ) belongs to supp[x a (£)(l — Xb(c*x))]- Then one can find e > 0, 
C > such that 



||Xa r*[^ a (a ? )(l - Xb(a x ))v]\\ L2( ^ n) 
for all v such that the right hand side norm is finite. 



< Ce~ £X \\e-^ 2 v\ 



L 2 (R2n) 



Proof It follows from (IV1.1.2I) that 

Xa(x)T*(M^)(l ~ Xb(a x ))v)(x) = J K(x,a)e-^ 2 v(a)da 

where 

K(x, a) = c n AT e -*A(*-«.)-««-|l*-««[ a ^ ( af ) Xa ( x )(i _ X6 ( ajB )) . 
Using our assumption we can write 

\K(x,a)\ < CATe-i" 2 e 4l^P^(a f ). 
Therefore one can find e > such that, 



sup / \K(x,a)\da < C e eX , sup / \K(x, a)\ dx < C < 



-eA 



so the Lemma follows from the well known Schur Lemma. 



□ 
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Corollary VI. 2. 7 We have 



K + {t) = X^(f ) xtT*M^)xi(a x )Te- itp X t^(j) xt + ^(f) 
where R £ 7Z and the same is true for the sign —. 



Proof We have to show that the operator 

D 



R+(t) = xt ^2 (y) xt T* M^) (1 - xtM) T e~ up xt ^ (y) xt 



belongs to 1Z. 



We apply Lemma IVI.2.61 with Xa = xti V'a = ^3, Xb = xt ■ Then according to (|VI.2.2|) we 
have on the support of xj(s)(l — xt( a x))i ~ x ' Co — 2<5i , — a x • £o > f^l- Therefore we have, 
I <5i < — a x ■ £o < (x — a x ) • £o — % • Co < |a; — a^l ■ |£o| + 2<5i, so |rc — a x | > /i > 0. Then using Lemma 



I Vl.2.61 we can write 

\\R x {t)u\\ H 2N < C\ 2N e~ eX 

<C'X 2N e^ 2 (j) xtu 



e--^\ 2 Te-* P xtM^)*T u 



I? 



L 2 



< C"X 4N e- eX \\u\ 



□ 



Proof of Theorem IVI.2.21 It follows immediately from Corollary IVI.2,71 



VI. 3 The one sided parametrix 



The purpose of this Section is to use the results of Sections IIV| IVl and IVI.2I to show that the 
operators K + {t) and K_{t) introduced in (|VI.2,5|) can be written as Fourier integral operators with 
complex phase functions. We shall take the expression of K±(t) given by Theorem IVL2~2l and we 
begin by considering the expression 



UP 



\2 :( y J \i " 



[a,\) (see (IVl.l.ll) ) . 



Let us first introduce some other cut-off functions. 



(VI.3.1) 



If \a x • a ? | < 2> ( ax ) \ a ^\ we set xfiv) = 1 • 
If \a x ■ a%\ > y (a x ) \a^\ we set, 

(i) in the + case, xtiv) = Xof - ^ 

(ii) in the - case, xiiv) = Xo(|ff) , 
where xo bas been defined (in QVI.2.1|) ) . 



;g°(R n ) 



In all cases let X5 G C| 

(vi.3.2) X5(y) = i if \y\< 



be such < xs < 1 and 
6 



suppxs C {y : \y\ < 6} 



145 



where 5 is the small constant introduced in Theorem IIV.1.21 For the convenience of the reader 
let us recall the main properties of the phase and the symbol constructed in Corollary IV.1.2| and 
Theorem IIV.1.21 First of all the phase ip is defined on the set ilg where, 



(i) if \a x ■ agl < Co (a x )|a^| then 

n s = {(9,y) eRxR n : \y-x(9,a)\ < 5(9)} . 

(ii) if a x ■ > co(a x ) \a^\ then, 

Sl s = {(6, y) G (0, +oo) x R n : \y - x{9, a)\ < 5(6)} U {(6, y) G (-co, 0)xK": 

\y — x(9, a) | < 5(6) and y • > — c\ (y)\oL(\~) ■ 

(hi) if a x ■ < — co(a x )\a^\ then, 

Q s = {(6, y) G (-oo, 0) x R n : \y - x{9, a)\ < 5(6)} U {(9, y) G (0, +oo) x R n : 

\y — x(6,a)\ < 5(6) and y ■ < ci (y)\a^\} . 

Moreover on this domain 



(VI.3.3) 



t /a n ^ 1 \y-x(9,a)\ 2 1 2 
lm<p(9,y,a)>- i + ^ 2 |a e | . 



Now if we set, with the notations of Theorem IV. 1.11 for A'gN, 
(VI.3.4) a(6, y, a, A) = (1 + 6» 2 )"? e N (0, y - x(9, a), a, A) . 

then a is defined on £lg for A > 1 and satisfies, 



(VI.3.5) 



a(0,y,a,\) = 1, 
a(6,y,a,X)\<c(l + 6 2 )-^ , 

iX W+ tp ) {e lX ^ 6 ^ a(6, y, a, A)) = b N (9, y, a, A) e <M*,v,«) , 



^ with|6 J v(0 ) y,a)|<c i v(l + 2 )-?(A- iV + A 2 (fcf^ 



Let us introduce now the following set. 

IV^jaeTT: ~< |a € | <2, ^ • a € | < c (a x )\a^ U {a G T*M n : 
\a x ■ a 5 | > c (a x )\a^\ , (a x ,a § ) G supp(xf(a x ) ■ ip 3 (a{})} 
where x% an d 1^3 have been defined in ()VI.2.2[) and (|VI.2.9|) . 

Then we can state the main result of this Section. 



Theorem VI.3.1 We have for t G [-T,T], and a G W + , 

T[e- UP xtv](a,X) = X^ J e iXtp( -~ xt,y,a ) a(—Xt, y, a, A) xt (v) 
'V - x(-Xt,a)\ + 



X5 



(Xt) 
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[Xjv](y)dy + J+(t)v(a) 



where the operator is such that, for any M G N one can find a constant Cm > such that for 
all X > 1 and t G [-T, T) 

ii p i , . n Cm I, n 

ll e 21 el J A W w IIl2 {W /+) ^ ll^Hi 2 ^) - 

and the same is true with the minus sign. 

Proof Let us introduce the following family of operators. We set for a G W + 

T) 

We must verify that the right hand side is indeed well defined. 

On the support of Xb we have \y — x(6,a)\ < 5(6) (which is one of the conditions for (6,y) to 
be in Qj) . If a G W + then either \a x ■ a e \ < co{a x )\a e \ or \a x ■ a e \ > co(a x )\a £ \ and (a x ,a £ ) G 
SU PP(X2~ ' ^3)- I n the first case by (|VI.3.1|) xtiu) = 1 hut (6, y) G Qs for fleR. In the second case 
since a x G suppx^ and ag G supp^ we have, by (|VI.2.1|) . ()VL2.2|) and (|VI.2.9|) . a x ■ £0 > — 3<5i 
and I |^|y + £0 1 < 4(^2 • It follows that 

(VI.3.8) a x ■ = -a x ■ £ + a x • f + £0) < 7 <5i (o.) . 



(VI.3.7) Sv(9, t, a, A) = AT / e iM*,v,«) ^ yj Qj A) x + (y) ^ ( V [ e -itP ^ (y) % 



|a^| v|a^ 

On the other hand we have |a x • > Co (a x )|a^|. According to (|VI.3,8|) we cannot have a x ■ > 
Co (a x )\a^\ if Si <C Co ; thus we must have a x • a% < —co(a x )\a^\. So we are in the case (in) 
for the definition of Q$- Since in the integral, on the support of xt (y) we have by (|VI.3.1|) . 
y • Co > — 5 5i > —5 Si (y), we deduce that 

V ■ -r% = -V ■ Co + V • (-r% + Co) < 9 Si (y) < c (y) . 

Therefore (0, y) G fts and the right hand side of (|VI.3.7|) is well defined. Of course the same 
argument is valid in the case of the minus sign. 

Now let us set for s G [0, t] if t > (resp. s G [t, 0] if t < 0) 
(VI.3.9) g(s) = Sv(X(s-t),s,a,X). 

Since g'(s) = (Xd$ + dt)(Sv)(X(s — t),s, a, A) we obtain 



(VI.3.10) 



Sv(0,t,a,X) = Sv(—Xt, 0, a, A) + J Q \Xd e + d t ){Sv){X(s - t),s,a, X) ds if t > 
Sv(0,t,a,X) = Sv(-Xt,0,a,X) - ff(Xd e + dt)(Sv)(X(s-t),s,a,X)ds if t<0. 



Let us set 

(VI.3.11) U(t,y,X)= [e- ltP xtv](y) . 

Then according to ()VL3.7|) we can write 

3n 

(VI.3.12) (Xd e + dt)(Sv)(9, t, a, A) = A~ [A x + A 2 + A 3 ) 
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where 
(VI.3.13) 

' A x = J Xd e ( e ^(**«) a(9, y, a, A)) X +(y) X5 ( M:z ^ 1 ) U(t, y, A) dy 
A 2 = J e iX<p(e,y,«) o(0) yi a> A ) x + (y) X5 (2=^21) (_iP) U(t, y, A) 

^3= E/ e*M^) a(0, y, a, A) X + (y) Xs) (^p 1 ) 9 e (^|^) I7(t, y, A) dy . 



Integrating by parts in the integral giving A 2 we obtain 



An 



(-^P)[e^y^a(9,y,a,X)] xt(y)X5 



y - x(6,a) 
(0) 



1<|j9|<2 



E / ^ v(e ' y ' a) 6/3(^y,«,A)(^^)(y)W- |/32| (^ 2 x 5 ) 



U(t,y,X)dy 

y - x(9,a) 



U(t,y,X)dy 



where 6/3 is a symbol satisfying the same estimates as a(9, y, a, A) (see (|VL3.5)) ). 
Combining the term A\ with the first part of A2 and using (|VI.3.5|) we can write 

3n 

(A d e + d t )(Sv)(9, t, a, A) = A~ {B x + B 2 + B 3 ) 



(VI.3.14) 
where 



' B 1 (9, t, a,X) = J e <M«,»,o) bN (9, y, a, A) X +(y) X 5 (^7^) ^ (*, 2/, A) dy 
B 2 (9,t,a,X) = E /e^'^C^^y.a.Aj^x^Cy)^)-^ 1 



(VI.3.15) 



l/3l+02l<2 



B 3 (9,t,a,X)= E Je iA ^ a )d 7 (e,y,a,A)(^x|)(y) 



1<|7|<2 



where C^^ 2 and d 7 are bounded symbol. Here we used the estimate \dg ^ x j( e ' a ) ^ 



we state a Lemma. 



< ^. Now 



Lemma VI. 3. 2 One can find constants C > 0, r/ > and for every M > a constant Cm > 
such that for ah" 0,t, A such that A > 1, |(9| < \Xt\, \t\ <T we have 

\\e-^ 2 B 1 (9,t,-,X)\\ L2(w+) <C M X- M \\v\\ L2m 

\\e-^\ 2 B 2 (9,t,;X)\\ L2(w+) <Ce-^\\v\\ L 2 (Rn) 

for all v in L 2 (R n ). 

Proof Let us consider the term B\. Using (|VI.3.5|) and ([VI.3.3|) we obtain 

e a„(„„„)-| w * bK y, y , a , A) X 5 ( y ~^ ,a) ) xt(y) Uv* W 
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On the other hand we have 



y — x(9, a) = we can write 



We want to apply Schur Lemma to this integral operator. First of all making the change of variables 

K(9,y,a,\)dy <C N {9)% [ e'^r {\~ N + \ 2 \z\ N ) dz . 

Since (0) < 1 + AT we obtain finally for all M > and A > 1, / K(9, y, a, A) dy < C M \~ M ■ 

To estimate (1) = J K(9, y, a, A) da we make the change of variable (3 = (x(9, a), £(9, a)) Since this 
transformation is symplectic we have da = d/3. Therefore we obtain, 

(1)<CW / e-^^(9)-U hm _ e>m2 ((3) (*- N + * 2 (^J^) N ) dP- 

1 (0) 

Since £(— 9,(3) = (3^ + 0{e) we have 3 < |/%| < 3. Setting as before y — fi x = ^7= we deduce 

easily that (1) < C M A~ A/ for every M > 0. It follows from these estimates, the Schur Lemma and 
(jV1.3.11l) that, 

\\e-^ 2 B,\\ <C M \- M \\e- UP ^ 2 (^) xlv\\ LHRn) <C' M \- M \\v\\ LHRn) . 



To deal with the term B2 we use exactly the same computations and the fact that on the support 
for \13 2 \ > 1 we have | < « ' 



of (cf 3 X5)(^#^), for |&| > 1 we have | < 12=^1 < $. □ 



Proof of Theorem IVI.3.11 in the following cases 
(VI.3.16) 

In both these cases we are going to show, with the notations of (|VI,3.15|) . that B3 = 0. 



(i) \a x ■ atg\ < c (a x ) \a$\ and t G [-T,T] , 

(ii) \a x ■ a%\ > cq (a x ) \a^\ and t 6 [0, T] . 



In the case (i) this is obvious since by (|VI.3.1|) we took xt(y) = 1. Now if t > 0, by (IV 1 .3.911 we have 
= A(s— t) < 0. In the case (ii) we have seen that in the case + we must have a x -a e < —cq {a x ) \a £ \. 
Now on the support of X5{ V we have \y — x(9,a)\ < 5(9) and it follows from Proposition 

ETUll that x(9,a) = a x + 29a^ + 0(e(9}). Then we write 

y£o = {y- x(9,a)) ■ ft + (a, + 29 a € ) • ft + 0(e(9)) . 

On the support of ip3(a^) we have + ft| < 4<5i so 

y • Co = (a. + 20 a f ) • (ft + y^j ) - K + 20 a s ) • + 0((e + S)(9)) 

y • ft > c (a.) + 2 |0| \a(\ -4^ (a s ) - C(<5 + e + 5i)(0) . 
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Since 5, e, Si are small compared to c$ we deduce that y ■ £o > {&) in the integral defining B% in 
(| V1.3.15|) . Since the support of dy xt(u)i f° r 7 0> is contained in | < ~ 5 y ^° < 1 we deduce that 
£3 = in this case, (see (jV1.3.1l) and (|V1.2.2I» . It follows from flV1.3.10p and (|V1.3.14I) that 

(VI.3.17) Sv(0, t, a, A) = Sv(-Xt, 0, a, A) + / (B 1 + B 2 )(s) ds . 

Jo 

It follows from Lemma IVI.3.21 that. 
(VI.3.18) 

Now we have 



a ^l 2 / {B 1 + B 2 )(s)ds 



C 



ip(0,y,a) =(po(y,a)+g(y-a x ), where 
< <A)(y, «) = (y - «x) • a ? + § |y - a x | 2 + ^ |a ? | 2 , 
< C N \x\ N for every N £ N. 

Let x 6 C^°(M n ) be such that x(x) = 1 if |x| < 1, suppx C {x : \x\ < 2} and let us fix N > 3. We 
can write 



(VI.3.19) 
where 

(VI.3.20) 



Sv(0, t, a, A) = Ai - A 2 - A 3 + A 4 



{ A\ = c n At j e^GwO ^ _ ^ ^ yj A) dy 

A 2 = c n ATj e *Avo(v,«) (l _ x (CWA|y - a*!")) xtiv) X^V ~ ot x ) U(t, y, A) dy 
A 3 =c„At / e iVo(v,a) (1 _ e'^b-",)) x ( Cn X\y - a x \ N ) xt(y) 

■ Xs(y - a> x )U(t,y,\) dy 
A 4 = c n \ 3 -rj e iHf (y,«)+9(y-**)) (1 _ x{Cn \\ y - a x \ N )) X +(y) 

■ Xb(y - a x )U(t,y,\) dy . 



We claim that we have for j = 2,3,4, 



(VI.3.21) 



e 2 



< 



Cm, 



j\\l 2 (w+) — \M 



n) , M N -> +00 if JV -> +00 . 



(i) Term A 2 

On the support 1 — x(CjvA|y ~ a x\ N ) we have \y — a x \ > C' N A~jv . So, 



Using the Schur Lemma and the inequality ||C/(i, •, ck) ]|x 2 — CIMIl 2 ( see <|VI-3.11|l ) we obtain 
(IV 1 .3.21 1) for A 2 . 



(ii) Term ^3 
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On the support of x(CivA|y — ot x \ N ) we have X\g(y — a x )\ < CjvA|j/ — a x \ < 2. Therefore we have 
|1 _ ^g{y-^)\ < CX\g{y - a x )\ < C' N X\y - a x \ N . It follows that 



tKI 2 e i\fo{v,a) ^ _ e ^a(y-^) x (c N X\y - a x \ N ) < C' N e "f l«l 2 . X\y - a x 



_A|„ |2 

e 



< _gv_ (A | |j, _ ^D^v e -*|y-o.P e -||y-^| 2 
A 2 1 

< C Af - 1 |y-g, I 2 

The Schur Lemma shows again that A 3 satisfies (jV1.3.21l) . 
(iii) Term ^4 

On the support of X5(y~ a x) we have, according to ()VL3.2|) . \y— a x \ < 5. It follows that \g(a x — y)\ < 
8 C%\y — a x \ 2 so if 5 is small enough, 

-5 l a ?| 2 ~ Im yo(y,a) - Img(y - a x ) < -- |y- a x | 2 
and, as for the Schur Lemma implies that A$ satisfies ()VI.3.21|) . 
Using (IVT.3.191) and (IVT.3.21|1 we see that 

(VI.3.22) Sv(0, t, a, A) =c n X^ J e lX ^^ xtiv) Xs(y - a x ) U(t, y, A) dy + J+(t) v(a) . 
(VI.3.23) || e ^KI 2 j+(t) v \\ < C M A~ m \\v\\ L 2 (Rn) . 

Now, on the support of Xb{y ~ a x) — 1 we have \y — a x \ > | so modulo a term which satisfies 
()VL3.23|) we can remove Xzil) ~ a x) in the right hand side of (|VI.3,22|) , Let us remove xt- When 
a G iy + we have la^ • a £ \ < co(a x )\a>£ | and xtiv) — 1 ( see <| VL3.1|l ) (so there is nothing to remove) 
or a x G suppx^ (see (|VI.3.6|> ) that is —a x ■ £0 < 3<5i . In the later case on the support of 1 — xtiv) 
we have ~g^" > | (see ()VI.2.1|) . (jVI.3.1|0 so \y — a x \ > a x ■ £0 — y • £0 > f £l- The corresponding 
term, again by the Schur Lemma, satisfies (|VI,3.23|) . 

Using (|VI.1.1|) we see therefore that 

(VI.3.24) Sv(0,t,a,\) = T [e~ itp xtv]{a, X) + J+ (t) v(a) , 

where j£(t) satisfies (IV1.3.23I) . 

Gathering the informations given by (|V1.3.17I) . (IV1.3.18I) . (jV1.3.24l) and (IV1.3.23I) we obtain the 
claim of Theorem IVI.3.11 in the case ()VI.3.16|) . 

Proof of Theorem IVI.3.11 in the following case 

(VI.3.25) \atx ■ a(\ > co(a x )\ae\ and te[-T,0]. 
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According to (|VI.3.14|) . (|VI.3.15|) and Lemma IVI.3.21 we must prove that for all N G N one can 
find Cm > such that for A > 1, 

(VI.3.26) \\e-^ 2 B 3 (9,t,;X)\\ L2{w+) < C N \- N \\v\\ L 2 (Rn) . 

Here 9 = X(s - t) > since s £ [t, 0]. 

Let us introduce a new cut-off function. Let ^4 £ C^°(R n ) be such that < ip^ < 1 and, 



(VI.3.27) 



M0 = 1 if 

SUpp^4 C {f 



HI 



< 5<5 2 , a-55 2 < |f | < 6 + 5<J 2 

< 6<5 2 , a-6<5 2 < |e| < & + 6<5 2 } 



We state a Lemma. 



Lemma VI. 3. 3 Let us set 



(VI.3.28) W + = |q : ^ < \a^\ < 2 , 1^ • a s | > co{a x )\a^\ , (a x , a f ) e supp^ (a x ) ip 3 (a{))\ 
Let k(9, y, a, A) be a symbol and let us set 



F(0,a,A) = l^ + (a)e-!KI 2 / e a ^ e ^ k(9,y,a, X) Xs 



y - x{V,a 



D 



L VK+ v"/ J " '"V ' «> ' v A.O y /^v 

Then for every JVeN one can find Cat > such that for A > 1 and \9\ < XT we have 

\\F(9, ; X)\\ L 2 <C N \~ N \\v\\ L 2 {Rn) . 



v(y) dy 



Proof By (VI. 2. 12) we have |f + a%\ > fi > on the support of tps(a^)(l — ip4^))- Now recall 
that Theorem IIV. 1.21 shows that the phase (p satisfies 



(VI.3.29) 



^(9,y,a)-at < C (e + y/S) 
d§<p(9,y,a)\<Cf, i£\0\>l 



on the support of xs( ~ ^ ,a) ) b^xttv) 1 w+( a ) 



Let g e Cg°(M n ) be such that g(£) = 1 if |f | < 1. Then 

- ^(f )) « (y) = J™ (^) n / / e iA(s/ ~* K (1 " ^4(0) K^) <te ^ • 
It follows that 



(VI.3.30) 



F(9, a, A) = lim / -fQ(a, z) with 

£— >0 



Ke(a,2r) 



A V Jj- e -tl««l 2 l^ + ( a ) e *AM«.//...) + (, / -c l . t . 
s(fl, 



2- y • ./j ■ - J -]\\'• 'l , j/, ck, A) 

f 37 X4 + (y)(i - MO) gH) <% dy . 



152 



Let us consider the vector field 



X 



Then it is easy to see that 



Then we can write 



X e iX (y~ z )< — e iMy- z )< 



\A\<N 



{\+\\y-z\*)« 



(Vr.:i,">h / e^-*)-« (1-^(0) ^0^= / ^""^^^[(l- ^4(0)^0] de 

(i + \\ y -zW 9 " 1{l " M0) {d " 2 9)(£ ° * 



I e lX( - y ~ z ^ C Al A 2 ^ - »■ 1 1 i i - > < i i L> f ; > L ' 



A=A 1 + A 2 
\A\<N 



Now on the support of ^3(a^)(l — ^>4(£)) we have |£ + > fi > 0, it follows from HV1.3.29j) that 



|£(0,y,a)+4 > |n. +(| 



— (9,y,a) - a ? 



> fi - C(s + Vs) > I 



if e and <5 are small enough. 



If |£| > 2 sup (6*,y,a)| we have |^ (6,y,a) + £| > Therefore in all cases we have, with 
% > 0, 

(VI.3.32) 

Let us set then 



^(e,y,a)+( >//o(0- 



y 



and :/' = &(0,y,a)+f. 



iAK + g£(0,y,a)| a £^fy 



Then 



(VI.3.33) 



y e i\(<p(0,y,a)+(y-z)-£) _ e iA(p(0,j/,a)H-(tf-3i)-£) 
(tv\N _ 1 



(ty) i 



! '-/[=jv vi i y H<iv-i 1 1 
where P] c (9,y,a,T,T) is a polynomial in T, T of order < fc with C°°— bounded coefficients. 
It follows from ()VL3.32|) that on the support of tp3(a^)(l — ip4,(£)) we have, 

(VI.3.34) 



\u\=N 



\\T\ 2 



+ \ P 3N-2\u\-l(- ' ' )l < Cn 



\v\<N- 



^ | T |47V-2|^| - 



V 
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On the other hand we check by induction that 



(VI.3.35) 



u y 



{l + X\y-z\ 2 ) N 



2. *Nj*fi {l + X \ y _ z \2 ) N +3 ■ 



3<H 
2j + |yt|<|/3| + M 



Now if we insert (VI. 3. 31) into (|V1.3.30j) and if we make integration by parts with respect to Y 
using ()VL3.33j) we see using (IV1.3.34I) and (IV1.3.3I1 that K e (a,z) is bounded by a finite sum of 
integrals of the following type 



\ n \y-zf\ X j 



(dy 2 Xs) 



y - x(9,a) 
(0) 



(9)-\^\\d^xi(y)\e ' «//;«/£ 



\ \y-x(9,a)\- 



where < \A\ +j, v 1 + v 2 + vz = v, \v\ <N,A = A 1 +A 2 , \A\ <N,j< \v\, 2j + \A\ < \(3\ + \u\ 
Claim We have 

(1) = sup / \K £ (a, z)\dz < C N Mj^ 

a 

(2) = sup / \K £ (a,z)\ da < C' N 



Let us first remark that 
(VI.3.36) 



X J \x\ 



(l + \\x\ 2 ) N +i 



'N \N/2 ■ 



■ |/3| n N n 

rdx = C\ J - — -- < . 



Indeed -\0\ < \u\ - 2j - \A\ so j - if < ^ - l -§ < f . 

To estimate (1) we use the above estimate of K £ (a,z) which we integrate with respect to z. For 
the integral in z we use (IVI.3.36|) . The integral in £ is estimated thanks to the term where 



(0 1 

_± \y-x(e a )\< s 

< N, finally the integral in y is bounded by I e 16 W 2 dy<C^. Therefore we obtain 

A ^ 

\ n N n (6) n (0) n 



X 2 



To estimate the term (2) we use the change of variables a = (x(8,a),£(8,a)) as in the proof of 
Lemma IVT3~2l and IVl.B.Bfil . This gives, (2) < C Since \6\ < XT we obtain 

A"2" 

(l) + (2) < CA-f +n . 

We can therefore use the Schur Lemma and ([VI.3.30|) to achieve the proof of Lemma IVI.3.31 □ 



Corollary VI. 3.4 With the notations of I^VI.3.15)) and ]V1.3.11]) we have 
B *= E Je lXip{e ' y ' a) d,(8,y,a,X)(d] X i)(y) X5 



1<M<2' 



V X { ^ ,a) ) V>4 (f ) U(t, y, X) dy + J+(t) v(a) 



(VI.3.37) 



{Jxit) v \\l 2 (w+) <Cn X n ||?;|| L 2( R n) . 



154 



Now we state the following result. 



Lemma VI. 3. 5 Let b = b(8, y, a, A) be a bounded symbol. Let us set 
G(0,a) ~- 



(0) 



Then one can find C > such that for all \9\ < XT and v 6 L 



e -tKI 2 G(0,-) 



{0) n 



Proof Let us write 



G(6,a) = J K(d,a,y,X)v(y)dy. 
Then using the estimate (|VI.3.3|) we see that 



e-^ 2 l w+ (a)\K(e,a,y,X)\ <Ce 



A \y-x{8 a)\ 2 
16 (Sp 



§<KI< 2 " 



Prom this estimate we can use the Schur Lemma (making the change of variables a = (x(9, a),£(0, a))) 
to conclude. □ 



Let now V>5 G C£°(R n ) be such that < Vs < 1 and 

^ 5 (0 = 1 if |y| + £o| <7<5 2 , a- 78 2 < \£\ <b + 75 2 
supp^ 5 C {|y| +£o| < 85 2 }, a -8(5 2 < |£| < b + 85 2 

The analogue of Lemma IVI.2.31 proves that one can find C > 0, Eq > such that 



(VI.3.38) 



(VI.3.39) 



Hj) T ^ [(1 " ^MLmn) ^ Ce " £0A l|e " tl/35 ' 2 V|li2 ^) • 



Z,2(ffi«) 



Corollary VI. 3. 6 We have 



1<M<2 



j/ - x(fl,q) 



+ J+(i)i;(a) 



where J+(t) satisfies WL'AAU) . 



Proof We use Corollary IVLTH (IV1.3.39I) and Lemma IVDO! to remove ^(f)- 
Let now xt = xt(Px) G C§°(M n ) be such that < xt < 1 and 



(VI.3.40) 



X+(^) = l if J <5i <-&•&)< 6*i 
suppx^ C {A, : f «5i < -Ab • & < 7*i} . 



□ 
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Then we can apply Lemma fVI.2.61 with Xa = dy xt > ItI — 1> Xfe = Xe ■ Indeed on the support of 
dyxt (y)C 1 ~ Xij" (Ac)) we have ^ *i < -y • £ < 5 *i and • £ < \ ^ or "As ' Co > 6*1. In the 
first case we write 

15 7 1 
b - Ar| > I3 X ■ - y ■ io> — 5 X - -5i = -5i , 

and in the second case we have, 

\y ~ Ac I > 2/ • Co - As • Co > 6*i - 5 <5i = St . 

Therefore we obtain 

(VI.3.41) \\d^ y xi(y)T^ y i; 5 (f3^(l-xe(f3 x ))W\\ L2 < C \\e~^ W\\ L2 . 

Using Corollary IVI.3.61 we deduce the following Lemma. 

Lemma VI. 3. 7 We have 



B *= E / e iX ^ a U y (e, y ,a,\)(d^xi)(y)x 5 ( y j^- ) g^„hfe(fr) x^A.) 

1<H<2 ^ ' 

T z ^U(t,;X)](y)dy + J+(t)v(a), 

where J\(t) satisfies if VI.3.37]) . 



T771 + ?0 



Now on the support of ^(Af) Xe"(Ax) we have by (IV1.3.38I) . (|V1.3.4()I) . 

< (16<5i + 8<5 2 1 As I) I Ad <co(A*)IA«| 

if 16*1 +8*2 < Co- Therefore we are in the case (i) of (|VI.3.17|) and since Theorem I VI . 3 , 1 1 is already 
proved in this case for t £ [— T, T] we can write, 

(VL3.42) T z ^U(t,;X) = X^ / e^~^ a(-\t,z,(3,\) xt (z) X5 ( — * ( ~ A * ' " ] ) 

(xtv)(z)dz + J+(t)v(P), 

where J^(i) satisfies 

J for every N G N one can find Cjv > such that 
(VL3 ' 43) I \\e~^' Xtm JtftvWv < C N \~ N \\v\\ L , m . 



□ 



From this we can deduce the following result. 
Corollary VI.3.8 We have 



T z ^ U(t, ■, A) = AT J e *>(-**.*,/J) (-At, z, A, A) X5 ( - xtW {xtv){z) dz+J+(t) v{{3) 



where Jt(t) satisfies \ V 1.3.4$ . 
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Proof We have just to show that we can replace xt °y X3 111 (VI. 3. 42). But this is obvious 
since (see jSEEH, flYHUlO we have xt xt = xtO- ~ xt) xt + xt xt xt and (1 - x +) = 0, 

xi"X3=x^- □ 

We are ready now to prove QV1.3.26|> . 

Lemma VI. 3. 9 For all N G N one can find Cat > such that 

||e-7W a B 3 (e,t 1 -,A)|| £a(w , +) <C7^A- JV ||«|| La(R n ) 
for aJJ A > 1, 6 = A(s - i) € [0, AT] and all v G L 2 (M n ). 

Proof We use first Corollarv lV1.3.8l and Lemma lVl.3.71 On the support of "05(/%) Xet(Ac) X5 ( ^fep ) 
we have by (IV1.3.38I) . (|V1.3.4t)l) . (IV1.3.2I) . since x(-\t,P) = (3 X - 2Af ^ + C(e(t)), 

* • Co < (a - s(-At, /?)) • Co + (A ~ 2At /%) • £ + Ce (At) 

< & • £ - 2At /% • Uq + A] + 2At |/%| + C (e + 5) (At) 



< - <5i + 2At |/%| + C(e + 5 + <5 2 )<At) . 
Since > a — 62 we obtain 

* • £0 < - V tf i - 2 (« - ^) A |t| + C(e + 5 + <5 2 )(At) . 
5 

Taking 8,6,62 small with respect to 6\ and a we obtain z ■ £0 < ~~ T^ 1- Now 011 the support of 
vtfz) we have bv (|V1.2.1j) . z • E > -3&. 

It follows from Corollary IVL3~8l that T z ^pU(t,-,\) = R + v where satisfies (IV1.3.37j) . Now we 
use Lemma I Vl.3.51 and we obtain since \9\ < AT, 

||e-tl^l 2 S 3 (e, •, A)|| i2(w+) < C i^. ||2>_^ 5 (&) X^(&) T 2 ^ £/(i, •, A)]|U Rn) 

< || e -| m 2 ^) x + (Ar) Tz ^ .)|| l2 . 

Since T z -+p U(t, •) = R + v, where R + satisfies ()VI.3.37|) . we obtain the conclusion of Lemma rVI.3.91 

□ 

To complete the proof of Theorem I VI . 3 . 1 1 in the case ()VI,3.25|) we use (|VI.3.11|) . (|VL3.14|) . Lemmas 
IVI.3.21 IVI.3.91 and the same argument as in the end of the proof of the case (|VI.3.17|) to remove 
the cut-off functions xt(y) an d Xsiu ~ a x)- □ 



VI. 4 Conclusion of Section VI 

Here we state a result which combines the conclusions of Theorems I VI . 2 . 2 ( I VI . 3 . 1 1 and (jVI.3.5|) . 
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Theorem VI. 4.1 Let K± the operators defined in i|VT.2.8[) . Then we can write 

K + (t)u{x) =1 + 11 + 111 

where 

D 



iXF(-Xt, X ,y,a) fl( _ Ati yf a) x+{y) x+{ax) 

y — x(—Xt,a)\ / (D 



Xn 



(Xt) 



H = xt(x)ih(jY) xt(x)T*^ x xt(ai x )(a x )i> 3 (az)j£{t)(xti>2(Jy^ xt u ) 
III = R+(t)u 



■02(y ) Xiu){y)dyda 



where 



(VI.4.1) 



' F(-Xt, x, y, a) = <p(—\t, y, a) - (x - a x ) ■ + § \x - a x \ 2 + § |a € | 2 , 
\a(-Xt,y,a,X)\ < C (Xt)~% , 

\\xt(<x x )M<Xi)e~^ ae]2 Jx(t)v\y < CX~ N \\v\\ L 2 , ViV G N, 

, \\R%(t) U\\ H 2N < C N \\u\\ H -2N , VTVfSN, 



and xf^j have been defined in IVL2.lt to W1.2M) . IW.Zflj) . LH.lt and WL'A.'A) . Moreover the 
same result holds with the minus sign. 



VII The dispersion estimate and the end of the proof of Theo- 
rem 1.1 



VII. 1 The dispersion estimate for the operators K±(t) 

Let us recall that K±(t) have been introduced in (|VI.2.8|) . The purpose of this paragraph is to 
prove the following result. 



Theorem VII. 1.1 Let T > 0. Then there exists a constant C > such that 

C 

\\K±{t) u\\l°° < —w \\u\Il 1 
\t\ 2 



for all <\t\<T and all u £ L 



l(TB>n\ 



Proof We shall use Theorem I VI .4.11 and its notation and we shall consider only K + ((t). Then we 
can write 

(VILLI) \\K + {t)u\\ L °° < + \\H\\l°° + l|LZ7|| L oo . 



158 



Let Nq e N be such that 2iV > §. By the Sobolev embedding and ljVI.4.11) we have 

(VII.1.2) < C \\R+(t)u\\ H 2 No < C' No \\u\\ H -2N < C" \\u\\ L i < ||n|| L i 

\t\ 2 

Let us consider the term II. We have 

<c\\xt V>2 (j) Xt T* (xt ^ Jl (xt ^ (y ) xU) 
<C'\ 2N °\\T*(...)\\ L2iWl) 



H 2N o 



< C"X 2N ° 



■~^ 2 xiM M<*d J A + (t) (xt V>2 (y) xl 



u 



L 2 (R2n) 



<c N \™°- N \\xt1»(j) xU 



N 



< C' N X 2N ° 

< C'L X 4N °- N 



D 



L 2 (R n ) 

Nn 



^ 2 (y)(/-A)-^> X tu 



L 2 (R") 



<N A " \\ u \\H- 2N o ■ 
Taking N = ANq we obtain finally, 



(VII.1.3) 



C(T) 

L cv < C \\u\\ L i < „ 



So we are left with the estimation of [|/[|x,oo. Let us set 

k + (t,x,y,\) = \ 2 ? [ e iXF ^ xt ^a(-Xt,y,a,X)xt(y)xi(a x )M^) 



(VII.1.4) 



K + (t)v(x)= I k + (t,x,y,X) 



D 



'y - x(-Xt,a)\ , 
•* 5( (At) Ua 

(y) dy ■ 



and 

(vn.i.5) 

Then 
(VII.1.6) 

Since the operator xf ^2 (y) xt ^ s bounded from L°° to L°° with bound independent of A we have, 



I = xtMj)^K + (t)v. 



(VII.1.7) [|I[| r <» < C \\K+(t) v\\ L oo . 

Assume that the kernel fc+ has the following bound, 

(VII.1.8) \k+(t,x,y,X)\<-^, 

with C independent of A. It will follow from (IV11.1.7I) . (IV11.1.5I) and (IV11.1.8I) that 



< 



C 



L 1 
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Since the operator ^(y) Xi ^ s uniformly bounded on L l we will have 
(VIL1.9) \\I\\ L ~ < ||«[| L i . 

\t\ 2 

Then Theorem IVTTXTl follows from (IV11.1.1I) . (IV11.1.2I) . (IV11.1.3I) and (IV11.1.9I) . 

Proof of ()VII.1.8|> We divide the proof in three cases : At > 1, At < -1, \Xt\ < 1. 

Let us remark first that in the integral in the right hand side of (|VI.1.4|) . on the support of 
xt( a x) ' V^Q^) we have — a x ■ £o < 3<5i and |j^|y + £o| < ^$2- Therefore 

a x -^- = a x - (-^L + ( ) -a x -£ < (45 2 + 35 1 )(a x ) 

so 

(VII.1.10) a x ■ < c Q (a x ) \a^\ , 

if 5\ and (52 are small compared to cq. 

Case A : proof of (|VII.1.8|) when Xt > 1. 

In this case 9 = —Xt < and it follows from (|VII.1.10|) and Definition IIII, 2. 2~1 that all the points a 
in the integral giving /c + are outgoing for 8 < 0. It follows from Corollary IIII.3.31 that 

(VII.1.11) —j-(O,a) = 206 Jk + O(e(0)), l<j,k<n. 

Now using Theorem I VI . 4 . 1 1 and (|VII.1.4|) we obtain 

(VII.1.12) \k+(t,x,y,X)\ < cXT e 16 2 ' x Qa:| ^ 3 ( Q{ ) (At)- a da . 

By ()VII.1.11() we can make the change of variables 

dj; = a x , = x(— At, a) 
and | det | > (At)" if e is small enough (since (At) < \/2 |At|). It follows from (jVII.1.12j) that 

|fc+(t,a:,y,A)| < A^ (At) "5 |At|" n // e ^ J W r " e -fl~l 2 rf a . 



Setting d^ — y = -^=^ Zi, — a; = ^= £2, ^ = (zi, £2) we obtain 

|A: + (t,2;,y,A)| < C A 4 ? (At)~i (At)~ n (At)" A" 71 / e~ |z|2 dZ 

so 

C 

\k + (t,x,y,X)\ < — , 
1 2 

since (At) < V2Xt. This proves IjVU.l.SJ) in this case. 
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Case B : proof of (IV11.1.4I) when Xt < -1. 

In the right hand side of (jVII.l,4|) we integrate on the support of xt( a x) ' ^3( a ?) on which we have 
HVII.1.10JI . We divide this support in two subsets U\ and U2 where 

Ui = |a = (a x ,az) G supp(x3 (a x ) ^3(0^)) : -c {a x ) We\ < a x • a € < c (a x ) We\} 

U 2 = I a = (a x ,a ? ) G supp(x^(ax) ^3(05)) : ol x ■ a% < -c (a x ) \a^\\ 

According to Definition 1111.2.2*1 we have U\ C 5+ n S- (which means that the points in U\ are 
outgoing both for 9 > and 9 < 0). 

According to Corollary 1111.3.3*1 we have (|VII.1.11|) for 9 G M so in particular for 9 = —Xt > 1. 
Therefore the same arguments as those used in case 1 work. It follows that the part of the integral 
giving k + which concerns U\ is bounded by C \t\ 2". We consider now the integral on XJ<i- Here 
9 = — Xt > 1 and the points in U2 are incoming for 9 > 0. The needed estimate on k + will follow 
from the following result. 



Proposition VII. 1.2 One can End a function g = g(9,y,a x ) such that for all 9 > 1, all a G U 2 

-x(e, 



and all y G supp (xtiv) Xh{ V X (e)' a) )) we have , 



C 

We ~ 9(0, y, oc x )\< — \y- x(9, a)\ 



For the proof we need the following Lemma. 



Lemma VII. 1.3 Let a G U 2 and 9>1. Then for all Y G M n such that, 




Y ■ oi£ <20c (y)|a ? | 



26 



< c 



there exists a unique (3^(9, Y,a x ) G W 1 such that 



\P^9,Y,a x )-a^\ <2c , 
x(-9, Y, /%(#, z, a x )) = a x 



Proof Let E = G W 2 : |/% - < 2c }. Then we have 

Y ■ fit = Y • a 5 + Y • (/% - a c ) < 20 c (Y) We\ + 2 c (Y) < ~ (Y) |a c | . 

It follows that the point (Y, (5^) belongs to 5_ (see Definition IIII. 2 . 2")) . Since —9 < it follows from 
Proposition IIII.3~D that the equation x(—9,Y, (5^) = a x is equivalent to, 

Y - 29£(-9, Y, /%) + z(-9, Y, /%) = a x , 

that is to the equation, Y — 29 P^ — 29 ((— 9, Y, /3g) + z(—9,Y,P^) = a x . This equation can be 
written, 

Y — a 1 
Pe = ~ C(~0, Y, /%) + - z(-9, Y, ft) =: F(/%) . 
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We show now that we can apply the fixed point theorem to F in the set E. First of all if G E 
we have, 



< 



Y — a n 



29 



+ \C(-e,Y,(3 ( )\ + ^\z(-e,Y,^)\. 



Using our assumption and Proposition IIII.3T2I we obtain, 

\F(P{) - a £ | < c + 2e < 2c if 2e < c . 
Now if (3^ £ E, (3'^ £ E we have again by Proposition IIIL.'Ol 

Taking e so small that C e < 1 we obtain the conclusion of the Lemma. 



□ 



Remark VII. 1.4 Let (9,a,y) as in Proposition I VII. 1. 21 Then they satisfy the conditions of 
Lemi 
that 



Lemma Wll. 1 . 31 Indeed we have y G suppx^ that is — y ■ £0 < 5<5i and |j^|y + £o| < 4^2. It follows 



V • -rn" < y • (r^T + £0) - y ■ £0 < 4 «5 2 |y| + 5 Si < 10 c (y) 
since 5\ and 82 are small compared to cq. 

Moreover we have \y - x(6,a)\ < S {9) < ^2 59. By Proposition \lll.4. 71 we have x(9, a) = a x + 
2#a c + e>(e(#)) so 

ly-Qa, -29a^ + 0{e{9))\ < y/256. 



It follows that 



if ' e + 5 is small enough. 



y ~u a 



29 



< C {5 + e) < c , 



□ 



Now for fixed 9 > 1 and a G I/2 let us set 

(VII.1.13) A = |v G M n : y • a c < 20 c (V) |a e | , 

and for Y G A let us set 

(VH.1.14) n(y) = eM,v,/3f(5,v,a a: )) 



y-a 7 



26 



< c 



Lemma VII. 1.5 There exists a constant C > independent of 9, a such that 



dY v ; 



C 
< — 



for every Y in A. 
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Proof By Lemma I VII. 1 . 31 we have for j = 1, . . . , n, 

x j (-0,Y,%(p,Y,a x )) = <4 s . 
Let us differentiate this equality with respect to Y^. We obtain 



(-9, Y, Y, a x )) + E ff y > W> y > ^ 



Since the point (Y,/%) belongs to 5_ we have by Corollary IIII.3.3I 

(IT ■ (jT ■ 

p- (-9, Y, /%(•••)) = + 0(e9) , — i (-0, y, /%(•••)) = -20 <J jfe + . 
It follows that 



(VII.1.15) -JSfrY,^) 
Now thanks again to the fact that (Y,f3^) £ C?_ we deduce from Proposition 1111. 3.T1 that 

4 = y, /%(#, y, = y, - 26 h^y) + ^(-0, y, • • )) . 

Differentiating with respect to Y/% yields 

* " 29 i: (F) + It <-"■ r - *<■ ' ' >» + 1 i <"»• **<•■•» ^(*, - o . 

Using Proposition IIIL3.2I and l)VII1.15j) we obtain the claim of the Lemma. □ 

Proof of Proposition IVII.1.21 We shall prove that the function g defined by, 
(Vn.1.16) g(6, y, a x ) = H(y) = £(-0, y, ft(p, y, a x )) , 

satisfies the claim of the Proposition. 

To do so we must consider several cases. 

Case 1 Here we assume that 

(VII 1 17) { x ^' a ) ' a £ - 10 c ° ( x ( 6l ' a )) Kl ' 

\ \y — x(9,a)\ < \x(6,a)\ . 

Let us show that this implies that 

(VII. 1.18) ty+(l-t)x(0,a) £ A for all t€ [0,1] 

where A has been defined in (|VII. 1.131) . 

First of all using the Remark I Vll. 1.41 and (|V11.1.17|) we can write, 

(ty + (1 - t) x(9, a)) ■ as < 10 c (t (y) + (1 - t)(x(9, a))) \a^\ 

< 10cd[*(1 + |y|) + (1 - t)(l + \x(0, a)\)} \a^\ . 
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Now we use Lemma llV.4. 161 and we obtain 

(ty + (l-t)x(9,a))-a^ < 10co(l + V2 • \ty + (1 - t) x(9, a)\)\a$\ 

< 20c {ty + (l-t)x{9,a)) \a^\ . 

On the other hand we have 

\ty + (1 — t) x(9, a) — a x — 29 < t \y — x(8, a)\ + \x(9, a) — a x — 20 

< 2t59 + Ce9 <2c 9, 

since y £ suppxs( y ^e)'^ ) an d e ->^ are small compared to co- 
in particular (|VII.1.18|) for t = and t = 1 shows that we can apply Lemma IVII. 1 . 31 to Y = x(9,a), 
Y = y. Therefore we have 

x(-9, x(8, a), /%(0, x(9, a),a x )) = a x . 

But we have also 

x(-9,x(9,a,),£(9,a)) = a x 

and since a) — < C e < 2 cq it follows from the uniqueness of (3^ in the set E (see the proof 
of Lemma IVlI.1.3|) that /%(#, x(9, a), a x ) = £(9, a). Therefore we have by ()VII.1,16|) . 

a% = £(—6, x(9, a), {3^(9, x(9, a), a x )) = H(x(9, a)) . 

Finally we write 

|o£ - 9j (9, y, a x )\ = \Hj{x(9, a)) - Hj(y)\ < \y - x(9, a)\ V — i {ty + (1 - t) x(9, a)) 

Jo k=l ^Y k 

so using (|V11,1.18|) and Lemma IV 11. 1.51 we obtain 



C 

|«s - g(0,y,ot x )\ < -7- \y- x(9,a)\ . 



x(9, a) ■ ct£ < 10 Co {x(9, a)} \a^\ 
\y — x(9, a)\ > \x(9, a)\ . 



Case 2 Here we assume that 
(VII.1.19) 
It follows that 

(VII.1.20) \y\ <2\y - x(8,a)\. 

We claim that in this case we have 

(VII.1.21) ty £ A , tx(9, a)eA for t £ [0, 1] . 

Indeed we have by Remark I Vll. 1.41 

ty • a € < t • 10 c (y) \a^\ < 10 c {ty) \a^\ 
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\ty — oi x — 26 a%\ <t\y\ + \x(8, a)\ + \x(8, a) — a x — 28 a%\ 

<3\y-x{8,a)\+Ce(8) < 2(Ce + 3S)8< 2c 8. 
tx(8, a) ■ < t ■ 10 Co (x(8, a)} \a^\ < 10 Co (tx(8, a)) \a^\ 
\tx(8,a) -a x - 28 < (1 - t)\x(8,a)\ + \x(8,a) - a x - 28 < 2 c 8 . 
As before we have 

(1) = \a 6 - g(8, y, a x )\ = \H(x(8, a)) - H(y)\ 

and we write 

(l)<\H(x(8,a))-H(0)\ + \H(0)-H(y)\ 



< \x(8,a) 



dH 

— (tx(8,a)) dt + \y\ 
or ./ 



dH 
dY 



(t,y) 



dt. 



Then we use (IV11. 1.211) . Lemma IVlTXol and (IVll.l.ltJj) . (|V11.1.2()I) to conclude that 



(l)<^-\y-x(8,a)\. 



The last case is the following. 

Case 3 We assume that 
(VII. 1.22) 



x(8,a) ■ > 10 co (x(8,a)} \a^\ 



Recall that a S U2 that is in particular a x ■ < —cq (a x ) \a^\. By (|IV.4.49|) there exists 8* e]0, 
depending only on a such that x(8*,a) • a% = 0. Then by Lemma llV.4. 171 we have 

l\8-8*\\a(.\ < \x{8,a) -x(8*,a)\ <3|0-0*||a s | 



\e-8*\ > 



(VII.1.23) ^ r „ , 40 

\y-x(8,a)\ < \y - x(8*,a)\ + \x(8*,a) - x(8,a)\ < 5 \y - x(8, a)\ . 



Here again we consider two subcases. 

Case 3.1 x(8,a) ■ > 10c (x(8,a)) \a%\, \y - x(8*,a)\ < \x(9*,a)\. 
In this case, ()VII. 1.23(1 ensures that 

(VII.1.24) ty+ (l-t)x(9*,a) G A. 

This follows from Lemma llV.4.161 since t \y\ < ^/2\ty + (1 — t) x{8* ,a)\ and from the following 

estimates, 

\ty + (1 - t)x(9*,a) -a x - 28 <t\y- x(8*,a)\ + \x(8*,a) - a x - 28 

< 5t\y-x(8,a)\+2\8-8*\ \a^\+0(e8*) <C(5 + e)8< 2c 8. 

Then we write 

|a s - g(y, 8, a x )\ = \H(y) - < \H(y) - H(x(8*,a))\ + \H(x(8*,a)) - a 6 \ . 



(i) 



(2) 



By (|VII.1.24I) . Lemma ETTI31 and (jVII.1.23|l we have 



(VII.1.25) 



(l)<^\y-x(8,a)\. 
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Now we have 

z( - 9, x(9*,a), j , «)) = z(-0* , x(0* , a), £(0* , a)) = a x . 

Therefore 

It follows that 

H(x(9*,a)) = e( - 9, x(9*,a), j = j £{-0* , x(9* , a), £(6* , a)) = 

Therefore 

(VH.1.26) (2) = |ot| <j\y- x(9, a)\ 

by HVII.1.23|) . The estimates obtained on (1) and (2) show that 

C 

K -9(9,y,a x )\ < j\y-x(9,a)\ 
which is the claim of Proposition IVII. 1 .21 

The last step concerns the following case. 

Case 3.2 x(9,a) • a f > 10c (x(0,a)) \a^\, \x(0*,a)\ <\y- x(9*,a)\. 

It follows then from ()VH.1.23|) that we have 

(VH.1.27) \y\ + \x(9*,a)\<C\y-x(9,a)\. 

Moreover we have 

(VII. 1.28) ty G A , tx(9*,a) G A for t G [0, 1] . 

Indeed we can write, 

ty • < t • 10 c (y) |a § | < 10 c (ty) |a 5 | 

|ty -a x - 29a^\ < t \y\ + |a:(0*,a)| + |a:(0*,a) - a x - 2(9 a 5 | 
< C%-x(0,a)| + \9-9*\ + Ce9*) <2c 9 

tx(9*,a) ■ = 

|te(0*,a) -a x -20a $ | < (1 - t)\x(9*, a)\ + \x(9*, a) - a x - 29 

< C(l - t)\y - x(9,a)\ + C\9 - 9*\ + C e9* 
<2c 9 

by (|VII.1.23|) . Then we can write 

K - y(0, y, a x )| < - H(x(9*,a)\ + \H(x(9*,a) - a e | 

< \H(y) - H(0)\ + \H(0) - H(x(9*,a))\ + \H(x(9*,a) - 

Using (IVTT. 1.2811 . Lemma IvTlTsI ()VTT.1.2fij) we obtain 

C 

K ~ 9(9,y,a x )\ <—\y- x(9,a)\ . 
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This completes the proof of Proposition IVII.1.21 □ 
End of the proof of (|V11.1.8|> in case B, (At < -1) 

For the part of the integral in (|VII,1.4|) (giving k + ) where a € U2 we use Proposition IVII.1.21 Let 
us call it (1). As in (|V11.1.12|) we have 

3n f 1 \y-x(-*t a)\ 2 A i |2 _ 

|(1)| <C\-r / 2 \ x «-l ( A i)-f dQ 



|(1)| <CA^(At)-f ff e - £ »W |a r^^)l 2 e 4l-^l 2 rf ai ^ 



1(1)1 - 6 A»|At|» " l^- 
Case C : proof of (IVII.1.81) when |At| < 1. 

In this case the proof made above does not give the needed result since (At) ~ 1. We will use 
instead a stationnary phase method. Let us set 9 = —At and let us recall (see IJVII.1.4JI ) that we 
have to bound the following kernel 

k+(t,x,y,\)=\f f e aF ^y^a(e,y,a)xt(y)xi(» x )M^) 
(VII.1.29) ^ 

fy-x(9,a)\ 

H {o) ) da - 

Let us recall also that, according to the Theorems IVI.4. J and ITV. 1 .21 we have, 
(Vn.1.30) lmF(9,x,y,a) > - \x - a x \ 2 . 

Let xe € Cg°M n ) be such that, 

(vn.1.31) l X6 i x \zl 'i \ x \zr 



We write in the integral in the right hand side of (jVII.l,29|) 1 = xe( x ~ a x) + 1 — X§{ x ~ a x)- 
The part of the integral containing 1 — xe(x — a x ) can be bounded, using (IV11. 1.301) . by the quantity 

CAT e -B [[ e-^ x - a ^\M^)\da 



which is 0(1) uniformly in (t, x, y, A). Setting a\(9, y, a) = a(9, y, a) xt(v) xt( a %) we see therefore 
that we are left with the bound of the following kernel. 

(VH.1.32) ~k+(t,x,y,\)=xt J e W™«) ai (0 } V) a ) x ,( x _ ax ) ^ 3 (^) X5 ( V - ^ " } ) da . 
Now, according to Theorem I VI . 4 . 1 1 we have, 

i 1 

F(6, x, y, a) = <p(9, y, a) - (x - a x ) -a^ + -\x - a x \ 2 - — |a ? | 2 . 
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Using Theorem IIV.5. II we obtain 
(VII. 1.33) 



+ R(6,y,a) 



F(9, x, y, a) 



where 



(VII. 1.34) 



It follows that we have, 



(y — x) ■ — 2i9( 



x - a x ) 



|a ? | 2 - 9\x - a x \ 2 + %\x- a x \ 2 + | \y - a x \ 



l + 2i9 



dR 

da x 


+ 


d 2 R 
da 2 






< 


dR 


+ 


d 2 R 


+ 


8 2 R 


< 




da 2 


da x da^ 



\dt d% R\ 



< 



C Al if A 2 = 0, 

C AuM \8\ if \A 2 \ > 1 



(VII. 1.35) 



dF 

dac 
dF 
da x 

d 2 F 
da 3 ^ 9a| 

d 2 F 
da J ^ da x 

d 2 F 
da 3 x da x 
d^F 
da A 



[(y -x)- 2i0(x -a x )-26 a € ] + 
j^g[2i9a^ + 29(x - a x ) - 2i(x - a x ) - i(y - x)\ + 



dR 



-29 8 



+ 



d 2 R 



dR 

da x 



i+2ie t Qa k 

Wjtjk , d 2 R 
l+2i0 9o ^ da k 

(2i-28)6 jk d 2 R 



l+2id 1 da x da^ 



da A 



if \A\ > 3. 



Let us recall that (|V1.2,9j) shows that 

(VII.1.36) suppif) 3 {a^ C {a ? : a - 4<5 2 < \a^\ < b + A5 2 } . 

We shall divide the proof into three cases 



(VII.1.37) 



case 1 
case 2 
case 3 



^f<a-55 2 
^f>6 + 55 2 
a - 55 2 < J^l < b + 55 2 



Case 1 We have the following result. 



Lemma VII. 1.6 When x — a x S suppx6> V — x(9, a) G suppxs, S supp V>3 we have 

<9F 2 



<9F 2 i 

+ 



\da x 
\qAi qA 2 F \ < 



\o\ 



da 



>C(\x-a x \ 2 + \9\), 



C Al if \A,\ >1, A 2 = 0. 

C AuA2 \9\ if \A 2 \ > 1. 



uniformly in {9, x, y, a). 
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Proof Let us set X = x — a x , Y = a^ — . Using (|VII.1.35|) we see that g^- — l+2i Q 
$§-. It follows from (IV11.1.34I) that \Y + iX\ < + C{e + <5)|0|. Therefore 



(Y + iX) + 



(VII.1.38) 



m (\X\ 2 + \Y\ 2 )<^ 



dF 



\9\ da/: 



+ C 1 {e + 5f\6\ 



1 + 40 2 
By the same way we have 

dF 1 N <9i? 

Since |y — a x | < \y — x\ + \x — a x \ < \x — a x \ +C\0\, we obtain 



1 + 40 2 



(\0Y - X\ 2 + 6 2 \X\ 2 ) < 2 



da. 



+ C 2 (e + 5) 2 (\6\ + \Xf 



It follows that 
(VII.1.39) 2 



<9F 2 l 



9a 



|0| V 8a t 



dF 2\ 4 
+ C 3 ( £ + 5) 2 (|#| + |X| 2 )> 



1 + 



(\6Y-X\ 2 + \e\\Y\ 2 ). 



Since 2|0||X||Y| < § \X\ 2 + § fl 2 |F| 2 we can write 

ley _ X | 2 + |^||y| 2 > i |x| 2 - i a 2 \y\ 2 + \e\ \y\ 2 > I \x\ 2 + \ \e\\Y\ 2 



since \6\ < 1. We deduce from (IV11. 1.391) that 

2 



Q > (|X| 2 + \6\ \Y\ 2 ) - C A {e + 5) 2 {\6\ + \X\ 2 ) . 



Now in case 1 we have, according to ()VII.1.37|) 

y-x 



\Y\ 



26 



>KI-^>fe- 



Taking e and 5 small compared to S 2 we deduce that Q > c(|X| 2 + \6\) which is the first claim of 
the Lemma. The second claim follows easily from the fact that \Y\, \X\ are uniformly bounded and 
from (IV11.1.35I) . (IV11.1.34I) . □ 

Case 2 We have the following result. 



Lemma VII. 1.7 When x — a x S suppx6> V — x(9,a) £ suppxs, £ supp^ we have 

dF 2 



Q=: 



dF 2 1 

+ 



da 



\y — x\ da^ 



>c{\x-a x \ z + \6\) 



\dtF\<C A if \A\>1, 



\d£d^F\<C AlA2 \y-x\ if \A 2 \>1. 
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Proof Here we set X = x — a x , Y = j*pf[ ~~ 26* • Then we can write, 
It follows that 



1 + 402 

Therefore we have the estimate 



l — 2 (\y - x\ 2 \Y\ 2 + 40 2 |X| 2 ) < 2(|^| 2 + Cl (e + <5) 2 |tf| 2 ) . 



1 



dF 



2 



On the other hand since \y — a x \ < \y — x\ + \x — a x \ 

\2X + \y-x\ Y\ 2 < 10 + C 3 (£ + <S) 2 (|#| 2 + b - x\ 2 + |x - a 



da x 



Summing up we see that 

10 Q + C 4 (e + 5) 2 {\e\ 2 + \y- x\ 2 + \X\ 2 ) > \2X + \y-x\ Y\ 2 + \y-x\ \Y\ 2 . 

Writing y — x = y — x(9, a) + x(6, a) — a x + a x — x, we see that one can find a constant Kq such 
that \y — x\ < Kq. Let 770 > be such that Kq < \. Then we have 

4 \y - x\ \X\ ■ \Y\ < (4 - m ) \X\ 2 + -i— \ y _ x |2 |y|2 . 

4 - T?0 



It follows that 



|2X + |y - x\ Y\ 2 > m \X\ 2 - | y _ X |2 |y|2 

4 - 77o 



This implies that 

10 Q + C 4 (e + 5) 2 (\6\ 2 + \y- x\ 2 + \X\ 2 ) > m \X\ 2 + \y-x\ \Y\ 2 (l - Kq ) 

\ 4 — 77o / 

>min (r/o, ^) (|X| 2 + \y - x\ \Y\ 2 ) . 

On the other hand we have 

|y|>l-2|fl| 7 M T >l b + 462 ~ 62 



\y — x\ b + 55 2 b + 55 2 

because \y — x\ > 2(6 + 5#2)|0|, since we are in case 2. Therefore 

10 Q + C 5 (e + 6)(\9\ + \y-x\ + \X\ 2 ) > C 6 (\X\ 2 + \y- x\) . 
Taking e + S small with respect to Cq we obtain the first part of the Lemma. 

The bounds on the derivatives of F can be easily obtained since \0\ < {b + 5 ) — 1 \y — x\. 

Case 3 Recall that we have a — 5 5 2 < ^pp — b + 5 5 2 . Then we have the following result. 



170 



Lemma VII. 1.8 One can find po > such that the equation x(9, x, ct^) = y has a unique solution 
in the set E = {q^ : — < po}- 

Proof First of all one can find po such that if G E then i < |ck^| < 2. It follows from Proposition 

mom that 

x(9, x, a^) = x + 29 + r(9, x, ag) where \r\ < C e \9\. The equation to be solved is in 
E equivalent to the equation = + ^ r(9, x, ctg). If we set ^(a^) = + ^ u(9, x, a^) then 
$ maps E in itself if C e < po. Moreover, again by Proposition IIIL2TT1 we have ^(ag) — <3?(a^)| < 
C e \ct£ — c/A. Taking e small enough the Lemma follows from the fixed point theorem. □ 

We shall set 

(VII. 1.40) a c = {x,a\) 

where a| is the unique solution of x(9, x, a^) = y given by Lemma IVII.1.81 Then we have the 
following result. 

Lemma VII.1.9 We have g {9, x, y, a c ) = §^ {9, x, y, a c ) = . 
Proof Let us recall that 

(VII.1.41) % a f f 1 / 7% 

On the other hand we have (see (|IV5.17|0 

(VH.1.42) tp(6, x(9, a),a)= 9p(a) + 1 |a ? | 2 . 

— / 



Therefore 



(0, s(0, a), a) = 9-rf- (a) - £ ^ (9, x{9, a), a) — * (0, a) . 
9ai 9sj H dx k oxj 



Moreover we have 

<Kp (9, x(9, a), a) = <S>(9, x(9, a), a) = £(9, a) 



dx _ 
so 

(VII.1.43) |t (9, x(9, a ),a) = ep-{a)-J2 &(0, a) p- (9, a) . 

dai dxj ^ dxj 

Now by the definition of the flow and the Euler relation we have 

n n 

£ ik(e, a) £ k (9, a) = £ U9, a) # (x(9, a), £(9, a)) = 2p(a) 
k=i k=i ^ 

p(x(9,a),£(9,a)) = p(a) . 

Differentiating these two relations with respect to oP x we obtain 

^ (9, a) ■ C(9, a) + x(9, a) ■ $L (9, a) = 2 (a) 
(VII. 1.44) j j j 

j| (3(0, a), £(0, a)) • (9, a) + || (z(0, a), £(0, a)) j| (0, a) = ^ (a) 
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Using the equations of the flow the last equality can be written as 

Combining with (|VII.1.44|) we obtain 

J| (9, a) ■ m a) + m a) • |jj (0, a) = || (a) 



which can be written as 



d 

~d0 



OXj J OXj 



Integrating both side we obtain 



Using (|VII.1.43|) we deduce 



dip 
docL 



(9, x(9, a), a) 



-of. 



Since a c = (x,a^) where x(9,x,a^) = y we deduce from ()VII.1.41|) that 



dF dip 

'", x, y, a c ) = al-\ r (9, x(9, a c ),a c ) = a{ — al = . 

S — J s s 



do? x 4 dai 

Now differentiating (|VII,1.42|) with respect to a| yields 



% (9, x(9, a), a) + ^ (9, x(9, a), a) • |^ (9, a) = 9% (a) + - a& 



da 



As above we see easily that, 



d9 



dai J 



from which we deduce that ^ (9, a) ■ f(0, a) =9§^-{a). Since ff (9,x(9,a),£(9,a)) =f(0,a), we 
obtain 



<9</9 



(9, x{9, a), a) = - ai 



which implies that (9, x, y, a c ) = 0. 



□ 



Lemma VII. 1.10 Let us set 



Q 



X = a x — x 
Y = — a c c 





dF 


\ 1 


dF 


2- 




da x 







,x,y,a) 
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where has been introduced in ijV7I,L40j) . Then we have 

' Q>C(\X\ 2 + \9\\Y\ 2 ), 
< \d*F\<C A if\A\>l, 
k \d£d%F\<C AlAa \9\ if \A 2 \ > 1 , 

uniformly in (9, x, y, a) when \9\ < 1, x — a x € suppx6, 2/ ~~ a ) 6 SU PPX6, G supp^- 



Proof For f 6 (0, 1) let us set m* = (0, x, y, ia + (1 — i) a c ). Then using Lemma ()VII.1,9|) we can 
write for j = 1, ... , n, 



<9F 



(9,x,y,a) = V / 
(0,x,y,a) = V / 



<9 2 .F <9 2 .F 

(mt)(a* - x fc ) + - - (m t )(af - (ag)*) fc ) 



<9 2 .F <9 2 .F 

(m f )(a* - g fc ) + - in - (mt)(aj - (ag) fc ) 



(if 



It follows from (IV11.1.35|) and (IV11.1.34I) that 



2i - 2 %, + ^>.+ 0|(£ + , )(w + ml 



5c4 l + 2iB J 1 + 2*6 



2i<9 



2/? 



do| 1 + 2*0 J i + 2/0 



y j + o[( e + 5)|0|(|x| + |y|)]. 



Therefore we have 



t2 I v \2 



X\ 2 + \X - 9Y\ 2 + |0| \X\ 2 + |0| <-Q + C{e + 8) 2 {\X\ 2 + 



|2 iy|2 



Taking e + 5 small enough we obtain Q > C(\X\ 2 + |0| \Y\ 2 ) which the first claim of the Lemma. 
The other claims follows from (|V11.1.35j) and the fact that \x — y\ < 2(6 + 5 52)|0| since we are in 
the case 3. □ 

We shall set in that follows, 



(VII.1.45) 



Q 



dF 



da x 



dF 



,x,y,a) 



where D = \9\ in the cases 1 and 3, D = \x — y\ in the case 2 . 



Let us note that, according to Lemmas IVII.1.61 IVII.1.71 and IVII.l.lOl L is a vector field whose 
coefficients are uniformly bounded together with their derivatives with respect to a. Moreover we 
have 



(VII.1.46) 



Le 



i\F 



XQe 



iXF 



Our first goal is to prove the following result. 
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Proposition VII. 1.11 For any N in N n we can write 

l n e iXF(e, x , y ,a) = qN + ^ h kN (9, x, y, a)X h ^j e ^ F (6, W ) 

where h k N are smooth functions satisfying 

\V h ktN (9,x,y,a)\<C jtN Q k , < k < N - 1 , jGN, 
uniformly when < \9\ < 1, \x — a x \ < 1, \y — x(9,a)\ < 25, \a^\ < 2. 

Proof 

Step 1 Let TL be the set of C°° functions c = c(9,x,y,a) such that for any 7 G N 2n , dZc is 
uniformly bounded when < \9\ < 1, \x — a x \ < 1, \y — x(9,a)\ < 2(5, |a^| < 2. For instance — 

and 4 belong to TL. 

Let us set T = T = 5 = ^- $£, S = -fa. J^J. 

Let be the set of homogeneous polynomials of order 2 in T, T, S, S with coefficients in TL. For 
instance we have Q eV. We claim that L sends V into P. First of all if P G V then -^E- € V 

_ _ _ Ool j x dai 

since G W, f£ G W and |^ = T,-. On the other hand 4 |^ |£ G P since ± £ TL, 

aa x aa oa x J u oa^ aa^ u aa^ 

-jjj = Tj and g%da G H. It follows that L maps "P into V . 

Now if P G V then |P| < CQ. It follows that for all j G N, 
(VII. 1.47) \L j Q\< CjQ 

uniformly in (9, x, y, a). 

Step 2 We claim that 

, . f for all N G N , j G N we have \L> Q N \ < C jN Q N uniformly when 

^ j \O<|0|<1, \x-a x \<l, \y-x(9,a)\<25, |a e |<2. 

Indeed by the Faa di Bruno formula (since L is a homogeneous vector field) iJ Q N is a finite linear 
combination of terms of the form 

Q N - M f[(L e *Q) k > 

s s 

where 1 < M < N , 1 < s < M, ^ ki = M, ^ k{ ti = j. Each of such terms is bounded, according 

i=l i=l 

s 

V k- 

to (IV11.1.47j) by C Q N ~ M Q * ' = C Q N ~ M Q M = C Q N which proves our claim. 
Step 3 Proof of Proposition ElLlIIl] 
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We use an induction on N. For N = 1 the result follows from (|VII. 1.461) . Let us assume it is true 
up to the order N. Then 

/ N-l N-l \ 

L N+i (e iX F) = jXF x n nq n-i LQ+ Y^{L h KN ) X k + X N+1 Q N+1 + £ Q h k>N X k+1 

V k=0 k=0 J 

= e^ F (\ N+1 Q N+1 + J2h kiN+1 X k ) 



k=0 



where 



Now we have 



h N , N +i = N Q N - 1 LQ + Q h N -i, N , 

hk,N+l = L h kjN + Q h k _i :N , 1 < k < N - 1 

ho,N+l = L h 0) N ■ 



\Hh NjN+1 \ < (l) \L l Q N - l \\V-*Q\+Y j ( J \ \VQ\ \L^h N ^ N \ . 



i=0 v ' i=0 



Using ()VII.1.47|) . (|VII.1.48|) and the induction hypothesis we deduce that \U h,N,N+i\ < Cj^Q N ■ 
The estimates for the other terms are completely analogous. □ 

We need another Lemma. 



Lemma VII. 1.12 (i) For any N G N* we can write 

L N (e lXF ) = G N (d,x,y,a,X)e lXF . 

(ii) There exists a constant Kn > such that 

\K N + G N (9,x,y,a,X)\ > ^(X N Q N + 1) . 

(Hi) For any j E N, N £ N* we can find a constant C^jv > such that 

\V G N (6,x,y,a,X)\ < C jtN \G N (0,x,y,a, A) + K N \ 

(iv) For any j £ N, N £ N* we can find a constant C'- N > such that 



c 

< 



~K N + G N J ~ \K N + G N \ 
where t L denotes the transposed of L. 

Proof (i) is a consequence of Proposition IVII. 1 .111 with 

N-l 

G N (6, x, y, a, X) = X N Q N + ^ h k>N {0, x, y, a) X k 

k=0 
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and \h k ,N\ < C N Q k , < k < N - 1, C N > 1. 



N-l N-l N-l 

(ii) If XQ < 2NC N then E \h k , N \ X k < C N E (AQ) fc < C w E (2NC N ) k . UXQ>2NC N then 

fc=0 fe=0 fc=0 

(XQ) N = (XQ) N - k (XQ) k > 2NC N (XQ) k i£0<k<N-l. Then 

N-l „ /JV-1 



fc=0 



,fe=0 



Therefore 



This implies 



AT-l 



^|^,iv|A fc <i(AQ) Af + ^ 



fc=0 



K' N + \ + G N \>K' N + \ + X N Q N -\X N Q N 



K' N > l -{X N Q N + l). 



(iii) We have, by (IV11.1.48I) and Proposition |VTTTTT] 

N-l 

\V G N \= X N V Q N + V h KN A fc < C jtN X N Q N +J2 c 'jN A fc Q k 



k=0 

< CUl + A^ Q N ) < C jjN \K N + G N \. 



N-l 



k=0 



(iv) Let us recall that L=§^--^ + ±§?---£ r . According to the Lemmas IWTT61 IVI 1.1 .71 and 
IVII.1.101 we see that t L = —L + c(9, x, y, a) where 

\d2c(6,x,y,a)\ < C 7 

uniformly in (0, x, y, a). We claim that for j £ N 



(VII.1.49) 



W = E c j:k (9,x, y ,a)L k , with 



k=0 



\dZc jk (0,x,y,a)\ < c jikjl . 



We saw above that this is true when j = 1. Let us assume that (| V11.1.49JI is true up to the order 
j. Then 

3 J+l 

(*L) J+1 = (-L + c) ^ c ifc (0, x, y, a) L fe = ^ c, + i jfe (0, x, y, a) L k 

k=0 k=0 

where 

Cj+i,o = cc j,o — L Cj : o 
cj + i )k = cc jk - Lc jk - Cj,k-\ , l<k<j 

Then the estimate on \dZ Cj+i k\ follows from the induction and the fact that the coefficients of L 
have all their derivatives with respect to a bounded uniformly. It follows that 



(VII.1.50) 



i 



Kn + Gn 



1 



A:=0 



Kn + Gn 
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Now by the Faa di Bruno formula, L k [ K ) is a finite linear combination of terms of the form 



where 1 < (3 < k, 1 < s < k, ^ ki = (3, ki l{ = k. It follows from (iii) that 

i=l i=l 



L 



1 



< C 



K N + G N \ l +? 



- Kn + Gn 
Then (iv) follows from (IV11.1.50I) . 

We can now state the estimate on the kernel for \0\ < 1 



\K N + G N \^ kl < ° j ' N 



\K N + G N \ 



Lemma VII. 1.13 Let k + = k + (t,x,y, A) be the kernel defined by QVII.1.32fy . Then one can find 
a positive constant C such that 

C 

\k + (t,x,y,X)\ < |— 72 
for all (t,x,y,X) such that A > 1, |At| < I, x € R", y G R n . 



Proof The kernel k+ can be written as 



k + (t, x, y, A) = / e^C-A*,^,") a( At , x, y , a) cia 



where 



a(Ai,x,y,a) = ai(-At, y, a) xe(x - a x ) ip 3 (a^) X5 



y — x(—Xt, a) 



Let us note that all the derivatives of a with respect to a are uniformly bounded. 
We use Lemma I VII. 1 . 12l to write 

~k + {t, x, y,X)= [ (K N + L N ) ^*") KXt x y a) ^ 

J K N + G N (-Xt,x,y,a, A) 



2(-) 



<ia . 



Now using (ii) , (iv) of Lemma I VII. 1.121 (|VII.l,49j) and the fact that Im F > we obtain 



(VII.1.51) 



\k+(t,x, y, A) | < A" 



1 + A w Q w 



da = Cat J 



where Q has been introduced in (|VII.1,45|) and ip{a^) is a smooth function with compact support. 
Now according to the Lemmas IVII.1.61 IVII.1.71 and IVII.l.lOl we have 

Q > C(\x - a x \ 2 + \Xt\) (case 1 and 2) 

Q > C(\x - a x \ 2 + | A* | lag - a^| 2 ) (case 3) . 
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Let us fix the integer N such that N > n. Since ip has compact support we have in case 1 and 2 

dX 



t 3n 

I < A^~ 



1 + X N \X\ 2N + X N \Xt\ N 



Let us set X = ™g z . Then 
v A 



^ (l + A^IAt^)^ l /• 



If A | At | < 1, that is A 2 < 4, we have, 



At l + A^|Atr 7 R „ l + \z\™ 

t 2 



If A |Ai| > 1, that is ^7 < \t\, we can write for N > n, 

i - CnX JxlxW-^^ 1 1 - -p 

It follows from (IV11.1.51j) that \k + (t, x, y, A)| < 

1*1 7 



In case 3 we have 



in 1 + (A |x — a x \ 2 + A |At| |a^ — a| 



c|2W ' 



Setting X = \/A (j; — a x ), Y = \/A yj\ \t\ (ag — a|) we obtain 

dXdY 



_ 3n n n , n 

/ < C\~ A"2 A"2 |At|~2 



2n i + (|xp + |y 



2W 



It follows that 

C 

\k(t,x,y, A)| < — ^ . 

1*1 2 

This completes the proof of Lemma IVII. 1.131 thus the proof of Theorem I VII . 1 . ll □ 



VII.2 End of the proof of Theorem III.2.1I 

Let us recall that we have set in (jVI.2.7|) . 

(VII.2.1) U ± (t) = xtih(j) 



-UP 



It follows from Theorem IVII. 1 . ll that there exists C > such that 

\\U±(h)U ± (t 2 )*f h^n) < C \\f\\ L i m 

\h — h\ 2 
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for all h,t 2 in [-T,T] with t\ ^ t 2 and all / G L 1 (R n ). Moreover there is a conservation of the 1? 
norm for e~ ltp which implies, 

\\U±(t)uo\\ L 2(w>-) < ^||«o||l 2 (r») 

for all |t| < T and u G L 2 (R n ). 

We can therefore apply Lemma HHP] with X = R n , H = L 2 (R n ) and we obtain 
(VII.2.2) W±(-)uo\\Lt{[-T,T\,L'-(R^)) < C\\u \\l 2 (R") 

for all n G L 2 (R n ), where g>2and| = ^- ^. Now it follows from ()VI.2.2jl that we have 

Xii x ) + Xi{x) > 1 for all x G R n . 
Then (|V11.2.1I) and (IV11.2.2j) show that 



(VII.2.3) 



-UP 



Li{I,L r {9. n )) 



< 



C \\uo\\L 2 (R n ) 



for all u G L 2 (R n ), where I = [-T,T\. 

Now let us recall (see ()VI.2.6|0 that ^2(6 = ^0(6^1(6 where 



<<5 2 , |£| >2«5 2 , |^o| = 1 



supp^o C |^ : ill -Co < 25 2 } and |£| > 5 2 



supp^i C{£:a-2<5 2 < |£| < 6 + 2<5 2 } . 
By a finite partition of unity we deduce easily from (|VII.2.3|) that 



(VII.2.4) 



Li{I,L r {9. n )) 



< C ||wo||l2(R") 



Now let us recall that p(x, £) = |£| 2 + e Yl ^jk{ x ) £j Therefore if e is small enough we have 



(VH.2.5) 

Let (p (t) G Cq°(R) be such that 



j,k=i 

10 M ' w ~ 10 |S " 1 



¥>o(*) = 1 if 



< g <p(t) = if 



and set 
(VII.2.6) 



<p(t) = <po(t) - <po(4t) 



> 3 



It follows that suppy? C {t G R : ^ < \t\ < 3}. 
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Let (p E C°°(M) be such that 
(VII.2.7) 



supp<^ C ji G K : ^ < |i| < 
99 = 1 on a neighborhood of supp ip , so 
[ p(t)£(i) = ¥>(t). 



We claim that for every (cc,£) € T*R n , 

(VII.2.8) (l-Vi(O)^(K^»O) = 0. 

Indeed on the support of 1 — tp\ (£) we have 



(i) Kl < 15 - ^ 



19 



or 



In the case (i), (I VI 1.2.51) shows that 

, . 11 ll/6\2 4 

o < — 1€| 2 <-(-) <- 

In the case (ii) we have 



P(x,0 > 



9 /19\2 31 



10 V10 



> 



10 



Thus <p(p(x,£)) = by (|V11.2.7j) . 
Now, with introduced in (| V11.2.6f> we claim that 
(VII.2.9) (1) 
for all n G L 2 (R n ). 



Li(I,L r (R n )) 



< c 



"0 



L 2 (R") 



Indeed we can write 



-iiP 



U 



Li(I,L r ) 



+ 



D 



A 



P 



A 2 



Li(I,L r ) 



(2) (3) 

Since y(^) commutes with e~ ltp , we deduce from (|V11.2.4|) that 



(VH.2.10) 

Using (|VII.2.7|) we can write 



(2)< 



L 2 (R n ) 



(3)= (/ ^ l(i J jH _ je -.- Ki , 



« 



Li(I,L r ) 



Now, since r > 2, there exists, by the Sobolev embedding, s > such that H s (W n ) L r '(IR n ). We 
fix such an s. Then 



-UP 
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Now we use (IV11.2.8jl and Proposition A.l in [BGTj. It follows that 



(3) < a 



uo 



L°°(/,L 2 (R™)) 



< c" 



L 2 (R") 



which, together with (|VII.2,10|) proves our claim (|VII,2.9|) . By ()VIL2.6|) we have 



+00 



yo 



{t) + Y J ^- 2k t) = i. 



k=l 



Then using Corollary 2.3 in BGTj we can write 



UP 



u o\\Li(I,L r (R n )) < C ||«o||l 2 (R") + 



Y,\\e- UP <p(2- 2k P)u \ 



L r (R n ) 



k=l 



Li (I) 



By the Minkowski inequality and (|VII.2.9j) we obtain 



|e , * P uo||m(/,L'-(K")) < C|NIIl 2 (r™) + E IM 2 2fcp ) u o 



L 2 (R") 



\fc=l 



This implies that 



e ^ U °lli«(/,L'-CR«)) - ^ H U °Hi 2 



which is the estimate claimed in Theorem III. 2. II 



VIII Appendix 



VIII.l 



The Faa di Bruno Formula 



We shall make a repeat use of the following formula which can be found in even a more precise 
form in the paper of Constantin and Savits |CSj . 



Let m G N*, F G C m (R N , C), C4 G C m (M p , E), jfe = 1, . . . ,N. Then for |A| < m we have 



a£[F(tf(y))] = E atTT (c/(y)) ^ Uk{Y) + (1) 



fc=i 



where (1) is a finite linear combination of terms of the form 

(4F)(U(Y))f[{d^U(Y)) 

3=1 

where 2 < |/?| < |A|, 1 < s < |A|, (i^l > 1, \Lj\ > 1 and 



K, 



The precise coefficients of this sum can be found in |CSj . 
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VIII.2 



Proof of Proposition IIII.2.1I 



The system satisfied by r and £ is the following. 



r 3 {t) = 2Q(t) + 2eZ b jk {x{t)) £ k (t) , r,(0) = 



k=l 

Ci(<) = -e E 3s*fO^)Kp(*K,(*), 0(0) = o. 

p,q=l 3 

We prove our claim by induction on + \B\ = k. Moreover it is clear that (ii) implies (i) 
since r(0) = C(0) = 0. Setting = \f(t)\ + \((t)\ the above equations show that $(£) < 

Co£ + Ci Jq <& (cr) dcr. Thus by Gronwall inequality, < C*2(T) e. This shows that (i) and (ii) are 
true for = 0. Let us assume they are true up to the order k — 1. Let us set X = and if 

a = (A, B)eN n xN n ,^ = d^ 4 df. It follows from the induction that 

mx,o\<c(T) 

\d%x(t,x,z)\ + \d%z(t,x,t)\<c a (T) 

if 1< Id < k - 1 and k > 2. 



It follows that if 1 < |a| < k - 1 we have \d%[F(x(t))]\ < C a {T) if F = b jk or || 



Let us now take |a| = fc > 1 and let us set <l?(i) = \d^ r(t) \ + \d^ C(t)\- Then using the Leibniz and 
Faa di Bruno formulas (see Section rVIII.l|) and differentiating the above differential system we find 

$(t) <C a e + C' a [ <Z>(a)da 
Jo 

after using the induction. We conclude again by the Gronwall inequality. □ 
VIII.3 Proof of Proposition 1111.3.21 



The system satisfied by z and £ is the following. 



(VIII.3.1) 



i{t)=2sY,b jk {x(t))t k {t)-2et £ 



k=l 

n 



p,q=l 



Cj(t) = -e E (*(*)) 

p,q=l 3 

{ Zj (0) = ( j (0)=0. 



By Proposition IIII,3~Tl we have (x(t, x,(,)) > C(l + |x| + t). This implies that for I > 1, 

"* ds Ci 



(VIII.3.2) J Q ( x ( a ))/+n, " ( x )£-l+a • 

We proceed by induction on k. Let us begin by the case k = 0. We deduce from 1IV111.3.1|) that 



\z j (t)\<C(A ,A 1 )e( {x ^ )l+tTo + 



(x(t)) 



2+o-q 



< 



C"(A ,Ai)g 



Ut)\ < 



C{A{)e 
(x(t)} 2 +°° 
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since x, £)| < 2|£| < 4. Then the estimates in Proposition IIII.3.2I when k = follow from 
()VIII.3.2|) . Assume now that these estimates are true when |j4| + |S| < k — 1 and let us deduce 
several facts. 

For t E N let us introduce the space, 

< = { F e C °°^ n ) ■ \ d " F (v)\ < , for all y G M n | . 

Let us set X = (x, and if a = (A, B) G N n x N n , = d A . Then a staightforward computation 
shows that for a £ N" x N", 

( VIIL3 - 3 ) 1^(0)1 <^pj|, 1^(^)1 <^r- 

It follows that for \a\ < A; — 1, 

cvm.3.4) i^e,(t,x,e)i<^r. 

Indeed 

1^(0(^,61 < |9x(0)l + 1^0(^,01 < ^ + ■ 

Therefore if |a| < — 1 

(vm.3.5) |a«(^( t ) eff ( t ))|< 

Now if |a| = k we have from (IV111.3.3I) 

(VIII.3.6) 9£ 0(*> = ^1 + Rj,a , \Rj,a\ < ' 



(x)\ A \ 



[ ^2(0(0 • 0(0) = O(0 9x 0(0 + 0(0 s a x Ut) + Rp, q , a 

(VIII.3.7) { , ^ C fe M^ 

Now we claim that if F £ an< ^ \a\ < k — 1 we have 

rl«l 



Ci. M 1 1 

(VIII.3.8) \d%[F(x(t))]\ < 



(x(t))^+ 1 + CT o(x)l A l ' 

This estimate is easy if k = 1 and if k > 2 we use the Faa di Bruno formula (see Section I V111.1JI . 
It follows that dx[F(x(t))] is a finite sum of terms of the following form 

s 

(d l3 F)(x(t)) JJ(dJ x(t)) kj , ij e N" x N n , kj 6 N n 
i=i 

where 1 < |/?| < |a|, 1 < s < \a\, \kj\ > 1 and 

s n 



183 



If we write £j = (dj, bj), a = (A,B) we have in particular 

s 

(VIII.3.9) ^2\kj\aj=A. 

3=1 

Now we write {1, 2, . . . , s} = I\ U I2 U I3 where 

/l = {j : 1^1 > 2} , I 2 = {j : 1^1 = 1, ij = (aj, 0)} , I 3 = : = 1, ^ = (0, 6,)} 

and we denote by £, the sum , i = 1, 2, 3. When j G Ji we have 

jeli 

Since \£j\ <\a\ < k — 1 it follows from the induction that 

IP (x (t))\ < 2teM ^ + gM ^-i _ gM ^-i (i + ^L 



It follows that 

Cvm.3.10) I n (4(x(t)))> 

j eh 



/^XEllJfcjUojl V (x) El l fe J'l / ' 



Now when j S J 2 we have £j = (aj,0), |aj| = 1. Then 



(x) 2+(T0 (x) 1+<J o V (x) 2+a ° 

Therefore we have 

^(^WJJ J < C'(2M 1 j^^^l + — 
Finally for j £ I3 we have £j = (0,bj), \bj\ = 1. Then 



(v™- 3 - 11 ) I n (*c^))) 1 < c(2M 1 )^\ (1 + (x)SaN(2+ j • 



(*„(*))! <2Mi(t) 



It follows that 



(Vm.3.12) I {d^(x{t))) k ^ < (2Mi) Es ^l (tf^,. 

3 eh 

Using (IVI I 1.3.101) . (I VI 1 1.3.1 Ijl and (IV 1 1 1.3.1211 we obtain 



(i)= (d^F)( X (t))i[(4(x(t))y 



1+ ( x )Ei[fcj[A ^ (x)Salfcjl^ W 
Now we have 

Ei \kj\ + S 2 |%| + S 3 \kj\ = \0\ , (x(t)) > C(t) and (x(t)) > C (x) . 
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It follows that 



(VIII.3.13) 



On the other hand, 



(1)< 



(x(t)} e + 1+a o |% IKI+£ 2 \kj\ 



\A\ = \ctj\ = £1 \kj\ \dj\ + S2 \kj\ since |aj| = 1 for t £ I2 

3=1 

and aj = if j £ I 3 . Therefore (I VI 1 1.3.181) implies (IV 1 1 l.3.Sj) and our claim is proved. 



Moreover if |a| = k we can write 



(VIII.3.14) 



d%[F(x(t))] = £ $£ (*(*)) &% x E (t) + R where 



1*1 < 



C k M k k z\ 



Indeed it! is a finite sum of terms of the form (d^ 3 F)(x(t)) Y[ {94 x ) wriere 2 < < \a\. It follows 
then that |^-| < |a| — 1 = k — 1 and the above computations are valid. 



Let us now prove Proposition 1111.3721 for \a\ = k. Let us set 

Z(t) = d x z(t), E(t) = (x)d%at). 

We can write 



Z 3 {t)=2e V b jk (x(t))d%Ck(-t) + d^[b jk (x(t))]Ut) 

i,fc=l 



(1) 



(2) 



+ E ( £ ) M^))] <^ 2 m \ - 2et £ \ d x \ ut) e fl (*) 



(3) 



(9.T 



(5) 
n , 

E j (t) = -e(x) {dx 
p,q =1 ^ 



{t))d x {t P {t)ut))+ E L")^ 1 



P.9=l 

96, 



<96„ 



Ox, 



p<? 



(4) 



(x(t)) 0?fe(f )&(*)) 



(6) 

{x{t)) \ ^ {t) + IhT- {x{t)) 

_ / ^ , > 



(V) 



(8) 



+ E 



a: — a ^ +0^2 



96, 



(*(*)) ^fe(t)fff(t)) 



(9) 



We shall use the fact that b jk e 23^ and ^ G We deduce from (|yin,3,3|) that 



(VIII.3.15) 



1(1)1 < 



+ 



Ce 



\m\ 

(x(t)) l +°°(x)\ A \ ' (x(t)y+^ (x) 
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To estimate the term (2) we use (|VIII.3.14|) with F = bjk and the equality 



d% Xj (t) = d%( Xj + 2t&) + 2t -fY + Zj(t) 

\ x ) 



We obtain 



(vm.3.16) 1(2)1 < |z(t)| + - 7 ^- l# + r 



(x{t)) 2 +°o (s(i)) 1+<J ° (x> (x(t)) 1 + CT o(x)l^l ' 

To estimate (3) we use (jVIII.3.4|) and (|VIII.3.8|) ; we obtain, 

C k eM k -} 

< VIII317 > " 3 " * wk**m ■ 

By the same way we have, 

C k eM k h -} 

< VIIL318 > " 6 " * (^u^W • 

Then (4) has the same estimate as (2) and (5) as (1) since (x(t)) > C (t). 
To take care of (7) we use (IV 1 1 1. 3.1 411 with F = G B 2 aQ . We obtain 

(VHL3.19) 1(7)1 < |Z(t)| + t-t^It- |S(t)| + ( ' J 



(s(t)) 2 + ff " 1 Wl {x(t)) 2 +^ 1 Wl (x(i)) 1+CT °(x)l A l 
since > C (x) and (x(i)) > C(t). Finally 

J 1(8)1 < {x{t ))*+°o + {x (t))£°o{x)W ' 

(vm.3.20) C ! M ^,, 

Gathering the estimates obtained in ()VIII.3.15|) to (|VIII.3.20|) we obtain 

\Z(t)\ + |S(t)| < ; (|Z(t)| + |S(t)|) + ( ' " 



(x^))^ Vl Wl 1 wiy <x(t)) 1 +°»(a;)l A l ' 
It follows from Gromwall's Lemma, (j V111.3.2() and the estimate {x(t)) > C (t) that 

which, according to the definition of Z and H proves Proposition IIII,3~2l when \a\ = k. □ 
VIII.4 Proof of Lemma IV.3.11 

The proof is the same for the two cases so we shall consider the more general case where / = f(x,9). 
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Let X 6 C °°(R"), X (0 = 1 if |£| < h *(0 = if |£| > 1. We set 
(VIII.4.1) V sup |^xl = D t , feN. 



We want to show that one can find an increasing sequence i in ]1, +oo[ such that if we set 

for (0,x,y) in U x R™ 



F 7 (fl, x, y) = ^ x) « x L| 7 , y i + i , | 7 | > 1 



F(9,x,y) =f(6,x)+ £ FyMv) 

7^0 



(VIIL4.2) 

then F is well defined in x R™ and satisfies all the requirements of Lemma IV. 3. II 



First of all in the expression of F 7 , on the support of % we have \y\ < if\+) x \ ■ It follows that 



I.I < 1 



\v\ 1 

1 < 



(x) L h] ' (6) L| 7 | 



(VIII.4.3) 
Using (|V.3.2j) we can write, 

\F 7 (9, x, y)\ < M h] (^j- + | X (L |7| „(■ • • ))| 



so 



1^7^^ y)l < 



£>o M| 7 | / 1 1 



+ 



!L i7i \( x )<* (ey 

' 7 



Taking 
(VTIL4.4) 

we deduce that -F defined in (|VIII.4.2|) is well defined and satisfies 



4J!^° M i7i 



(Vm.4.5) 

since <7 3 > o"i and 03 > o^. 



|F(#,x,y)| <Q 



1 



+ 



1 



(x) CT i (0) 



<T 2 



Therefore (ii) in Lemma IV.3.11 is satisfied and (i) follows immediately from (|VIII.4.2f) . We shall 
strenghten the condition ()VIIL4.4|) on Li 7 i to obtain a C°° function F. First all there exists absolute 
constants Cj^, (i £ N, ! £ N) such that 



(VIII.4.6) 



\j\=t 



1 1 y 



<(, ' t{ V) + w' 



Let /3 G W 1 . For any // £ N n one can find an absolute constant K\^\ independent of (Lk)) such that 
for all (6, x, y) in R x R™ x R™ we have 



(Vni.4.7) 



(^?x)(i[ 7 [»(^r+ ' 



(9) 



< K M D \P\+M[^+ {e) ) 



1 



1 \M 
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Indeed let us set h(9,x,y) = L\^\y(jK + jqA. By the Faa di Bruno formula, d% [(d /3 x)(h(9, x, y))\ 
is a finite linear combination with absolute coefficients of terms of the form {d^ +v ^ x){h{9 , x, y)) 
fl (dl? h{6,x,y)) k i where 1 < \u\ < |/i|, 1 < s < \kj\ > 1, \£j\ > 1 and 

3=1 

s s 

J2kj = v, ^2\kj\£j = fi. 

i=i j=l 

Since \v\ + < |/i| + |/?| we have 

(VIII.4.8) \df +u) X (h(e,x,y))\ < D Mm . 

On the other hand it follows from (|VIII.4.6|) that 



\ kj \ , , ,EN/ 1 1 \E I^Ki+l^l) 



(i) =: i ri(^ ^,^1 < n ^ 7 i) 1 3 [ V) + ¥) 



3=1 



3=1 



On the support of \ we use the estimates (|VIII.4.3|) . Moreover we have \kj\ = \ 

i l 

It follows then that, 



1 1\H 
+ 



Then (IV111.4.7j) follows from (IV111.4.8I) and (IV111.4.9I1 

Now with F 7 defined in (IVI 1 1.4.21) we can write 



d*F J (6,x,y) = i 



h\ 



d2f(0,x) 



E 



B \ y^~ Bl 



(— ' — 

Si<7 



\B\-m 



{df- B - X )[L H y[ 1 ^ + 



1 1 



Then 



d£d*F 7 (e,x,y)=i 



hi 



E E E 

Sl<7 



B\ ( A\ (A- A 



B l ) \AiJ \ A 2 J (7 -Si)! 



1 1 \|B|-|Bi| 



o 



A-A x -A 2 



i i 



Now we use (IVTTT.4.81) . ()VTTT.4.fil) and (IVTTT.4.71) . Since | 7 | + |^i| < | 7 | + |^|, - A x - A 2 \ < \A\, 
\B - Bi\ < \B\ we obtain 



\d£d*F 7 (9,x,y)\< E 



B^B A 1 <A 
S x <7 A 2 <A-A 1 



5\ / i\ A- A 



Bi \A X 



Ao 



1 1 \|Bi|-| 7 | 



]2 L h\ \{x) + {9) 
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t \ B \-\ B ^\ m ( 1 + 1 \ r 



1 1 \|A3|+|B|-|fli| / 1 1 v|A|-|Ai|-|Aa| 



where |y| satisfies (|VIII.4.3|) . 



It follows that we can find a constant C^ubi — 1> depending only on \A\, \B\ and the dimension 
such that 



(VHI.4.10) \d x d y F 7 {9,x,y)\< { {x) \a\+\b\+<, 3 + ( 0)|A|+|b|-hJ • 



Let us set 



(vnu.11) 4 = M m fe q„, |fl| . 

We shall take the increasing sequence (-Lfc)fc>o such that 
(Vm.4.12) L fe > max (l, 2 k C k D k M 2k ) . 

Then we write, according to (|VIII.4.2|) 

(Vni.4.13) F(9,x,y) = f(0,x) + £ F 7 (#,x,y) + £ F^0,x,y). 

| 7 |<|A|+|B| H>|A|+|B| 

The first two terms in the right hand side of (|V111.4.13|) define a C°° function. For the third one 
we deduce from (|V11L4.1()|) . (I V111.4. 1 II) and (IV111.4.12I) that 

ia?afA(M.»)|< ^y w <^. 

This shows that the third term define also a C°° function. Thus -F is C°° in (x,y). Let us prove 
(hi). According to (|VIII.4.2I) if |A| + |5| > 1 we have 

(1) =: # <f F(0, x, y) = # x) + £ 3^ x, y) . 

If \B\ > 1 we use (IVlbU.lOll . (IV111.4.13I) and l) V111.4.i2jl . We get 

\0.)\<Cab( i _ um L^ + ' 



,( x )l^l + |B|+a 3 ^|A|+|B|+o- 3 ; ' 

If B = we use furthermore HV.3,2}) . We obtain 

|(1)| < + w | A | +ff3 ) +^ B ( (x) | A | +ff3 + w |A|+* 3 

This shows that (hi) holds. 
Finally let us prove (iv). Let us set again 

h l7l (6,x,y) = L lM y(j- + — 
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According to (|VIII.42I) we have for j £ {1, 2, . . . , n}, 



d Xj F = d X] f(e,x) + Y J (d X] d2f(6,x) X (h bl (6,x,y)) 

7^0 



h/l 



xj ye 
(x)3 



9Zf{0,x) ■ ^(h hl (6,x,y)) 



7! 



7^0 



7 



J_ , 1 \ d X 

(x) 



^ L \Ai^ + Y)^W j {hh]{0,x,v)) 



+ i ^d2f(e,x) 



7-ej 



7j>l 



( 7 -e,-)! 



x(fy 7 |(M,2/)) > 



where = (0, 0, . . . , 1, . . . , 0). Setting 7' = 7 — the sum above can be written 



1 1 



+ i E d *i d * W> x ) ^t- xfaw+ito y)) • 
7^0 7- 



It follows that 

(Vm.4.14) 

where 



(Vm.4.15) 



(a X7 .F + id yi F)(9,x,y) = (1) + (2) + (3) 



(1) =(l-x(^v(& + ^)) 

(2) = Z d Xj 82 f(9, x) [ X (h hl (9, x, y)) - X (h hl+1 (9, x, y))] 

77^0 

(3) = £ 82 f(0, x)^L H (-t X -m% {h H (0, x, y)) 

7^0 v t=i w 

+ i {-k + W))w 3 ( h \i\(^ x ^y)) 



Let us set for convenience 

(vm.4.16) R=]y] (±- + ±_ 

On the support of 1 — x(Li y(/^y + t|y)) m the term (1) above, we have L\R > |. Therefore 

1) 

ort of x(h\j\ (9, > 

with JV > 2, 



(Vm.4.17) ^ < (2Li)* M! f-i— ! 



On the support of X (h^(9,x,y)) — x(fy 7 [+i(0, a^, y)) we have 2L~~j^ — ^ — zpp Now we write 



(2)= £ G 7 (#,x,y)+ E G y (e,x,y). 

l<[7|<iV-l h\>N 

When | 7 | < iV - 1 we have -L|^|_|_^ < -Ltv so i? > 2Tjv' ^ follows that 

E |G 7 (^x, y )|-^<(2L^ E M H + i-7^(7^ + 7^ 

l<| 7 |<Af-l 1<|t|<JV-1 ^| 7 | w w 
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Therefore we obtain 



(VIII.4.18) 



1<| 7 |<7V-1 

On the other hand we have 



E \Gy(0,^y)\<C N R N (j-^ + 



E l<2 7 (M,v)l < (^r + ^r)^ E M hl R^~ N [ x (h hl )- x (h bl+1 ) 



h\>N 



h\>N 



E \°7(^^y)\ 

h\>N 



< 



1 



+ 



^) ^ ^ M 1/9 , +JV fll^l [x(%, +JV ) - X(%|+iV + l)] 



.(X)!+^ ' (0)1+08. 

On the support of x(h\p\+N) ~ x(fy/3|+iV+i)> we have L\p\ +N R < 1. It follows that 

(vm.4.i9) E l G 7(^^y)l<^^( 7 ^ + 7 ^). 

| 7 |>jV w w 

Combining (j V111.4. 181) and l|V111.4.19|) we obtain 

( VIII - 4 - 2 °) K2)l <^^(^ + ^)- 

Finally we consider the term (3) in (jVIII.4. 15|) . We have < 1 and on the support of J^- (/i| 7 | (9, x, y)) 
we have L| 7 | M- < 1 it follows that (3) is bounded by a finite sum of terms of the form 



(3)' 



{x) h^ + pjrssr) E M w Rhl l h | H (fyri (*> *> »)) 



7^0 



As before we write the above sum as ^ + . If M < iV — 1 then Li^i < Ljv-1 so on the 

l<| 7 |<iV-l |7|>iV 

support of J^- we have i? > > __L anc [ ^ < _L_. follows that 



R N 

1<| 7 |<7V-1 

For the second sum we write 



In\ E |<(2^-o iV E M i7i-^i = ^. 

I - ■:. ■ \ ■ \ I IT! 



1<|7|<7V-1 



^\<R"J2M b] RW-»L l7l 

\l\>N h\>N 

<R n Y. m \p\+n- 



( h \il 



L 



Di = C N R iy . 



It follows that 
(VIII.4.21) 



|(3)| <C N R 



N 



\P\+N 



+ 



Using HVIII.4,141) to (jVIII.4.21|) we obtain the part (iv) of Lemma lV.3.11 The proof is complete. □ 
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